The Discovery and Ap pli ca tion of C-Trans for ma tion

Abstract In this study, a new geo met ric trans for ma tion based on atri an gle and a fixed
point is Introduced. We call this the C-transformation. It is non-isometric and non-isogonal.Many
curves can be Re-in ves ti gat ed and many extensions can be proved under C-
transformation.Here is the main result; (1) The Euler line is determined by the C-transformation.
(2)Conics aregenerated from lines under the C-transformation.The relative po si tion of the
straight line and the circumscribed ellipse de ter mines whether the conics are circles or ellipses
or Parabolas or hyperbolas. A new synthetic construction with the rulers and compasses of conics
pass ing through five points is discovered.(3) The family of deltoid, including hypotrochoid and
the ex ten sion of hypotrochoid with same nodes,are gen er at ed from circles with the centroid
of the triangle as center under the C-transformation. This leads to a new construction of the
generalized deltoid passing through five points.(4) The family of strophoid and the family of
folium of Descartes are generated from circles with the midpoint of the base of the triangle as
center under the C-transformation.In addition, these two families coincide under C-
transformation. (5) The family of cissoid are generated from a tri an gle moving along a line
under the C-transformation. 1.Motivation

Experiments carried out with the computer indicate that there is
always a new geometric transformation and its duahty based on a
triangle and a fixed point. It is non-isometric, non-isogonal and more
complicated than many other well-known transformations. Many curves
can be re-investigated and many extensions can be obtained under this

transformation,

2.Purpose 3.Procedures



PURPOSE

1. By means of GSP and MAPLE V, we will investigate properties of
the new transformation and its duality,

2. Re-investigate Euler line, comjugate Euler line, comics, deltoid,
strophoid, folium of Descartes and cissoid under this transformation
and attempt to obtain some extensions.

3. Find the parametric equations for each family of many curves. This

new equation will show how the family changes continuously.

PROCEDURES

1. Fundamental theorems
In this section, the existence theorem of a new geometric

transformation based on a tnangle and a fixed point will be proved.

From now on, AB means the directed line segment, In S ABC, K is a

fixed point. If E,ﬁf and CK intersect ,E and AB at D.E

Rl &

and F respectively with ﬂ:=% and p=22  then K is unigquly

determined by «.fp and denoted by K|ap. "

1 The following theorem
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Theorem of collinearity In AABC, let K[o . [i.y] be a fixed

pomt. Assume that P and Q lic on AB and AC respectively with

X= % and v = g_,i . Then P, K and () are collinear if and only if

I
X+pyv=—
]
A

K
kq
G

.

Corollary In / ABC, let R lie on BC with y:%_ﬁsssmne

i
that P[a, b, a]h] and (}{&t‘. ;F -‘ Then P, () and R are collinear if and only
if
alb-y)=elf -y)
MNext is the fundamental theorem of the new transformation.

Theorem | In APOR, let K be a fixed point. Let A, B and C lie
on ﬁ,‘lfl and QR respectively and E(ﬁ and RB be
concurrent at K. For any point S, if SP,SQand SR intersect AB,BC
and AC at L, M and N respectively, then EHHN and CL are

concurrent,
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Proof Let K[Q,B,ﬁ}{t*u,i}

In A POR . since B, L and A are collmear,

.'.L+i:ﬂ, where h=£
o of h LH

I_rh_uﬁ{u+l}|‘L[ uf 2 ﬂ+u}

"~ B+u B+u’ apu

Then T[m}', ] ] lieson CL if and only if

xy

af
f+u

fu—Pl=x(y=P) ..o dl)

Similarly, T lies on AM if and only if

L T . 1 3
tl.l-l-cr.[iftu EB] :«f{xy uﬂ}"""'"'"”""”

Tlieson BN if and only if

t—o X =0

= il
Blee+ 1) xy )

R
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; i i + tu ult 4ol
Since (1), (2). (3) have same solution x = b V= Bu(t +a)

B+u 7 apf+tu
-~ AM.BN and CL are concurrent,

MNext theorem 1s the dual theorem of theorem 1,

Dual theorem Assume that L, L, and L are lines and L.
L., L, meets L., L, L, atl J K respectivelv. Let L be a line and
L meet 1, L,, L, at D, E F respectively. Let IF, JD and KE

meet JD, KE and IF atX,Y, and Z respectively, For any line S, 1f 8

meets L, L, and L, at X', Y and Z' respectively, then the

intersection points of IF and YZ, JD and ZX', KE and XY' are

collinear.

L

Definition 1 In theorem 1, let AM, BN and CL be concurrent

at T. Then T 15 the C-transformation of § under K in APOQR. Denote T
as T=S8(K).




Corollary 1  S{K=K(5)

Corollary2  For any point S, let T,=S(K), T,=T, (K),

T,,=T (K), n=2. Then the sequence { T, } approaches K.

Proof Let 5 be an interior point of AAKE. Then S[PI,E,i}
P4

where I=U'—+1- m:__“{ﬁﬂ}
afp+1" a+l

Then S(K) is

T[ipqﬂ}(uﬂl a@+)E+1) q{p+l,‘l{aﬂ+]]:|
g+ Dap+1) " glp+ e +1) alpg+ D +1)

T (pg+)l (g+Dm q(p+1) 1
'L g+l Tq(p+1)’ pg+l Im

g D{p-:.’l, q::-], pq-r::]

where De:pq+1{], q(p+l]}l7 ﬂ{—q{pﬂ}{l
q+1 pg+1 q+l

Similarly, we have

Tipl =, Lo p POl . _d(B+D
Im q+1 pq+1




1 pg, q_} g+l 4D

E szl*h‘n q|+l g qu|+|.
rlon, ™ 8] o oPulnt! 6., *D
T e Il el T Pl #]
where 0<p <1, q,>1. Consider {p}{q}
5 s =i =pulq|-l+]_ :I—P,. 0
CP. P q“+l P.. q._|+j}

~{p.} isincreasing.

_q.:Lp.|+1]_ _P. ﬂ,.“‘ﬂ..,}{ﬂ
— =
p- I":Ilul-'-lI pl Iq..+]

~4a.} is decreasing.

B Flad P

Since p, <1,q, >1, so {p.} and {q,{ have limits.

Let mp =1, lmgq, =)

s l=limp, =li Py, +1_I+1
e
.-‘.-[:]‘ J:i
Rl pl—— i roaches K|l. m, —
.[p. = lm] app [ Im}

The C-transformation is charactenized in the next corollary.
Corollary 3 Assume that K is an exterior point of S POR. Let

PC,QA and RB be concurrent at K. Let § be an interior point of

quadrilateral BPRC. Let L lie on AB with
sin “BCP - (cot “BCL - sin ZABC + cos ZABC) =
sin <BPC - (cot Z#BPS - sin £ ABP + cos 2~ ABP)

Then CL,AM and BN, having similar properties, are concurrent at
S(K).
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Mext theorem is the converse of theorem 1.

Theorem 2 In /APQR. let K be a fixed point Let PC, QA and RB be
concurrent at K. For any point T, if TA,TB and TC
intersect BC.AC and AB at L,M and N respectively, then

PN, ﬁ and RM are concurrent at S and T=5(K).




2. Euler line and conjugate Euler line

In this section, for K[a..,,h, c], let K' E % é] be the reciprocal point
of K.

Theorem 3 In APQR, let G be the centroid. Assume that K is an
arbitrary point and T=K'(G). Then K, G and T are collinear and
KG =2GT

By theorem of collinearity
1

- +1 —

Bl _op _ of+l ) £J:{1_+l Ploc+1)

A 1., PBla+tD B 1., B+l
o B

Eﬁ= p+1

QC oapf+l

) Bla+l) pB+1 apf+l
JEi ARG, T[uﬁ+1‘|3{u+1}’ |3+1}




Figure 1

11
In figure 2, G[1,1,1] K[E,E,uﬁ]

x+y=1
I
IRt—y=0

x+|3{u.+l}y= B+l
| ofp+ 1 of +1

oB=1 0 y=Bl=l gy

& s0luti x=——30, y="——"F
has solution 81 -
G |
- L__+]
=G—-£— -~ ~KG=2GT
GK RT
™

Corollary 4  Assume that H, G and O are the orthocenter, centroid
and circumeenter of a triangle respectively and W is the center of the nine
points circle. Then O=H'(G) and W=0"((5).

Corollary 5 Assume that I and G are the mcenter and centroid of a
triangle. Then the conjugate Euler line is determined by I, G and 1'(G).




3. Conics
In this section, conics will be generated from straight hnes under

C-transformation. In this way, a new construction with rulers of conics
passing through five distinct points will be obtained. From now on. the
ellipse passing through P, Q and R and having the centroid of

SPOR as symmetric center will be named the circumsenbed ellipse of
A PQR. The circumscribed ellipse will completely determine whether the

conics are circles or ellipses or parabolas or hyperbolas,

Theorem 4 In A POR, let A, B and C be the midpoints of sides and

G be the centroid. Assume that L is an arbitrary line and L does not pass
through P, Q and R. Let V be the curve of C-transformation of points in L
under G. Then V is:

(1) acircle or an ellipse if L and the circumscribed ellipse of

S PQR are disjoint:
(2) aparabola if L is tangent to the circumscnbed ellipse of A POR,

(3} ahyperbolaif L is secant to the circumscribed ellipse of /A POR.
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Proof Let P(2b, 2c), (-2a, 0), R(2a, 0), A{atb, c). B(b-a, ¢}, C(0. 0}

Let L be a line passing through (£0) and having slope m with m =0,

2c
2b-f

m #

Forany S(t.m(t—1)) in L, let T(x,y)=5(G). Then

(—¢*fm + 2bc’m — 2¢')x* +(8a’cm + 2bcfm — 4b’em + 4be’ )xy
+(=b*fm - 3a’fm + 2b’m — 10a’bm + 2a’c - 2b’c)y’ —8a’c’'mx
+(4a‘cfin + 8a’bem)y =0

It is a conic section passing through A, B and C.
For any S(t.u), let T(x.y)=5(G). Then
o —4a’cu(2c—u)

3a’u’ + b'u’ —da’cu +c’t’ —4a’c’ — 2betu
B —4a’u(2bc + ct — 2bu)
" 3a'u? +b'u’ - da’cu + ¢t —da’c’ - 2betu

¥

Then the circumseribed ellipse of /A POR 15
c'x® = 2bexy +(3a’ +b )y —da’cy—4da’c’ =0

The solution of L. and the circumscribed ¢llipse completely determines

whether conics are circles or ellipses or parabolas or hyperbolas

Corollary 6 The C-transformation of infinite point of L lies on the

circumseribed ellipse of M ABC.

Proof Let t approach infimity, then T(x.y) is
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= —4a’m(c—2bm)
Ja'm' +b'm® + ¢’ = 2bem

. 4a’cm’
¥ Ja'm’ +b'm’ + ¢ = 2bem

Then c¢'x” —2bexy+(3a” +b')y" —da’ey =0 is the circumscribed
ellipse of S ABC

Corollary 7 Given five distinct points, with no three collinear, there

is always a conic section passing through them.

Proof Given A, B, C, Dand E Let A POQR be a tnangle with A, B
and C the midpoints of sides and G the centrond. Let D=58(G), E=T{G).
Then the curve of C-transformation of ST is a conic section passing

through A, B, C, D and E.




4.  Family of deltoid

In this section, the family of deltoid, including hypotrochoid and
extensions of hypotrochoid with same nodes, will be generated from
citcles. In this way, a construction of generalized deltoid passing through
five distinct points will be proved.

Theorem 5 Assume that A PQR is equilateral. Let G be the
centroid. Let H be a circle with G as center, Then the curves of
C-transformation of points in H under G form a family of deltoid,
including hypotrochoid and extensions of hypotrochoid with same nodes.

Proof Let Pir, -.n"ir}, ({—2r, 0), R(r, - NETSY 5(2lcosB, 21sin 8)

Then S{G)}=T(x,¥} with

P rl(lcos 20 + reosB)

|
rl{1sin 26 — rsin &)
:’I: I! |
=T
Let%=m,ﬂ1=n
= ‘r {mcos8 + cos20)
m-—1

y=—-(msin6 - sin 20)
m- -1

(1)m=2 hypotrochoid with A<1 . =




(2ym=2 deltoid of the inscribed circle of A POR
=]
X= %[Emsﬂ+cus 28)

y=%(25inﬂ-sin2ﬂ]

{3) 1=m=2 hypotrochoid with i1

{(3)m—0 the extension of hyputmchloid approaches the inscribed circle
of APOR




Definition 2 In /O POR, let G be the centroid. Let H be a circle with

G as center. Then the curve of C-transformation of points in H under G is

named a generalized deltoid.

Corollary 8 Given five distinct points, with no three collinear, there

15 always a peneralized deltoid passing through them.

5. Some famous curves

In this section, famlies of strophoid, folivm of Descartes and cissoid
are shown as the results of the C-transformation. In addition, the strophod
and the folium of Descartes are two special curves of a family under
C-transformation,

Theorem 6 Assume that /\PQR is isosceles with base PQ. Let G
be the centroid. Let H be a circle with the midpoint of base as center and
passing through R. Then the curves of C-transformation of points m H
under G form a family of strophoid and folium of Descartes

Proof Let P(0O, 2b), Q(0, -2b), R(2a, 0), 5{2acos &, 2asin 7 ).

Then S${G=Tix, v) with




— 4ah® cosl

R A cose—3b° cc-sﬁr+_a* b
4ab’ sin Bcost

Y a"+a'cos'0+2b'cosB—3bicos B4 b
_ X'(2ab’-b'x) _ x'(2a-x) _a
T 2abt +{a’—2bY)x  2a+(t’ =2)x b

“][=‘\|Iri, y*:—Lx!-fH:
2a

x'(2a—-x)

is the strophoid.
Ja+x

(2t=+3, 2\ PQR is equilateral. y* =

R
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_x*(2a—x)

(3t=45. y'= 15 the folium of Descartes
Ja+3x
s
1 . kT (Ba-—4x)
Ppss, Pa 4
) i Y Ba-Tx
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Theorem 7 Assume that APQR is isosceles, Let G be the centrond,
Let S be an arbitrary fixed point. If APQR moves along a line rigidly,

then the curves of C-transformation of § under G form a family of cissoid.

Proof Let P(0, b), Q{2,b-2t), R(2,b+2t), S(F, 0).

Then S{G=T(x, y) with

L 2-4tf +b° +°F%)
b* - Btf + 3t°f*
_b{b —126°F + 36°F7 + 81%)
C b B+ 3

Then

_ hmr’-.lﬁ_r+1~.=r,:4_r-=+f’+ﬁ=f—l+ﬂf"x+ztﬁ-r’.-mrﬂf_:—r':
o Gr-8 if -4 ir-% | i -8
f

f:1+-§\|"§, t:%q‘gw-ﬁ,

:_(x+ay
2—-x

is the cissoid.
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SUMMARY

1. The Euler line is determined by the orthocenter and the conjugate Euler
line 1s determined by the incenier under the C-transformation.

2. Conics are generated from straight lines under the C-transformation.
The relative position of the straight line and the circumseribed ellipse
determines whether the conics are circles or ellipses or parabolas or
hyperbolas. A new synthetic construction with rulers of comes passing
through five points is discovered.

3. The family of deltoid, meluding hypotrochoid and the extension of
hypotrochoid with same nodes, are generated from eircles with the
centroid of the triangle as center under the C-transformation. This leads
to a new construction of the generalized deltoid passing through five
points.

4. The family of strophoid and the family of folium of Descartes are
generated from circles with the midpoint of the base of the triangle as
center under the C-ransformation, In addition, these two familics
coineide under the C-transformation,

5. The family of cissoid are generated from a triangle moving along a line

nigidly under the C-transformation,
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