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Number of Stable Equilibria in Two Di-

mensional Cellular Neural Network

1. Motivation
J. Ban [1] studied the Number of Stable Equilibria in One Dimen-

odd. After discussing with my teacher, I extend his result to two-
dimensional dented rectangular patterns constructed from a given
subclass I'of L-shaped template and give an algorithm to compute them.
2. Purpose
(A) To discuss and investigate the patterns of two-dimensional
Cellular Neural Network (CNN).
(B) To compute the number of the admissible dented rectangular
patterns by using matrix multiplication.
3. Procedures
(A} Notation and definition
In this paper, capital English letters A, B, C, D, E and M
represent matrices;
small English italic letters a, b, ¢, g, i, 7, k., 1, m, 0, p, I
r and s represent integers;
a capital Greek letter I' represents a set of templates and & and
© represents a set of same size or: Same shape patterns;
small Greek letter @, B, y &, & represent signed patterns;
small English normal letters %, y represent sign, + or -.

a;; represents the value of (i, J) entry of the mxn matrix A

[ ] N, K
and aw=) a,,apr=38, ,awsy 3 a,,0 denotes the zerc matrix; Ma)
i=1 J=1 =] =] - '

is a matrix that records pattern a; t(I', m<n) represent the num-
ber of mxn dented rectangular patterns. constructed from I,e(r,
mxn) represent all admissible mxn dented rectangular patterns

with respect to T.
{B) Background

A linear pattern of size n is a 1xn tabular with + or - signs
on each sguare. In particular a pattern of size 3 is called a
linear template. Hence, there are B different signed linear tem-

plates, [+HL(EF-)(++), (+=—)(—)(—)(—)(—). Two linear tem-
plates a and f can be concatenated if the last 2 signs in a are
the same as the first 2 signs in B, i.e. a = axy, B8 = xvfh,
where x, ye{+,~} and @ and B are sub-linear patterns of & and
B, respectively, sc we denote that a @ feayxyf. Given a sub-
class [of the set of 8 different linear templates, we would like
to construct a linear pattern of size n by using elements in T
with operator @. For example, let ' = {@ = ++—, f = 44, y = +—,

§ = ——}, then we can construct 4 different patterns of size 5.
They are

H——= a @F B, +—+—+=F &5 Bf, +—+—= BF By, —+—+ =5 BF BS.
These 4 different linear patterns are admissible with respect to
I'y but +++++ cannot be constructed by using elements in I'. Hence,
we szay that +++++ is not admissible with respect to I'.

o

4 o




The method [1] is to record patterns & into a ma-  +++—+—+

trix M{a). Let’s illustrate how to do this by an . Lo
example: ot —
I. Pick out the first 2 signs and the last 2 signs B i AP |
in @, which are + ,~+ respectively in this example., 102
II. Replace + with 0, - with 1 to change the first | III.
and last 2 signs into two-digit numbers, respec- —r =2
tively. V. |
III. We can view these two-digit numbers as binary g1 2 3
numbers, and call them ', 7j', respectively. 00 10
IV. Construct the 4x4 matrix Mie) by myy=1 1f iI="p1(0 0 0 O
j=7's otherwise, m;;=0. 2(0 0 0 0
If we want to record a set ¢ of patterns into a 3(0 0 0 O

matrix M(d), we first construct the matrix Mia) re-
cording for each pattern in this set ¢, and let M{tl'-'}= EM{EL
il

The advantage of this way of recording is: MialM{f)=M(a @&f). For
example:
A= ++b=—t=t, f= —dtitd-t=—,a Bf= +bb——t—t+++—+-

0010 0000 0100
B 0 000 B 0000 o000
M@)=| o o tMB)=| o Mla®p)=M)M(p) 0000/
0000 0000

For any given set I’ of linear templates, we can record this
set 8(I, n} into a matrix M(8([, n)). It was proved that M{e(l,
n) =M% in [1]. So the total number t([,n) of admissible pat-
terns of size n with respect to I' is exactly the sum of all en-
tries in M(I)™2,

(C) Z=-dimensional patterns
An mxn dented rectangular pattern is an mxn tabular with the

upper right sguare missing, in particular, a 2x2 dented rectan-
gle iz called L=-shaped template. We would like to label each

sgquare in an mxn dented rectangular pattern with + or - signs
using, iteratively, a element chosen from a given subclass I of

the eight different signed L-shaped templates: ¢1+}i:-lii+]it_

Yilra)s(3-0(_4), (—-). When two L-shaped templates are overlapped,
it i3 reguired that the same sign on the overlapped sgquare. A
signed dented rectangle is called admissible patterns with re-

spect to I’ if it can be constructed in this way.
There are two ways to construct a pattern from two L-shaped

template @ and B That let a = ;z, B = gq, ¥ = §t, then we de-
X
fine & = a ®,8= vz, £ =a Gy= ﬁit, and we call & is constructed

Pq
from @ and fvertically and £ is constructed from a and yhorizon-




=
o

tally. For example, let I'= {a -L,., ﬂ'=i+, ¥=44+1. Then there are

6 different of 2x3 admissible patterns with respect to I'y 6 dif-
ferent of 3x2 admissible patterns constructed with respect to I':

++ ++ -+ +- -+ -
b= @D, o= @By, =B, =By, =y Bna, =By, 5
different of 3x2 admissible patterns constructed with respect to

+ - + - +
I': #++=a®, @, ++=aB. .y, ++=0B . a, ++=0B .y, —+=yB_ 5.
++ ++ —+ —+ ++

Az we've menticned in the one-dimensicnal case, the main
spirit of using matrices for recording and computing patterns is
to record only the boundary part, because it is precisely the
boundary part of a pattern that determines which and how many
new patterns that can be constructed. Now it is the same in two-
dimensional case. So the first step is to find a way to record
the boundary of a two-dimensional pattern into a matrix.

Given any mxn pattern &, because it has ++
four sides we have to record the signs on g8

the boundary of & into a four index matrix
{aijtl}phq'-en::r where p =g = En_lf r=g=2"%,
++

For example, let a = —+4—. =3

I. Pick out the bottom linear pattern (—+) ()

of size n=1 (ignore the last sign). Let i’
be the decimal number represents this 0
linear pattern just like we have done in 1
Section (2). Similarly, is the decimal 2
number represents the top linear pattern 3
{ ). In this example, i' =2 and '=0.

II. Pick out the left boundary as a lin- 1
ear pattern {-) of size m-1. Note that we
read it from the bottom to the top, and
we ignore the top sign. Let " be the o 0
decimal number represents this linear
pattern. Similarly, 1' iz the decimal num- o
ber represents the right boundary pattern
{=). In this example, < =1 and I' = 1.

ITI. So the matrix M(a) representing pattern & has my .p»=1 and
0 for other entries.

For convenience, I wview a "d-dimensional"™ matrix as a matrix
whose ewvery entry iz itself a matrix. Hence a "d-dimenzional®™
matrix A can be expressed as follows:

Ay Ay Ay Lqmuhq &hwlu, " ﬁ%ﬁ4mlp,
2= "{m A, _ ‘{B[:-—l:l _ {alﬂ-'f]m [ﬂuu}m . (“l[ﬂ}u}m

”[;m At *’f{-r;rml (ﬂr,--L;uL,, [“[»uw}m ("{-mluu},.,

Just like the one dimension case, we wonder if this matrix
repregentation can be used to construct bigger patterns by cer-

1 I
— - =
1 .

=
SCooo M
CoO0Oo N,
cCooow

oo
L= [ =1 = =
[=] = = =)
(=1 [ = = =)

Comm ®E B
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dimensional case. So the first step is to find a way to record
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Given any mxn pattern &, because it has ++
four sides we have to record the signs on g8

the boundary of & into a four index matrix +

{@ijk1) pugeress Where p = g = 2", r=35=2"'. _, - =
++ 4

For example, let a = —+4—. = . 'ml 1=l

I. Pick out the bottom linear pattern (—+) il ()

of size n=1 (ignore the last sign). Let i’
be the decimal number represents this 0
linear pattern just like we have done in 1
Section (2). Similarly, is the decimal 2
number represents the top linear pattern 3
{ ). In this example, i' =2 and '=0.
II. Pick out the left boundary as a lin- J 1
ear pattern {(-) of size m-1. Note that we 0
read it from the bottom to the top, and 0
we ignore the top sign. Let " be the o 0
decimal number represents this linear
pattern. Similarly, 1' iz the decimal num- o
ber represents the right boundary pattern
{=). In this example, < =1 and I' = 1.
ITI. So the matrix M(a) representing pattern & has my .p»=1 and
0 for other entries.
For convenience, I wview a "d-dimensional"™ matrix as a matrix
whose ewvery entry iz itself a matrix. Hence a "d-dimenzional®™
matrix A can be expressed as follows:

Ay Ay Ay Lqmuhq &hwlu, " ﬁ%ﬁ4mlp,
2= "{m A, _ ‘{B[:-—l:l _ {alﬂ-'f]m [ﬂuu}m . (“l[ﬂ}u}m

”[;m At *’f{-r;rml (ﬂr,--L;uL,, [“[»uw}m ("{-mluu},.,

Just like the one dimension case, we wonder if this matrix
repregentation can be used to construct bigger patterns by cer-
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tain operation. The following is the example to construct 2x3
tterns from2x2 templates in view of matrices.

2md 23

a, a) [a, a ‘g, a,a, aa, aa) (aa, aa .;1‘1 a.g:_‘ )
0 o 0 0

0 0 o o)lo o,

b 1

r
[l} l]] [ﬂ 'ﬂ] (aa, aa,\ (ag, aa) (aa, aa,) f'ﬂ,aﬁ a.a,
4 &) \4& & L0 o) Lo ] 0 0

PN A ]
(0 0y (0 0y 0 00 0 ]
gl Wy N Galy dydy § o\ dgtly gty Lﬂﬁa-l aﬁu}
{ 0 oY [0 0y (0 0N
1

1

)
@ydy Gy J \Gydy Oydy ) \Gydy  dydy | |Gl iy )‘,

+ + +
where ag, &1, &2, &3, &4y 8y, g, a7 are the number of (44)(4-) (-4

1 CG G C (o) in a given set T, i.e. ag=1, if the ith L-

shape pattern belongs to I'; otherwise, a;=0. this example sug-
HWEW DDDE[I:I EDDLE[I{I EIHE{II

Dy, E DmE]= Dgbra Dok | Doliyy Dk,

gests an operation: LI&E.E[ .............................
DyE DuE

DyEy DByt DyEy  DypE,,
where D=(dij) z.zxzx2¢+ E={€53) 2u2u2x2
We observe that a mxn pattern can be represented as a 4-index
matrix of size 2" Mw2™ k2™ l2™l  j &, a 272" matrix whose

every entry is a 2"'x2™! matrix. In general, we define an opera-
tion of matrices for the horizontal construction as follows:
Definition 3.1

Let An{ﬂgjﬂq,3={ﬂ,}_&q be four-index matrices with A;;, and Bij

being real numbers or matrices such that the multiplication of
matrices A B, is well defined. We define

208a(C,) with Copu s = 4,8,
Theorem 3.1

Let I' be a set of L-shaped templates. Suppose A and B, re-
spectively, are the matrices that represent all admissible mxm
and mxn; patterns with respect to I Then A®B is the matrix rep-
resenting all admissible mx(m+n:-1) patterns with respect to T.
Proof
I. Let & and B, respectively, be mxm and mxn: patterns that can

be constructed with respect to I'. Suppose an mx{m+ny-1) pat-
tern y is constructed by &« and § horizontally, and @, f and y
are recorded in the {ilrjlrklrp:'r {iErJErPrIEJ and ':i.'uj-hkhj-ﬂ
entries in the matrices A=M|a),B=M{f) and C=M(y), respectively.
II. Because the pattern y is constructed from & and § horizon-
tally, the right side of @ and the left side of # glue to-




gether, and the top (bottom) sides of @ and f are concatenated.
So ks=ki, l1i3=lz, Ii=(shifting ewvery digit in the binary expres-
sion of i; to the left by np digits)+i; = ;2" +i;. Similarly,
Fa=F1 2% +5,.

III. 5
The argument implies that &, . and b, contribute

'[1'12""1+iz, 1,27 k"lz] entry of C with a,,, b, . .Therefore
c:,z“f"q; Gt by 1y = Zal-_ﬁhpbls.hp!: = (AI-. BJL&)},r‘.and
P

ﬁj,_i"-*"‘u, pFlag

The discussion above is to construct patterns horizontally.
Although we don’'t directly use @ operation to construct patterns
vertically, we can use @ operation indirectly:
Definition 3.2

For two=index matrices A and B, we set ABE be the cordinary ma=
trix multiplication. For four-index matrices A and B where

= AB

A={A14) men and B=(Bij) np, We et AB = [i.d,@ﬂ‘,] . Also we define
A=l

-y
—_
A" = AA--A,
Theorem 3.2

Let T be a set of L-shaped templates. Suppose A and B, re-
spectively, are the matrices that represent all admissible m=n
and myxn patterns with respect te I. Then AB is the matrix repre-

senting all admissible (m+m;—1)xn patterns with respect to I.
The proof is similar to theorem 3.1, S0 we omit it.

+ + -
Below we use I'={_ ., _ _r4

to actually carry out the computation:

} as an example to illustrate how

SizelPattern Matrix Number
2u2 |+ + A 1 0 01 3
F
v 0 0) oo
, 00 00
.I._
01 00
2x3 |+ + ABA (1 oY1 0y f1 oo 17 (o Y1 o) [0 1Yo 1Y) 4
+ + 4+ o ojo o) (o olo o) lo ofo o) (0 olo o
+ - 1 oyo oy 1 oo oy fo 1Yo oy [o 1Yo o
+ 4+ ="' 0 ojo 1) {0 oho o) Lo ofo 1) {0 olo o
+ 4+ 001 oy (o oyo 1Yy [0 0yl Oy [0 oYo 1
o 0 100 o) lo 1o of Lo oo of lp o)o o
ooy oy o oyo 0y fo 0yo 0y (o OYyO0 0
::_ o 140 1) lo 1ho o Lo ofo 1) Lo ojo o)

e
|~
-
C
=]
-
"y
r]
<]
L
"

il T W




Mooy o 1y fo oy fo oY)
oo \0oof ool (oo
[ [(0 oy foooYy o1y oo
o o) \o of o0 (0 0
o oy fo oy o oy fo oo
oo \o o/ loof oo
o ooy o ooy ooy fooo
o 1) (o o/ loof 0o
Gx? |+ A5 Ifrr oy /1 oy (o 1y _fo oy {1 0y _(o 1Y (0 0 0
=
II nu@un+uu$u1 nu@uu+nu 0 0
0 o 1 0 1] o0 0 0 o1 o o0y _ o0
- (@ 5lo oo 0%l ) o 2)2le oo oo o
4 10000000y (0100000 0)
+ O 0 0 ﬂ_rﬂ o a0 1 O 00 ﬂi_ﬂ O 0 0
- O 0 0 0 00 0 0 O 0 00 o000
* = “floooo/loooo/loooo)looo0o0
- ‘00 00y /0000 f00O0O0 {0O0OO0
t::* 000 u_hu 000|000 n+_u o000
+ O 01 0 o 0 0 0 o0 01 0O o000
HE loooo/loooo loooo loooa)
- - 100 0y o1 0 o
LI | o o0 0 0
o000l |oo0o0o0
Cllo oo o) looo o)
o0 0 o0y o0 0 0 o
O 0 00 O 0 00
o0 1 0 O o 01
0000l loooo)

Summarizing the discussion above, we get the following theo-
rem, The first eguality represents constructing vertically first
and then horizontally; the last equality represents constructing
horizontally first and then vertically.

Theorem 3.3

Let I' be a set of L-shaped templates, A=M(I') and
u=l n-l m-1
Iy 1 R
B=M{®(I',mxn)). Then %f‘@.ﬁl"’@---@d"‘=[.4®A@---®A]
We prove the first equality only, and the second one is similar.
FProof
I. When m=2, n=Z, then B=A.

k-1
—
II. If m=2, n=k, F=A®@A®- @4, then when m=2, nm=k+1, A, F
represent Zx2, Zxk patterns constructed from I, respectively,

so A®F represent 2Zx(k+l) patterns constructed from I', i.e.
k=l k

B-2@E-1RA® AR @ A= ABA® @A




n-1
e,
II1. Hence by induction, when m=2, we have E=AR48.--@4.
IV, Similarly, for any positive integer m (22), we have
m=1

AL @..04™,
(D) The first way to accelerate computation

Our method has a serious drawback: the bigger dented rectan-
gular pattern, the larger the matrix. The computation involved
will become wvery complex when we construct a large pattern, so
we thought of some ways to solve this problem.

We will process the horizontal data after we construct all
mx2 patterns vertically, so we can modify the 4-index matrix and
@ operation into Z-index matrix and the ordinary matrix muolti-
plication, then the data wvolume won'‘t increase.

We can formulate this idea as follows.

Definition 4.1

Defime ¥'A4,%"A to be (ajje)mumr [@++x1) a0 respectively, where
A= (21561 ) memnen «

Z', E" oparation have following properties :

e
Property (& A)"=L [ARA®--@4), (& A)"=L'4"
Because the two egualities are similar, we prove the first
one .
FProof

Y A®B= ) A4By=) 4,) By=3"AY"B

I. i kD [N ] &Y

II. When n=1, we have Eﬂﬂﬂznﬂ.
i

F—ﬁ—\
IIT. If =k, (& A) *=2" [ 4A®A®--@4) hold, then when n=k+1,

i k4l

(2= (B ) A= (4@ a@. . @ ) B AL [ AR AR...@ 4)

—J.—

" "

Iv. Hence by induction, we have tE Al o3 {ABAS.--@4) when
nelN.

(E) The second way to accelerate computation

We discover that the volume of data will increase only when
we use @ operation in this scheme, so 1f we want to reduce the
volume of data effectively, we should do some tricks when we use
@ operation.

We find that the matrix representing a set of patterns has
many zero entries, so if we divide the matrix representing a set
of patterns into three matrices that represent the patterns top
boundary, middle part and bottom boundary, respectively. Then we
can reduce the size of the matrix effectively.

The actual computation method is to erase the columns and
rows with all zero entries after using ® operation, and then di-
vide it into three matrices.




4. Conclusion
We summarize the scheme to count the patterns following these
procedures:
(&) Construct the matrix A representing TI.

{B) According to theorem 3.3, t(I, mxn)=bs.., where

n-1

BA" @A™ @@ A
(C) According to theorem 5.2, let C=t{A)}), D=m(A), E=b{A}, then

m-l =i

A @AM @ A = CD"E@CD™E®---@CD™E

uzl =l - wzl
=CRC®--@CHRDR---@D ERE@---BE
Step 1 in this program is to construct the matrix representing
patterns; step 2 is to multiply matrices; step 4 iz the main point
in this program, and step 3 is for speeding up the computatiocn.
The method of dividing the matrix has a greater speeding effect,
but it is not always applicable.
5. Discussion
In theory, we can compute the number of patterns no matter how

big it is. In practice, we have to use 2™ bits for recording mxn
dented rectangular pattern if the speeding methods are not applied.

14323ME
The volume of my hard disk, {lngz——Igfz—— = 36) can only compute
1

up to 6x6,s0 it is not very practical, we only have to use 2™7EREW
bits for recording with the first speeding method, this is much
better. The effect of the second speeding method depends case by
case; it won't always help.

In the one-dimensicnal case the situation is the same as the
Markov chain all we have to do is diagonalize the transition ma-
trix, then we can easily compute the number of patterns of any
size. For the two-dimensional case, since now we'wve come up with

an algorithm, we hope after gaining more understanding of the &

operation we can make the computation as easy as that of the

Markov chain.
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