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fEiEREam® » EZWIFT Repunit BFI<R_n>=<1, 11, 111,.. >(Ef n Z Y
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Abstract

This work primarily investigates the cyclic properties of the remainder sequence
<r_k,n> of the Repunit sequence <R n>=<I1, 11, 111,...> modulo n. We explore
the conditions under which the remainder sequence of Repunit numbers forms a
purely periodic sequence, a pre-periodic sequence, or a perfectly periodic
sequence, and we provide the formula and the upper bound for the cyclic period.
Furthermore, we discover that the cyclic period of a first-order non-homogeneous
linear recurrence sequence modulo n is the same as that of the base-c Repunit
sequence modulo n/ged(n,c). We also explore the conditions under which the
remainder sequence forms a purely periodic sequence, a pre-periodic sequence, or

a perfectly periodic sequence.
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Definition 1. ( Repunit  Albert H. Beiler[3] » FHEE#EHYEE—8F4H R AV EFF% & Repunit ( Repeated unit ) )
ENERALEEN 1 4HAVET - RAMTECH Ry

10% — 1

k=—g = 1057t + 10572 4 .- 4 10°

Definition 2. ( Repunit #%1] ( Repunits ) » OEIS_A002275 )
H1 Repunit Fr&HpRAVIREES] - HAFECH (Re) = (1,11,111, ...) ( 55 Repunit 51 )
IR RO
Ry =10Ry_; +1,Ry =0
Definition 3. ( Repunit #(5I{EfHE n THYEREEG 2 HHIMHE )

Repunit 51 (Ry) BVE—TH Ry {EEIEEE n TATSEIRVEREES] (r,n) ( 185 Repunit SREE
5l YyErA EYERTEE

(Ry) = (1, ,n) (mod n)

(rn.,3)=1(1,2,01,201,2,0,...)
(r,,13)=(1,11,7,6,9,0,1,11,7,6,9,0,...)
(re,12) =(1,11,3,7,11,3,7,,...)
(r ,1000) = (1,11,111,111,111,...)

B2 (n,3) F=IEER X M (n,12) RIZ2EEBEE—I0 1 2% T RKE=THRER X - WFE
(1, 12) A (1 ,1000) T%&?Uéﬁﬁuﬁ%ﬁﬁxﬁﬁf& (R > FfTiE R R ER A ARG }iZiZD(rk 13) ’ %Z?qu
RANEERIVE 7 RIS R EEERERAES - Rl R a(n, 3) » BENETF =T ER—2 » 18518
Tedr B E] > AP A E R BRG] - (r, n) BIRERERRE IR sa(s3 =0, 513 =0, 51, =
1, S1000 = 2) 1M (re,n) WIS/ MEERBEA > M0 R Lz =3, li3 =6, li1=3, Lijggo=1) °
Definition 4. ( p i& i+ #p&, p-adic valuation )

vp(n) _ {max{k|k € NO p |Tl} lfniO’p%;ggi’n €N

0 ifn=0

Proposition 1.

Ri—R;j=R;_;-10/(i>j>0)
Proof.

(10t -1 -(10/ =1) 10¢—-10/ 1077 —-1 j ;




Proposition 2. ( Repunit A5 EFH )
Hi=jqg+r (j>r,ijq ENr=0) QIfFFEEREQ 3R, =R -Q+R,
Proof.
(10— 1) = (107 — 1) - 10"/ + (107 = 1)
(107 —1) = (107 — 1) - 102 + (10°% — 1)

(1077@-D — 1) = (107 — 1) - 10°J9 + (10°7/9 — 1)
I = jq +7 > F{5
= (10/ — 1) - 10779 4+ (10" — 1)
[t
(10" — 1) = (10/ = 1) - (107 + -+ 4+ 10°779) 4+ (10" — 1)
4Q = (10"7 + -+ 10'779)
9-R,=9-(R;-Q+R,)

Proposition 3. ( Repunit AY#EZ AN AEL )
gcd(Ry, R)) = Rgeqqijy (iJ € N)
Proof.
FIFWEEAERR A Ry, Ry HYERARARE
Ri=R;"q1 + Ry, [=jq,' +n
Ri=R, -q;+R,,, j=ng +n
R, =Ry, qz3+ Ry, =193 +713
Qs+ Ry, Mo =15+

Ts—2 — 'Ts—1

# 1|rs_1 ° R Proposition 1.

Ryg|Ry,_,
AT Ry, Ry HYERAHE S
ged(Ry, Ry) = Ry
i = ged(i,)) »
Rr; = Rgeaiy
Remark:

# Ri|R; (ijeN,i>j)> [l ged(R,R;)=R; °



Proposition 4.
nEEEH ged(n, 10) =1 » © s KR/ MYIERECHZE 10° = 1(mod n)
FEES a e 10% = 1(mod n) > HI s|a
Proof.
Sa=sq+r(qeN,0<r<5s)

10%9*" = 1(mod n)
10%7 - 10" = 1(mod n)

10" = 1(mod n)

BE# r<s H s R/ MYEREEGEE 10° = 1(modn) FE L r=0-

L.T.E. lemma (Z % 3132 Lifting-The-Exponent lemma, Geretschléger, R. [8])
S xyneN FIEE p- & ptxptyplx—y
o

& p EE Hl v, -y =v,(x —y) +v,(n)

Eprp=2H v,&x"-y)=v,x-y)+v,(x+y) +v,(n) -1

= ~ #F31 Repunit 4ficlics| g% 3E 8
HH MR EREER n=2%5ft (¢, ENU{0},t €N, ged(t,10) = 1) - &EFHEIZF M AT LAGEIA -
(e ,n) WARTEEREE s, @ BPIEHF s max(a, B) — 1 - gt/ ged(n, 10) # 1 - Al Repunit BREET &2
SRIERRAIRES - (K24 ged(n, 10) = 1 HIf Repunit 8788 & /Z 40 fEERHIHEE -
n=22-5°3 (n,,12) =(1,11,3,7,11,3,7,,...),s, = max(2,0) —1 =1
n=2%5%-1,(r,1000) = (1,11,111,111,111,...), 5, = max(3,3) — 1 = 2
i A GEEER A IRy R R fEER IS - HAEEREI L ¢ AR
n=2°-5-3 (r,3) =(1,2,0,1,2,0,..) L, =3
n=2%2-5°-3 (r,,12) = (1,11,3,7,11,3,7,...),1, = 3
n=20-5%21,(n,,21)=(1,11,6,19,2,0,1,11,6,19,2,0,...),1, = 6
n=2'-5%-21,(n,,21)=(1,11,27,19,23,21,1,11,27,19,23,21,...),1, = 6
Problem 1. Repunit gRE #5112 & & 15ER?

Solution
(- ) ged(n,10) =1
Lemma 1.1
# ged(n,10) = 1 > FILMFEIE—(E R/ NEELE L s.t. 10 = 1(mod 9n)
Proof.

Let S = {10°10%,10%...,104%, ..., 1072, ...}
BHEEANIEETTEHE In - WA In FIVBREURAIRN - HeBFERE - JEEfE—40 109, 107 > [HHf
b—a /Y [#H5 10% = 10°(mod 9n) - HA ged(n,10) = 1 »

10°=¢ = 1(mod 9n)



S l=b—-a

10! = 1(mod 9n)

Lemma 1.2
# ged(n,10) =1 > HI] R, = 0(modn) < 10! = 1(mod 9n)
Proof.
=)
R, = 10[9_ ! = 0(mod n)
10t —1
9 =n-t,t €N
10!—1=9n-t
T
10! = 1(mod 9n)
(<)
10! = 1(mod 9n)
10'—1=9n-t,t €N
10t —1
) =n-t
e
R; = 0(mod n)
Theorem 1.

#i ged(n, 10) = 1 H 2 i/ NV IEREES R, = 0(mod n) > Rl (r, n) AYTEIRAEI [, = [
Proof.

HUEIR% Riss = 10 R +1 % R, = 0(modn) » /{5
R, =10"R;+1=1=R; (modn)
Rty =10-R; +1=10-R, + 1 =R, (mod n)

R,y=10-Ry_1+1=10-R;_; + 1 =R, (mod n)
e

(r, ,n) = (Ry(mod n),..., R;(mod n),R;;; = R;(mod n),...,R,; = R;(mod n),...)
FJ%1 Repunit BRECEYZSERFEIES - Bt U2E/ NYIEEEES R, = 0(mod n) » EERAER] [, =1-



(z)n=2%5f(aq,peNU{0},a,f* 25 0)
Theorem 2.

#n=2%5(a,p eNU{0},a, B &k 0) (1, n) WATEEEEE s, = max(a,p) — 1 -

Proof.
AL n =275 1R - RIVEREIR/NVIERS j IS EERR ((>) - 55

R; = Rj(mod 2% - 5F)

R;_j-10/ = 0(mod 2% - 5F)

ZESR R;_j % 0(mod 2% -5F) » [HIit

10/ = 0(mod 2* - 5F)
Ff5 Jj = max(a, B) - £ NAGEIH j = max(a, B) - FIRGEHA > &% j > max(a, B) > A{5

10/ = 10ma@A) = 0 (mod 2% - 5¥)
B j Rl MNYIERRCH e B3 HiEL j > max(a, B) P& # j = max(a,f) °
P T AR AR (% Ryeq = 10- R + 1 Jz 10/ = 0(mod 2% - 57) » AJ{5
Ri4;1 =10 R; + 1 = R; (mod n)
Rjs2=10"Rj;; +1=10-R; + 1 = R; (mod n)

AT
(1 ,n) = (R;(mod n),..., Rj(mod n), R;,; = R;(mod n),...)
AT HITE SR T Repunit BREET & 2R EREIRES - A EREE s, = max(a,f) — 1 -

(z)n=2%-58-t (a, €NU{0},t € N,gcd(t,10) = 1)

BETRAFMIZE/AE n=2%-5F ¢ (N EAFRMVEIREIR N IERS j IS —EERE D (> ) o #F5
R, = Rj(mod 29-5F - ¢)
R;_;-10/ = 0(mod 2% - 57 - t)
REy ged(Ri_;,10) = 1 > HUNMFAERY NTEREL | (115
R; = 0(mod t)
4 i—j=1FR Ri_; #0(mod 2% -5F) - [t
10/ = 0(mod 27 - 5F)

fH Theorem 2. > A[#EfS: j = max(a, B) °

PE T ARHIRER% Resr = 10 Re + 1 K Rivmax(@p) = Rmaxap(mod 2 - 57) » w15

Rl+max(a,[3)+1 =10- Rl+max(a,ﬁ‘) +1=10- Rmax(a,ﬁ) +1 = Rmax(a,ﬁ)+1(m0d Tl)

Rzl+max(a,,8) =10- Rzl+max(a,ﬁ‘)—1 +1=10- Rl+max(a,ﬁ)—1 +1= Rl+max(a,,8) (mOd n)
L2

<rk ,Tl) =



<R1 (mOd n)' S Rmax(a,ﬁ) (modn), ..., Rl+max(a,ﬁ) (mod n): Rl+max(a,ﬁ)+1 = Rmax(a,ﬁ)+1 (mOd n),

SRR RN RZl+max(a,ﬂ) = Rl+max(a,ﬁ) (mOd n))
BCATRIAE L5 T Repunit SREES G2 RIEREES - TIAEREE s, = max(a, f) — 1 - 1R
L, =1°

Problem 2. Repunit EREEBITETTERRIE T Ry oe AU fEER A%

Solution
23R AT 3™(m € N) 2T > Repunit 8834 & 58 R AERBEIHEF! - H Definition 3. F
MZEEH L, =n - T2
R, = 0(mod n)

Theorem 3.

103™ = 1 (mod 3™*2),m € N

Proof.

B4 3|(10—1)A3+1A3+10
B L.T.E.lemma

v3(103" = 1) = v5(10 — 1) + v3(3™) = m + 2
2 103" —1=3M*2.¢ gcd(3,6) = 1

\
qp A
B du

103™ = 1 (mod 3™*2)

Remark:

FETRBATEGH lm = 3™ HEGEEE - RS/ NAIEER SR - #2952 Proposition 4. %058 Hoo BEER
3M s FHSE 3% (393™,a < m) » HifE 103° =1 (mod 3™*2) - § L.T.E.lemma »
(103 —1) = a +2

H a<m -\

103“ # 1 (mod 3™*2)

EHFREET)E > # lgm =3 -



Problem 3. Repunit R HTEER FHHANY £ 57

Solution
AIHEAIEEIH TAE n = 3™ (m € N) BHEEREHIEIEGER3™ > #ETAGEHE n =3t gcd(t,30) = 1 /Y
DU fEEREEIEY_ESR -
lemma 4.1
#egcd(n,m) = ged(nm, 10) = 1,1, = lem(l,,, 1,,,)
Proof.

B4 10m = 1(mod 9nm) - # 10'm = 1(mod 9n), 10'»m = 1(mod 9m) > H Proposition 4.7] 15

[ [y S |
FEA L Ry B/ NHY TEEE RO 2
10'»m = 1(mod 9nm)

Hlnm = lem(ly, Iy)

[

Theorem 4.
Lm SR NITIERSBY, (575 Ry, = 0(mod 37 - £),gd(£,30) = 1, Hillgm, < 37$(0)
Proof.
FH Lemma 1.2
Rl3m+2.t = 0(mod 3™ - t) & 105%™t = 1(mod 3™*2 - t)
R Fyged(3™,t) = gcd(3™ - t,10)H lemma 4.1
l3m't = lcm(l3ml lt) = 1Cm(3m, lt)
S e < ¢(0)
lem(3™,1,) < 3™, < 3™¢(t)
T
n



Problem 4. Repunit SR EEHHITEER I A

Solution
TERTEIEYE P e LARIE L, 89 B Es 3™ (t) » (B HE— TR MRS EIERBERN A - HSESUR
[BICRTERR - RIZREE HHIZE 449 HH - B8t/ NBEY53 ) » FRAM%1E % {BRIBER N JEER B R B
Repunit 6430810 (EER AT RN - $ T ACHME % len (D) B 1 (Lo N MR -
#on PR30 EE - A len (3) BUEGMULEES | R
10! = 1(mod n)
T&4FER 1, HHZ - #5n = 3™(m € N) » (§ Theorem 3.
103™ = 1 (mod 3™*2)
HATATLAAIE len () %5 3™ > HE FACRIPAHESL L, 94 -
Theorem 5.
Fged(n, 10) = 1,n = p*..p o 1, = lem(l, k1,0 Ly k)
Proof.

l, = lplkl___prkr

FH lemma 4.1 TJ#E5

l, = lcm(lplk1 ..... l rkr)

10



CEEH - P AR M B R R R

Definition 4. ( —[&3 520 4R ME 1R B R B85 (first-order non-homogeneous linear recurrence sequence))

— g B 2 45 1 3 ARl B 7] (first-order non-homogeneous linear recurrence sequence) EFI ™

ay=c ap_1+d,ceNdeN,a,=0
M—PEIPR KRR IES n 2 THIERBFTZERVES - T8 A —FEIERE R IR AR BRI - T
SR AP, n) o HIEREIEC R LYY FIEREI R S0

Definition 5. ( ¢ 5] Repunit #51] ( base-c Repunits ) )

H Repunit FFAHRZATEESES] » Pzt (R ( 78k ¢ 4] Repunit 851 ) » SEERIAATT

RO =c-RY +1,RY =0,ceN

Definition 6. ( Repunit #{5I7EfH n THYEREEY | Z BIAMEE )

¢ bl Repunit BFUFERE n 2 FIEBFIBITEE] > P15 o e Repunit SRENEEY - FRIT0 5
O, n) > BfEEUEETR I FEREGRELR P -

B BAMOREES | — I > BRI R ap =c a1 +d > AT

ck -1
c—1

IS IAE Ry ¢ #H] Repunit BEIWY d % > BT (E

=d-R{

ak:d'

(d-R(modn),d - R (mod n), ..., d - R (mod n), ... )

AN = » BIjjHR L(Cd) _ l(C) S(Cd) _ SN

gcd(n da)

(R\? (mod N), R (mod N), ..., R (mod N), ... )
m?jtx%iﬁiéﬁtbﬁlﬁ;ﬁ‘ﬂ%@t FHIERE n 2 FIVEREEE IER EEAE IR _ L EtER ¢ #EH] Repunit $511F5
Z FHIEREEE G R EHA & — Y -

gcd(n da)

11



Problem 5. ¢ #Ef] Repunit BREZESIFERE n Z M Eh & 1EHR?

Solution
(- ) ged(n,c) =1
Lemma 7.1
# ged(n, ) = 1, RDMFAE—{EF/ NEEEEL |
s.t. ¢! = 1(mod (c — 1)n)
Proof.

LetS = {c%c!,c?..,c% .., cP, ..}
FHESANNEETTEE (c—Dn » WAAH (c — Dn THIERERAAIRAY > HEsFEFE - MEEHRE—4 ¢,
¢ [EiF b—a RE/NG - (15
c* = c’(mod (c — 1)n)
HFY ged(n,c) =1
c?~@ = 1(mod (¢ — 1)n)
< l=b-a

¢! = 1(mod (¢ — 1)n)

Lemma 7.2
#ged(n,c) =1 Hl
Rl(c) = 0(modn) & ¢! = 1(mod (c — 1)n)
Proof.
=)
Rl(c) = Ccl_;ll = 0(mod n)
ct—1
1 =n-t,t €N
ct—=1=(@C-Dn-t
Ik
¢! = 1(mod (c — 1)n)
(<)
¢! = 1(mod (c — 1)n)
ct=1=(c—-1n-t,t €N
ct—1
c—1 Y ‘
EIkS

Rl(c) = 0(mod n)

12



Theorem 7.
A ged(n, o) = 1, LR/ NYIEEEE
s.t. R = 0(modn), (1, m) fOfEHRAEHA L = |
Proof.

EEER % RO =c RO, +1 & R = 0(modn) » &]15
R(C)

+1

=10-R“ +1=1=R"“ (modn)
(© — . p© — . p© — p(
R, =10-R© +1=10-R© + 1= R (mod n)

R =10-RS), +1=10-RYE, +1 =R (mod n)

(rk(c) ,n) = (Ric)(mod n),...,Rl(C)(mod n),Rl(i)1 = Ric)(mod n),...,Ré? = Rl(c)(mod n),...)

TEIEE T ¢ e Repunit G805 & 241 B EIART] > i |25/ MNYTEEEEE RE = 0(mod n) » #
B EERE 19 =1 -

(=) n=p*%..p.%(ay,..,a, ENU{0}, T4 0)

Theorem 8.
c WEREE {p1,P2r -0} BN =% . 0% (g, ., ar € NU {0}, R 25 0),
(9, n) R IEERER s, = max(ay, ..., a,) — L.
Proof.

BREAE n=p "0 BVEN > BRAPTVEIEEIR/ NV IERRSY j A —(EIERE ( (@ >)) - {5

R = Rj(c) (mod p;*1...p, %)

Rl(f)J ¢/ = 0(mod p,*...p, %)
FEEAN Rl(f)] % 0(mod p,“t...p, %) » Kt ¢/ = 0(mod p,*...p, )
a5 j = max(ay, .., &) * B FAEERH j = max(ay, ..., ) ° AKREEE 3% j > max(ay, ..., a,) » A5

¢/ = emax(@y-ar) = 0 (mod p,%t...p, %)
H j B/ NVEFEECHE F=C > K’ j > max(ay, ..., a) FE > & j = max(ay, ..., ;) °
BETAREEERG R = RO, +1 K R, ¢/ = 0(mod p, “...p, %) » T[4
R}i)1 =c- Rj(c) +1= Rj(c) (mod n)
Rj(i)z =c- Rj(i)l +1=c- R}C) +1= R}.(C) (mod n)

(@) —_ (p© ) () — p(
(r,” ,n) = (R;” (mod n),...,R;”(mod n), Ry, = R;” (mod n),...)

ECTATE LR ¢ #Ef] Repunit BRERIT & i IEEDEIIBG] > MAERERE s = max(ay, .., @) — 1 -

13



(z)n=p%...p% -t (al, vt ENU{0}L A2 0,t €N, ged(t, ¢) = 1)
PETAREAMTBREAE n=p ™0, % -t BVEN » BRI R R NVIERE R j M —(EIEREE i > ))
=

RL.(C) = Rj(c)(mod n=p*...p.%t)
2
Rl(f)] ¢/ = 0(mod p,*...p, % - t)
Rk ged(R),c) =1 - BUlFAER MITERES | (B3
Rl(c) =0 (mod t)
Li—j=1 % RY % 0(modp,“...p,%) - Kt
¢/ = 0(mod p,*...p, %)
i1 Theorem 2. » H[#ifS: j = max(ay, ..., @) °
BEFACHIBERIE RO = ¢ RO, +1 B R an oy = Ry, o (mod 29 5) A3

Rl(j—)max(al,...,ar)+1 =c: Rz(i)max(al,...,ar) t1=c- Rr(rfz)ix(al,...,ar) +1= Rflfz)ix(al,...,ar)+1(m0d n)
Rgi?l—max(al,...,ar) =c Réii—max(al,...,ar)—l t1l=c- Rl(:)max(al,...,ar)—l +1= Rl(:—)max(al,...,ar) (mod n)
(r ny =
(R 0810 Ky O, R 0 By = B ey (0,
EEPERRY ;i-)l—max(al,...,ar) = l(i)rnax(al,...,ar) (mod n))

BT HIAE L35 T Repunit 8380805 & B R IEEBIAEY > A EEEE s = max(ay, .., a,) — 1 > (B
19 =1

14



Problem 6. ¢ 7 Repunit REGESIFETTERRF T Fyo8 2 4UIaERBE RS

Solution
Theorem 9.
c — 1WVEREE {pu, 2 05} B =p“ .. ps% (g, ..., ag € NU {0}, a F1k K45 0)
c"=1 (modn(c - 1)),0 ENneN
Proof.

EH pl(c — 1), pil(c — 1), ..psl(c — 1)
i L.T.E.lemma

vp, (c" = 1) =v, (c—1) + 1, (n) =v,, (n(c— 1))

vp (" = 1) =v, (c— 1) +v,,(n) = v, (n(c—1))
& M= 1= p O p e g ged(c ~ 1,6) = 10 A1S
M_1= pl"m(cn'l) . prvpr(cn_l) f= plvpl(n(c—l)) - psvps(n(c—l)) t=n(c—1)-t

SI%
15

=il e

78
F

c"=1 (mod n(c — 1))

Remark:
BRI 10 =n > RS BREEE/NEEED > RIMEELEE 19 RMGETE
UUIn, U <n) > HiEE ¢ =1 (modn(c—1)) » i L.T.E. lemma

vpl(cl’ —1)=v, (c—1D+v, () =v, ('(c—1))

vps(cl’ -1)= v, (c— 1) +v, (1) =v, I'(c-1))

e =1 =p () ) () ) geae— 1,0 =108 U <n > g
¢ # 1 (mod n(c — 1))

EHEERETE i 19 =n-

15



L %%
#HY Repunit #51
(Ry) = (1,11,111, ...)
R AT
R, =10"Ry_1+1,R; =0

_10"—1

Ry =—5—= 10571 +10%72 + .- + 10°,

# n=2%5F -t (a,f €ENU{0},t € N,gcd(t,10) = 1)
HAIRIE (ry ,n) BIEEREET R

Ly =lem(L, iy, L, 1) < 3™(2)
NMERETRE N

s, = max(a,B) — 1

HrpEn =3 me N> HIERERERG R

l3m = 3m
mod n TEEEEHA (L) RIEIRE R (s0)
SERE RS n =t,gcd(t,10) = 1 1, < 3™p(t) 0
JREER AR n=29-5f¢
L, <3™¢p(t) max(a, ) — 1
(a,f € NU{0},t € N,gcd(t,10) = 1)
SEE BRI AR n=3"meN 3m 0

B — PRI AR MR L)
ay=c-ap_1+d,ceNdeN,aq, =0

ck -1

a=d- =d-RY

& CcHYEPE by o D} N =

N, ged(t, ) = 1) » FfianiE (ASY, n) HEEELE
1led) — ll(\IC)
n

Sr(lc,d) — SIEIC)

c—1
v N =p %%t (ay,..,ar ENU{O}, R0t €

c— 1 0VEREE (b, 02, ... D} » HFFE N = p%.. . p%(ay, ..., as € NU {0}, ap F1 k R4 5 0)

HigReREE R
LY =19 =N
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B B2 A REY

- N RBW

ASESHE oS Repunit BREEGINIIEIREM > Jesrik ged(n, 10) = 1,n = 2% - 5F ¢
n=2%-5F -t E=FEENER BE 0 1Y 2° 1 5F REEYAEEAIBREIRE 1M n
PR 10 BERYEL A HABIRENRE » 1 HEREIRER EFR A3 » FilHEs n=
3m o RIHEAEERBEIE F 3™ FlsHR M TEREHN AR L =loand, ko0l k) ©
RS — PP AR MRS AR n 2 FAVEERERAS ¢ ] Repunit S5 {E
n/ged(n,c) Z FAVBERBEEIMRE - & i =p . p (e, o a €N U {0} o Ik R 25 0) I
BAIEE AT R —— -

ged(n,d)

= N AKkEYR
(- ) eSS RGEREEYEE n 2 THGEBEEIEEZIER
(=) FRETE MBI RGIEIREFE YR n 2 FHYEERE A

5 s

= ~ S5—1EBIREEHH Repunit BREET &5
EARBRMESE Z, BRI n 2 TATA R EBFTERES
Z, = {0,1,2,..,n — 1}
PN AR SR R
Ry =10Ry_;+1,R; =0

S (ne ) HYRTRIARBA (R ATAFORER f(0) > Hr f B Z, BETE] Z, AR
f:z,-1Z,, f(x)=10x+1
FHNRATER @ K a 1E1E n THYEERE B
d =a(modn),d€Z,
FEATEHE (e, n) FoRAL
(n,m) =(LIL,118,..) = (£(0), f o £(0), f o f o f(0), ...} = ( £(0), £2(0), f3(0), .. }( o ZEHK)
BB EHInER 10 B ERYFDN - RFEFEW (n,n) BAEREIHES NS > B EEZEER £(0)
EEIRT L, RZEEER e f EHHER Hiwg) -

i
7N
11
A 7
fm
<
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BV f BN RN EECRER - ERMT R A (TR x 0 [ f() =10x+1-
% f(x)=a=10x+1
a = 10x + 1(mod n)
a—1=10x(mod n)
W ged(n, 10) =1 MRBGIEFEER AT DIATELFLE s » (15
s-10 = 1(mod n)
WG EETE s - 75
s-(a—1) =s-10x(mod n)
s+ (a—1) = x(mod n)
(EECl b= Lo
PENARIAMEEY [ OBHEE > itiEE f(@=f0b) > EF ab€Z, Al a=b-
& fl@=f®m -l
10a + 1 = 10b + 1(mod n)
10a = 10b(mod n)
HE ged(n, 10) = 1 HI0—EAFENTTER s [EFF
s+-10 = 1(mod n)
AT s AT
s+10a = s-10b(mod n)
a = b(mod n)
tHita, b € Z, > #1
a=b>b
s f RHH
AT E(EERZ R TR AT LI (e, n) BYTEERER L,
f1(0) = £+ (0)
R f BEE - BUmE 7 RS ESRAAAERSR T e
Frefi) = F7e fi*n(0)
fIH0) = fH72(0)
Bk i KAltE
f(0) = 0 = R, (mod n)
LR IEERER L, e
R,, = 0(mod n)
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