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Abstract
This study originates from the algebra problem of Question 5 in the 2022 APMO (Asia-

Pacific Mathematics Olympiad), The problem is that a;,a,,a,,8, e R, Zak =1, determine the

=1

minimum value of (a, —a&,) | | (a, —a,,). We aim to generalize the original problem's four

=~
| w
[N

—_—

unknowns to a solution that is applicable to » unknowns. To solve the problem of 2 to 4
unknowns, we utilized methods such as AM-GM inequalities, partial derivative to find tangent
planes, etc. In exploring the general solution for » unknowns, we applied the completeness of
real numbers to show that a minimum value must exist. Through examples and proof by
contradiction, our investigation revealed that when there are n unknowns, the minimum value is
less than 0. In addition, when the minimum value is achieved, the sum of all terms equals 0.
Leveraging these special properties and various inequalities, we derived the general solution for

n=2(mod4) . Finally, we use Lagrange multiplier to find out the local minimum of
n=Kk (mod 2k) and explore the relationship between pairwise addition and subtraction in the

original problem. We hope that we can find the absolute minimum and maximum in the future.
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— ~ WFRE

AWFZEIE A 7 2022 4 APMO 45 758 -

EHa,b,c.d e a®+b’ +c®+d* =1 H{E (a—b)(b—c)(c—d)(d —a) Y F/ME I

AT A 381 5/ MERY (a,b, ¢, d) Bi{H -

BAMREF BT 0 RAF AR EFEREE] n (H2BH B - FORBGIRATHSE -
W HE

(—)ARFNEFs 2 {2 4 (EAV#E -

(COARFEE 3 7Y (077 K VPRI ST -

(Z)ARME S 5 (EEFAYEHE -

(PO HEEEF n B R FIE Y e/ ME B -

(F0)E sm AR RCFIAE HIEY 722 22 1 -

R~ WA
— ~ R A G B (E R R AR
() H (4 [ER A1)
HEH  H#ab.cdiEa® +b*+c’+d® =1 - IAE (a-b)(b—c)(c—d)(d —a) 1T
/ME - W T SRR A/ IMERY (a,b,c,d) BE -
A - AR NE > Calk  FHE (a-b)(b—c)(c—d)(d —a) <OYFEN -
+a-b>0,a-d<0 ..(b-c)(c—d)=0
RitHazb>c>d fra>d >c>b fdEFN
i (a-b)(b-c)(c~d)(d ~a) =(a-b)(d ~c)(c-b)(d -a)
FiLLAT L2 a=b>c>d > S(ab,c,d)=(a-b)(b—c)c—d)(d-a)

S(a,b,c,d) =—(a—b)(b—c)(c—d)(a—d)



“a-b=y,b-c=x,c—-d=w, w,x,y>0 fEAa’+b*+c*+d*=1
(d+W+x+Yy)*+(d+w+Xx)*+(d+w)*+d*-1=0

= 4d° + (6w +4x+2y)d +((w+x+y)2+(W+x)2+w2—1):0
+deR ..D>0

(6W+4x+2y)* —16((W+X+Y)* + (W+X)* + W’ —1) 20
(BW+2x+Y)* —4((W+X+Y)* +(W+X)* + W 1) >0
42 4((W+X+Y)?+(W+X)? + W) - (Bw+2x + y)?

= (3W* + 2wy + 3y?) + 4X(W+ X + Y)
> 8wy +Ax(W+x+Yy) (FHEZEAE » 3w’ +3y* >6wy)

=4(x(W+X+Y)+2wy)

= X(W+X+Yy)+2wy <1
S(a,b,c,d) =—wxy(w+x+Y)

(DAl %2 x(w+x+2y)+2wy ’

4 5 %z X(w x +2y) Y2WY  [wxy(wr X+ y)

2WXY(W+ X+ V) 3%

1
—wxy(w+x+Yy)=S(a,b,c,d) Z—g
"="EEILIY X(WH X+ Y) = 2wy, W=y, WXY(W+X+Y) :%

= X(2w+ X) = 2w, W?X(2W + X) :%

:}W4Zi,W:£,y:11X:@
16 2 2 2
EJL)L?%@J—QE (a!b1c’d) :[\/54-’_1’ \/54_1’_ \/54_1’_ \/§4+1]

Ak (a-b)(b—c)(c—d)(d—a) - FIfRHS A =
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S(b,c,d,a), S(c,d,a,b) ,S(d,a,b,c) » [FEITEEFEHLEFE N

:a@%d@%—% L3t 8 4EE

J3+143-1 B3-1 _J§+1Jvi[J§—1 B-1 B+l \/§+1Jv

(a,b,c,d)=+
4 4 4 4 4 4 4 4

i(_«@—l B+14B+1 ﬁ—l}vi(_ﬁﬂ J3+1 \B-1 _J§_1]

4 4 4 4 4 4 4 4

(COARFNEE S 2 {E
BH CEEX YRE X +y =1 gURE (x— y)(y—x) UEIME - IR A S 213
B/IMERY (x, y) BUE -
fgik
LA — (& -
L x—y=k, x=y+k » f3K=-k?
(y+K)’+y?=1> 2y’ +2ky+k*-1=0

wyeR -.D>0 - 4k*-8(k*-1)=>0 = —k*>-2

BUR/ME R -2 IR K =242 0 (4,) =i(§,—%]

2.fifiE (2 f)
L (x—y)y-x)=k = (x-y)* =—k » x—y=1J-k
SEG L x—y=2J—k o LRI R 1 x fIE By £k ELEAE x* + y? = 1478

R E kA R/ IMERF » Lix—y=+J-k 8
B x* +y* =130 > A01fE—

By =18 x sy o Do X
dx y

so=-dal s x=y ARy 1




BFxy)= +[§ —%] U/ IME Ry —2

T ={ERAE Y A A
BH BB XY 2mE X +y*+20 =1 0 FURE (X— YNy —2)(z—x) B/ ME - WA S
FZ s/ MERY (%, y, 2) BUE -
(EE—(RED -

Re—fghE » ©x>y>z, x—y=a,y—z=b, ab>0

Firek =-ab(a+b)

x=z+a+b,y=z+bfCA X +y*+2° =1

= (z+a+b)’+(z+b)*+z* =1

3z° +(2a+4b)z+a* +2b° +2ab-1=0

vzeR s (a+2b)*-3(@°+2b*+2ab-1)>0

—2a®’—-2ab-2b*+3>0

3>2a’ +2b(a+h)
=33 2a% +b(a+b)+b(a+b)> 3f2[ab(a+b)]"
1>2[ab(a+b)]
ab(a+b)sg
—ab(a+b)2—§
(X—y)(y—2)(z—X) B/ IME By —g
="HALHY (X Y, D) v (Y, 2, X) v (2, %, Y) = [\/_ \/Z_J

(A CRATE) -
1. [5[#—] VIVFERRE
5 2= T (x,y) RSB Ry > RITE P (X0, Yo, 20) IV UIERATIE AR V-1 & B 2 Fr



FEES P HYHiSRAT VIR - FRIELP I R 2 = £ (X y) 75 P (X0, V0. 20) HY

PR 22, = T (o TEND
8y (%0, Yo0) X (X0, Yo)

2.k
SRR =k » X’ +y + 2" =1R1 (x—y)(y - 2)(z —x) = k FYSCRE R
B(a,b,c)vR,(c,ab)vR(b,c,a)

40(0,0,0) 5 x* +y? + 22 =1fJ[ElLs > OP, =(a,b,c) By x*+y?+22 =1 ~

(x=y)(y-2)(z-X) 1E (a,b,c) Z7A [ &

(x=yNy-2)(z=X)=k > y2> —x2® +X°2—y?z+Xxy* =X’y —k =0 --- (k)

k)= x fmEsy

52 2 aZ 2 aZ 2 az 2
2Y7-——7"=2XZ-—+2XZ+ X - ——-Yy - —+y =2xy =0
y OX OX OX y OX Y /

?(xz—y2 +2y7—2X7) = 7° — y* + 2xy — 2Xz
X

0z 7*—y*+2xy-2xz

X XE—yl+42yz—2xz
)Ry fRidsr

oz 0z 0z 0z
2Y2-—+2*—-2X2-——-2yz+ X" — -y’ ——y* +2xy =0
y OX OX y OX ¢ OX y Y

%(x2 — Y2 +2yz-2x2) = x> — 2% +2yz - 2Xy

0z X —-2"+2y1-2xy
oy X —y*+2yz-2xz

18 B OP, = (a,b,c) F.if (a,b,c)

S HYPFRTES S a- (x—a)+b-(y-b)+c-(z2—-¢) =0

ax+by+cz—(a*+b*+c?)=0

Rﬁtﬂﬂéﬁﬁﬁ%ﬁ%Z—C=%(X—a)+%(y—b) (c%0)



oz  _c’-b’+2ab-2ac_ a
Klapey @ —b*+2bc-2ac ¢
oz a —c?+2bc—2ab _9
GV “a’-b*+2bc-2ac ¢

a®+c®—ab?-2a’c—2ac?-b%*c+4abc=0
={-pb*-c*+a’b+a’c+2b*c+2bc’—4abc=0
a?+b?+c?=1
FH bR 17 5 A2 AT f# 45 (a,b, €)
ﬁ\'fﬂs l:l uﬁ/\ﬁﬁ

()a=0
¢’ —b’c=0 c(c+b)(c-b)=0
={-b*-c*+2b%c+2bc’°=0 ={—(b+c)(b*-3bc+c*)=0
b?+c?=1 b*+c* =1

wb=clf > (b*—3bc+c?)=0F1b?+c? =14 EF LT

~b=—c
(a,b,c):[O,—Q,ij(o,ﬁ,—ﬁ] HSRE/ME . (a,b,c) ( Qﬁ}
2 2 2 2 2
(2)b=0
—c*+a%c=0 c(a+c)(a-c)=0
=Ja’+c®-2a’c-2ac’=0 ={(a+c)(@@-3ac+c?)=0
a’+c’ =1 a’+c*=1
ra=ch¥ > (a® —-3ac+c?)=0f1a’ +c? =14 EFE IS 1T
~b=-c
— (a,b,c) = (—i 0£] (Jz_ 0, —gJ CFREME - (a,b,c) = [£ 0, —%]
(3)c=0
ez VI c =0

R E SOV



(X=Y)y-2)(z-xX)=k » yz2*? —x2* +X’z-y°z+xy* —x’y—k =0..

Cx)UE v fmfdor

22—22-—X+2xz-ﬁ—2yz+y2-%jL2xy—2xy-g—x2 =0
oy oy oy oy

%(yz—22+2xz—2xy)=x2—zz+2yz—2xy
X _ X227 +2yz-2xy

oy YP—z2+2xz2-2xy
()= 2 wmisy

2yz—22-%z—2xz+2xz-%+x2—y2+y2-%—2xy-%:0
OX 0z z

?(YZ—ZZ+ZXZ—2Xy): y2—x*+2xz-2yz
z

X _ Y =X +2x2-2yz
0z y*—1°+2xz2-2xy

Xﬁwﬂ?ﬁﬂﬁﬁi%X—azg(y—bﬂ%(z—c) (a0)

ox|  _a’-c*-2ab+2bc_ b
|apey D°—C'+2ac-2ab a
x| _b’-a’+2ac-2bc ¢
02|npe b*—a’+2ac-2ab a

a®+b®—-2a’h—2ab®*—ac®—hc? +4abc =0
—{-a*-c*+ab?+2a’c—2ac’ +b’c—4abc=0
a?+b?+c?=1

c=0fCA
—a*+ab?=0
—={a*+b*-2a’h-2ab’*=0
a’+b*=1

a(b+a)(b—-a)=0
= {(a+b)(@*-3ab+b*)=0
a’+b*=1

a=bh% > (a®—3ab+b?) =0f1a’ +b* =1 % [EHF A 1T

(%)



:(a,b,c)z(—ﬁ,—z, J [£ —£ O] CEDRER/IME (a,b,c):(——z,—z,OJ

2 2 2 2

(4)abc =0

a®+c®—ab®-2a’c—2ac*—b’c+4abc=0
—b®—c*+a’h+a’c+2b’c+2bc*—4abc=0

a?+b?+c?=1
n =30F abc = QB HfiF > =5 HH

a®+c®—ab®—2a’c—2ac*—b’c+4abc=0
—b®-c*+a’h+a’c+2b’c+2bc?—4abc=0
a?+b?+c?=1

—ZA15E 5[+ abc

a®> ¢ b _.a .c b

be @ ¢ S Ch e b ¢ ¢
ot b . b Ty
b e aa b0 4y
ac ab ¢ a a
12 rmn?—2-2 on_mia=o0
m°n n m
S iom+2mn—4=0
n
—E—E—Zn—m—m+i+i+2m+2mn:0
n m n mn m

[F15E m*n

2m°n® —2m*n® +m*n—mn—-m*—m*+m+1=0

(2m* —2m*)n*+(m* —m)n—m* —m* +m+1=0

HFIZ D = (M —m)? +4(2m® —2m?)(m® + m? —m-1)
=m?*(m* —1)* +8m*(m-1)(m+1)(m* -1)
=9m*(m*-1)*>0

_ —(m® —m) £/9m?(m?* —1)°

2(2m* —2m?)




_ —-m(m® -1)+3m(m? —1)
- 4m?(m-1)
—(m+1)+3(m+1)
4dm

o om+1 m+l

0m 2m

(Mn=-m*t
m

2+1 C a+b
E:—T:B:—T:C:—(a+b)

a
c=—(a+b) L a®+c®—ab® —2a’c—2ac’ —b’c+4abc =0
a(a® —b*)—(a+b)® +2a’(a+b)—2a(a+b)* +b*(a+b)—4ab(a+b) =0
(a+b)(@*—ab—a’*+ab—b*+2a” —2a* —2ab+b*—4ab) =0
—6(a+b)ab=0
a+b=0va=0vb=0, "c=—(a+b) &t E&

(II) n= m_+1
2m

C:_a;b R A a®+c® —ab® —2a’c —2ac? —b’c + 4abc =0

a(a? —b2)+%(a+b)3—az(a+b)—%a(a+b)2 —%bz(a+b)+2ab(a+b) 0

(a+b)(a2—ab+%a2—%ab+%b2—az—%ab—%b2+2ab)=0

3 3 3
a+b)(-=a’+=ab-=b*)=0
(a+b)( 3 +8 3 )

(a+b)(@*—ab+b*>)=0
a+b

a’—ab+b*=0va+b=0(F~5& > '.'C=T)

*a’—ab+b’>=0
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*b=0 .-.(%)2—%+1=o . D=1-4<0 - Jﬂ;%ﬁ%ﬁ&ﬁﬁ

FDADH > & abe = 0F » (a,b, c) L E &

B (x=y)y-2)(z-x) E"Jﬁ%d\ﬁ?\%—%

"="J32izﬁé(x,y,z)=(£,0,—£)v{o,—‘/§ ﬁM——Z,Q,o

2 2 2 2 2 2

3R D)V i [E T 25 HH AR (FI ) Desmos 48 B #UHG)
(oA p{go_ £ J

.-.;iﬁﬁ% P1= _,0,__ Ei@(ﬁioi_ﬁJ

2 2

ﬁtﬂyﬁﬁﬁﬁ%g-[X—€]+O-(y—O)+(—£J.(Z _

x—z—JE:O
HH 1 R VI~ 722~ DIBEZ0E — R

(=3

11
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2 22
ﬁtﬂ:&ﬁﬁifmo.(x-o){_ﬁMy_(_ﬁj}

y—z+J§=0
i s VP TR - DI E =R

A

(x—y)(y—:)(:—x)=—7@
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.~.ﬁtﬂaﬂﬁﬂiﬁ%(—%J-[x—[—ﬁﬁnu?z(y—%}ro-(z—0)=o

2

x—y+J§=O

el ke V)P 5 AE s ~ DIRLOE VYRR

=)y =-2)z-x)=-

S

=~ IEARAEH IR L

H

BH ¢ EEXY, ZWVIE X +y* + 27+ W v =1 50K

S = (x=Y) (¥~ 2) (2~ W) (W) (v~ X) FT8e/IME R 2 88/ MEAG (X, Y, 2,w,v) B -
ik S EUMER AR (xy,2wv)=(ab,c,d,e)

WkeR

B (x=y)(y=2)(z-w)(w-v)(v=x) =k HFyv =T (x y.2,w), e 0
a-(x—a)+b-(y—b)+c-(z—c)+d-(w—d)+e-(x—e)=0

ax+by +cz+dw+ev=a’ +b? +¢? +d? +¢’

ov ov ov ov
v—e:E&(x—a)+5§(y—b)+5;(z—c)+5W(w—d)
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it =2,
OX e

i (x= y) (v ~2) (2 w) (w=v) (v= %) =k B x )
(y-2)(z-w(x=y)(w-v)(v-x)] 0
(W—v)(v—x)+(x—y)[(—%j(v—x)ﬂw-v)(@—lﬂ=0

OX

%(x+w—2v)(x—y):—(w—v)(y+v—2x)

v (w-v)(y+v-2x)

x  (x+w-2v)(x-vy)

o __(d-e)(bre-2a) a o
OXlapoaey (a-b)(a+d-2¢) e

1 (- y)(y - 2) (- w)(W-v)(v-x) =k £ y 5

(z-w)[(x=y)(y-2)(w-—v)(v-x)] =0

ov

=2 )0 (- 3)5-) (-2 -y 2 0

1

%(X-I-W—ZV)(X—y)(y—Z):—(W—V)(V—X)(X+Z—2y)
N _ (W=v)(v—x)(x+z-2y)

o  (x=y)(y-z)(x+w-2v)

ol __(d-e)(e-a)(arc-2b) b 2
Nl apede (a-b)(b—c)(a+d—-2e) e

B (x=y)(y-2)(z-w)(w-v)(v—x) =k ¥ z fRf#% 5>
(x=y)[(y-2)(z-w)(w-v)(v-x)] =0
[~z +{y=2) o)1) (y-2)2w) (-2 v+ () & ]| 0

Z 0z

%(x+w—2v)(y—z)(z—w)=—(W—v)(v—x)(y+w—22)
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o (w=v)(v—x)(y+w-22)

oz (x+w-2v)(y-z)(z-w)

n __(d-e)(e-a)(b+d-2¢) ¢
Oz|apoae (b—c)(c—-d)(a+d-2e) e d

14 (- ¥)(y - 2) (2 W) (W=v) (v—x) =k 5 w53

(x-y)(y-2)[(z-w)(w-v)(v-x)] =0
—(W—v)(v—x)+(z—W)Kl—%)(v—x)+(w—v)(%ﬂ:0
%(x+w—2v)(z—w):—(v—x)(z+v—2W)
@:_(v—x)(z+v—2w)

ow  (z-w)(x+w-2v)

N __(e-a)(cre-2d) d
Wlapeaey (c—d)(a+d-2e) e @

a’+b®>+c?+d?+e’ =1

(b—c)(b+e—-2a)

0-0 (e—a)(a+c—2b) b

fiaza=0

(b—c)(b+e)=0=b=cvb=-e
b=cA&(-(a-b)(b-c)(c—d)(d-e)(e-a)<0)
Hb=-e  {AQ

(b+d)(c—2b)
(b—c)(d+2b)

bc—2b® +cd —2bd =—bd —2b* +cd + 2bc = bc+bd =0=b(c+d)=0

c+d=0vb=0(Cf& "’ va-b=0)

Hjc=-d
15



PRI P B % Ea iy (0,b, ¢, —c, —b) » S, =2b%c(b—c)’ .c<0
BHe=-b d=—CcAD X¥*+y*+2°+W +Vv* =1

® : -b(b—c)(-b)(b—3c)=c(b-c)2c(2b—c)

b® —3b’c =4bc® —2c¢® = b* —3b*c—4bc® +2c3 =0 - cvuevvneene ©)
2b® +2¢* =1=2c* =1-2b° fL A D

b® —30°c—2b(1-20%)+c(1-20%)=0

5h% —5b*c—2b+c=0

5b° — 2b 1
5b% —2b ’ 1
(sz_lJ =207 k=

3 2
25K —20k" +4k _ 1\ . 100k® —85K? + 20k ~1=0
25k? —10k +1 2

HEEHARERED® » SUELHE - BINEEE - THE AR ER 0 AR AR -

VO~ RAEAE RS n

= ai1a21...’ane]R ’ a12+a22+...+an2:1 ) (ai—az)(az—as)...(anfl—an)x(an—al)E]’\j

i/ MERTEE (n > 4)
(—) AR » = A ER O 77 E A EA R -
‘= n=50F

HE Sk =a -2, k=8, -8, k=8, -a,, k, =a, -2,

(a; +k, +Kk, +k, +k)*+(a; +k, + ks +K,)* +(as +k, +k)* +(a, +k,)* +a;> =1

5a,” + (8K, + 6k, + 4k, + 2k, )ag + (K, + Ky + Kk, + K )? + (K, + Ky +k,)* + (K, +K;)* +(k,)*-1=0
o el

. (8K, + 6K, + 4k, +2K;)? = 20[ (K, + Ky + K, +K)” + (K, + Ky +K,)* + (K, +k;)* + (k,)* ~1]> 0

16



52 5[ (K, + Ky + K, +K)7 + (K, + Ky +Ky)? + (K, +k)” + () = (8K, +3K, + 2K, +k,)?
5> 4k, + 6k, + 6K, +4k” + 6K, K, + 6K Kk, + 2Kk, +8K.K, + 4k.k +6K,k,
B DU E 2R E X
(PR T4
=(a,~8,) (& ~a;).. (8, —a,)x(a, ~a,) » Hrfr S Ay S, (9f/IME
I [E#E—]): S, 1/ ME—EFLE
A

A+, +oe+a, c+af=1 .-1<a <l -1<a,<1-,-1<a <1

-2"<(a,-a,)(a,—a;)..(a,,—a,)x(a,—a,)<2"
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