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楊承羲 

是一名不久前考完學測的高三生，目前就讀台北市立建國高級中學，如果學分

不夠，明年也會繼續就讀台北市立建國⾼級中學。在能應屆畢業的前提下，楊承羲

決定在高中的最後一年奮發向上，以優秀的李承翰同學作為楷模，積極往科展和競

賽努力，讓自己的數學旅程不留遺憾。 

「巧克力棒的極限，是義大利麵，也是我對你的思念。」楊承羲，2023 

李承翰 

是一名不久前考完學測的高三生，目前就讀台北市立建國高級中學。從小對數

學抱持著巨大的熱忱，也終於在數奧的領域中攻下一席之地。研究數學的過程雖然

往往是孤獨的，但獲得的反饋猶如明燈讓我在這條道路上緊握初衷，努力地以一筆

一畫刻畫出我的夢想，在這個方向上發光發熱。 

「義⼤利麵的極限，是我對你的欣羨。」李承翰，2023 



λ λ =

(λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1
�

λi = k m

i i λi

λi − 1 k

k



l ∈ N

l − 1

λ

λ = (λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1
�

λi = k m

{1, 2, . . . , n} i

i λi λi − 1

k k

n → ∞
1

l 1/(2s), 2/(2s), . . . , 2l − 1/(2s)

2sl−1 s

λ λ = (λ1, ...,λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1
�

λi = k

m {1, 2, . . . , n}
i i λi λi − 1

k k

P (λ), Pn(λ) Ps,n(λ)



k�
i=0

�
n+ i

r

�
=

�
n + k + 1

r + 1

�
−

�
n

r + 1

�
r ≤ n

n−b�
i=a

�
i

a

��
n− i

b

�
=

�
n + 1

a+ b+ 1

�
a + b ≤ n

k ≥ 3 k S

S x <

�S� − x x ∈ S �S� S

n, k, p ∈ N n ≥ k n − (k − 1) ≥ p ≥ n/2

k

�
n− p

k − 1

�

n = a1 + a2 + · · ·+ ak ∃ i ai ≥ p.

m j

�
m

j

�
1

j!
mj

P (a, b, c)

ABC A = (0,
√
3), B = (−1, 0), C = (1, 0)


(
(c+ b)2

c− b
,
√
3a) b �= c,

(0,
√
3a) b = c.



2 2, 1

X Y

X1 X2

X = X1+X2 X 1

X1,X2, Y

(X + Y )/2

Pn(2, 1) = 1 − P(X = 1)− P
�
(X1 ≥ X + Y

2
X2 ≥ X + Y

2
Y ≥ X + Y

2
) X ≥ 2

�
.

X1 ≥ (X + Y )/2 X �= 1

P(X1 ≥ X + Y

2
X ≥ 2) =

�
2≤a≤n
1≤b≤n

P(X1 ≥ X + Y

2
X = a, Y = b)

=
�

2≤a≤n
1≤b≤n

�
P(X1 ≥ a+ b

2
| X = a, Y = b) · P(X = a, Y = b)

�
.

P(X1 ≥ (X + Y )/2 X ≥ 2)

{1, 2, . . . , n} a ∈ {1, 2, . . . , n}

P(X = a) =
1

n
,

a, b ∈ {1, 2, . . . , n}
P(X = a, Y = b) =

1

n2
.

X1 a1 ∈ {1, 2, . . . , a−
1}

P(X1 = a1 | X = a �= 1) =
1

a− 1
.



h ∈ N

P(X1 ≥ h | X = a �= 1) =


a− h

a− 1
h < a,

0 h ≥ a.

a < 3 b > a− 2 P(X1 ≥ a+ b

2
| X = a �= 1) = 0

a+ 1

2
≤ a+ b

2
(≤ �a + b

2
� ≤ X1) ≤ a− 1 ⇐⇒ 3 ≤ a ≤ n 1 ≤ b ≤ a− 2.

�
2≤a≤n
1≤b≤n

P(X1 ≥ a+ b

2
X = a, Y = b)

�
2≤a≤n
1≤b≤n

�
P(X1 ≥ a + b

2
| X = a, Y = b) · P(X = a, Y = b)

�

=
1

n2

�
3≤a≤n

�
1≤b≤a−2

P(X1 ≥ �a + b

2
� | X = a, Y = b)

=
1

n2

�
3≤a≤n

�
1≤b≤a−2

a− �(a + b)/2�
a− 1

=
1

n2

�
3≤a≤n

�
1≤b≤a−2

�(a− b)/2�
a− 1

=
1

n2

�
3≤a≤n

�
1≤b≤a−1

�(a− b)/2�
a− 1

=
1

n2

n�
a=3

a−1�
b=1

(a− b)/2

a− 1
−

a−1�
b=1,
2 a−b

1/2

a− 1


=

1

n2

�
1

8
n2 − 1

8
n− 1

8
(Hn−1 +H �

n−1)

�
=
1

8
− 1

8n
− 1

8n2
(Hn−1 +H �

n−1),

n�
a=3

a−1�
b=1

(a− b)/2

a− 1
=

n�
a=3

a

4
=

1

8
(n2 + n− 6),

n�
a=3

a−1�
b=1,
2 a−b

1/2

a− 1
=

n

4
+

Hn−1 +H �
n−1

8
− 3

4
, Hn−1 =

n−1�
i=1

1

i
,H �

n−1 =

n−1�
i=1

(−1)i+1

i
.



�
2≤a≤n
1≤b≤n

P(X2 ≥ a+ b

2
X = a, Y = b)

=
1

n2

�
3≤a≤n

�
1≤b≤a−2

�(a− b)/2�
a− 1

=
1

8
− 1

8n
− 1

8n2
(Hn−1 +H �

n−1),

�
2≤a≤n
1≤b≤n

P(Y ≥ a+ b

2
X = a, Y = b) =

1

n2

�
2≤b≤n

�
2≤a≤b

1 =
1

2
− 1

2n
.

Pn(2, 1) = 1 − P(X = 1)− P
�
(X1 ≥ X + Y

2
X2 ≥ X + Y

2
Y ≥ X + Y

2
) X ≥ 2

�
=

1

4
− 1

4n
+

1

4n2
(Hn−1 +H �

n−1).



λ λ = (λ1, ...,λm) λ1 ≥ λ2 ≥ · · · ≥
λm ≥ 1

�
λi = k m

{1, 2, . . . , n} i i λi λi−1

k

k

Pn(λ) =

m�
i=1

(n− λi + 1)

nm
−

m�
i=1

λi

nm

n�
a=k+λi−2

a−2λi+2�
t=k−λi

��(a− t)/2�
λi − 1

�
�
a− 1

λi − 1

� �
t− k + λi +m− 2

m− 2

�
.

i = 1, 2, . . . ,m Xi i

i = 1, 2, . . . ,m Xi λi

λi i = 1, 2, . . . ,m j = 1, 2, . . . ,λm

Xi,j j i

Xi = Xi,1 +Xi,2 + · · ·+Xi,λi

Pn(λ) = 1 − P(∃ i Xi < λi)−
m�
i=1

λi�
j=1

P(Xi,j ≥ 1

2

n�
l=1

Xl ∀ u = 1, 2, . . . ,m,Xu ≥ λu)

=

m�
i=1

(n− λi + 1)

nm
−

m�
i=1

λi�
j=1

P(Xi,j ≥ 1

2

n�
l=1

Xl ∀ u = 1, 2, . . . ,m,Xu ≥ λu).

a1, a2, . . . , am p = a1 + · · · + am P(X1,1 ≥ 1

2

n�
l=1

Xl ∀ u =

1, 2, . . . ,m,Xu ≥ λu)

P(X1,1 ≥ 1

2

n�
l=1

Xl ∀ u = 1, 2, . . . , m,Xu ≥ λu)

=
�

λi≤ai≤n ∀ i

P(X1,1 ≥ p

2
∀ j = 1, 2, . . . , m,Xj = aj).

t1 = a2 + a3 + · · ·+ am a1 < k+ λ1 − 2 t > a1 − 2λ1 + 2 X1,1 < p/2



a1 + λ2 + . . .λm

2
≤ a1 + a2 + · · ·+ am

2
(≤ �a1 + a2 + · · ·+ am

2
� ≤ X1,1) ≤ a1 − (λ1 − 1)

⇐⇒ a1 ≥ k + λ1 − 2 t ≤ a1 − 2λ1 + 2.

{1, 2, . . . , n} a1 ∈ {1, 2, . . . , n}
t1 ∈ {k − λ1, k − λ1, . . . , a1 − 2λ1 + 2}

P(X1 = a1

m�
l=2

Xl = t1) =
1

nm

�
t1 − k + λ1 +m− 2

m− 2

�
.

λ1 − 1 X1 a1,1 ∈ {1, 2, . . . , a1 − (λ− 1)}

P(X1,1 = a1,1 | X1 = a1

m�
l=2

Xl = t1) =

�
a1 − a1,1 − 1

λ1 − 2

�
/

�
a1 − 1

λ1 − 1

�
.

h ∈ N

P(X1,1 ≥ h | X1 = a1

m�
l=2

Xl = t1 ≥ λ1) =


�
a1 − h

λ1 − 1

�
/

�
a1 − 1

λ1 − 1

�
h ≤ a1 − (λ1 − 1),

0 h > a1 − (λ1 − 1).



�
λi≤ai≤n ∀ i

P(X1,1 ≥ 1

2

n�
l=1

Xl Xj = aj ∀ j = 1, 2, . . . ,m)

=
�

λ1≤a1≤n
k−λ1≤t1≤(m−1)n

P

�
X1,1 ≥ p

2
(X1 = a1

m�
l=2

Xl = t1)

�

=
�

λ1≤a1≤n
k−λ1≤t1≤(m−1)n

�
P(X1,1 ≥ p

2
| (X1 = a1

m�
l=2

Xl = t1)) · P(X1 = a1

m�
l=2

Xl = t1)

�

=

n�
a1=k+λ1−2

a1−2λ1+2�
t1=k−λ1

�
P(X1,1 ≥ p

2
| (X1 = a1

m�
l=2

Xl = t1)) · 1

nm

�
t1 − k + λ1 +m− 2

m− 2

��

=

n�
a1=k+λ1−2

a1−2λ1+2�
t1=k−λ1


�
a1 − �p/2�
λ1 − 1

�
�
a1 − 1

λ1 − 1

� · 1

nm

�
t1 − k + λ1 +m− 2

m− 2

�

=
1

nm

n�
a1=k+λ1−2

a1−2λ1+2�
t1=k−λ1


��(a1 − t1)/2�

λ1 − 1

�
�
a1 − 1

λ1 − 1

� ·
�
t1 − k + λ1 +m− 2

m− 2

�

Pn(λ) =

m�
i=1

(n− λi + 1)

nm
−

m�
i=1

λi

nm

n�
ai=k+λi−2

ai−2λi+2�
ti=k−λi

��(ai − ti)/2�
λi − 1

�
�
ai − 1

λi − 1

� �
ti − k + λi +m− 2

m− 2

�
.



n ≥ 1, k ≥ 3 k

{1, 2, . . . , n}

Pn(1, 1, . . . , 1� �� �
k

) = 1 −
k�

i=1

1

nk

n�
a=k−1

a�
t=k−1

��a−t
2
�

0

�
�
a− 1

0

��
t− 1

k − 2

�

= 1−
k�

i=1

1

nk

n�
a=k−1

a�
t=k−1

�
t− 1

k − 2

�

= 1−
k�

i=1

1

nk

n�
a=k−1

�
a

k − 1

�

= 1−
k�

i=1

1

nk

�
n+ 1

k

�
= 1− k

nk

�
n + 1

k

�
.

n ≥ k ≥ 3

n k 1

k 1 k

k

1− k

1

n�
a=n

0�
t=0

��a−t
2
�

k − 1

�
�
a− 1

k − 1

��
t− 1

−1

�
= 1− k

1

� �n
2
�

k − 1

�
�
n− 1

k − 1

��−1

−1

�

= 1−
k

� �
n
2

�
k − 1

�
�
n− 1

k − 1

� .



λ

λ = (λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1
�

λi = k m

{1, 2, . . . , n}
l { 1

2s
,
2

2s
, . . . , l − 1

2s
}

2sl− 1 s

i i λi λi − 1

k k

Ps,n(λ) = 1 −
m�
i=1

λi

nm

n�
ai=1

ai−λi−1

2s�
t=1

�
s(ai − t)

λi − 1

�
�
2sai − 1

λi − 1

��
t− 1

m− 2

�
.

i = 1, 2, . . . ,m Xi i

i = 1, 2, . . . ,m j = 1, 2, . . . ,λm Xi,j

j i Xi =

Xi,1 +Xi,2 + · · ·+Xi,λi

Ps,n(λ) = 1 −
m�
i=1

λi�
j=1

P(Xi,j ≥ 1

2

n�
l=1

Xl).

a1, a2, . . . , am p = a1+· · ·+am P(X1,1 ≥ 1

2

n�
l=1

Xl ∀ u = 1, 2, . . . ,m,Xu ≥
λu)

P(X1,1 ≥ 1

2

n�
l=1

Xl) =
�

1≤a1,...,am≤n

P(X1,1 ≥ p

2
∀ j = 1, 2, . . . ,m,Xj = aj)

{1, 2, . . . , n} a1 ∈ {1, 2, . . . , n}

P(X1 = a1) =
1

n
.

λ1 − 1 X1 a1,1 ∈ { 1

2s
,
2

2s
, . . . , a1 − λ1 − 1

2s
}

P(X1,1 = a1,1 | X1 = a1) =

�
2s(a1 − a1,1)− 1

λ1 − 2

�
/

�
2sa1 − 1

λ1 − 1

�
.



h ∈ N

P(X1,1 ≥ h | X1 = a1) =


�
2s(a1 − h)

λ1 − 1

�
/

�
2sa1 − 1

λ1 − 1

�
h ≤ a1 − (λ1 − 1)/(2s),

0 h > a1 − (λ1 − 1)/(2s).

t1 = p− a1

�
1≤a1,...,am≤n

P(X1,1 ≥ 1

2

n�
l=1

Xl Xj = aj ∀ j = 1, 2, . . . , m)

=
�

1≤a1≤n

�
m−1≤t1≤(m−1)n

P

�
X1,1 ≥ p

2
(X1 = a1

m�
l=2

Xl = t1)

�

=
�

1≤a1≤n

�
m−1≤t1≤(m−1)n

�
P(X1,1 ≥ p

2
| (X1 = a1

m�
l=2

Xl = t1)) · P(X1 = a1

m�
l=2

Xl = t1)

�

=
n�

a1=1

a1−(λ1−1)/(2s)�
t1=m−1

�
P(X1,1 ≥ p

2
| (X1 = a1

m�
l=2

Xl = t1)) · 1

nm

�
t1 − 1

m− 2

��

=
n�

a1=1

a1−(λ1−1)/(2s)�
t1=m−1


�
2s(a1 − �p/2�)

λ1 − 1

�
�
2sa1 − 1

λ1 − 1

� · 1

nm

�
t1 − 1

m− 2

�

=
1

nm

n�
a1=1

a1−(λ1−1)/(2s)�
t1=m−1


�
s(a1 − t1)

λ1 − 1

�
�
2sa1 − 1

λ1 − 1

� ·
�
t1 − 1

m− 2

� .

Ps,n(λ) = 1 −
m�
i=1

λi

nm

n�
ai=1

ai−(λi−1)/(2s)�
ti=m−1

�
s(ai − ti)

λi − 1

�
�
2sai − 1

λi − 1

� �
ti − 1

m− 2

�
.



n → ∞ s → ∞ Ps,n(λ) P (λ)

n→∞
Pn(λ) = 1 − 1

m

m�
i=1

λi!

2λi−1(m+ λi − 2)!

n→∞


m�
i=1

(n− λi + 1)

nm
−

m�
i=1

λi

nm

n�
a=k+λi−2

a−2λi+2�
t=k−λi

��a−t
2

�
λi−1

��
a−1
λi−1

� �t− k + λi +m− 2

m− 2

� .

õ
a− t

2

û
a− t

2

f(x), g(x)

M f(x) ≥ g(x) ∀ x > M， f(x) ≥ g(x)

h(x) = f(x) − g(x) h(x) > 0 ∀ x > M f(x) < g(x)

h(x) P (x) =
n�

i=0

aix
i

x >

n−1�
i=0

|ai|
|an| ,

a−2λi+2�
t=k−λi

��a−t
2

�
λi−1

��
a−1
λi−1

� �t− k + λi +m− 2

m− 2

�
a m − 1

am−1

n→∞
Pn(λ)

a α

n α + 1 n → ∞
am−1

n→∞
Pn(λ)



a−2λi+2�
t=k−λi

��a−t
2

�
λi−1

��
a−1
λi−1

� �t− k + λi +m− 2

m− 2

�

a−2λi+2�
t=k−λi

� a−t
2

λi−1

��
a−1
λi−1

��t− k + λi +m− 2

m− 2

�
−

a−2λi+2�
t=k−λi,2 a−t

� a−t
2

λi−1

�− � a−t−1
2

λi−1

��
a−1
λi−1

� �
t− k + λi +m− 2

m− 2

�
�

a, t
aαt(λi−1−α)tm−2

aλi−1
t

a α + λi − 1− α +m− 2 + 1 − (λi − 1) = m− 1

a−2λi+2�
t=k−λi,2 a−t

� a−t
2

λi−1

�− � a−t−1
2

λi−1

��
a−1
λi−1

� �
t− k + λi +m− 2

m− 2

�

≤
a−2λi+2�

t=k−λi,2 a−t

� a−t
2

λi−1

�− � a−t−2
2

λi−1

��
a−1
λi−1

� �
t− k + λi +m− 2

m− 2

�

=

a−2λi+2�
t=k−λi,2 a−t

� a−t−2
2

λi−2

��
a−1
λi−1

� �
t− k + λi +m− 2

m− 2

�

a−2λi+2�
t=k−λi,2 a−t

�a−t−2
2

λi−2

��
a−1
λi−1

� �
t− k + λi +m− 2

m− 2

�
♥

(�) (♥) m−2

(�) m− 2

n→∞
Pn(λ) =

n→∞

1− 1

nm

m�
i=1

λi

n�
a=k+λi−2

a−2λi+2�
t=k−λi

� a−t
2

λi−1

��
a−1
λi−1

��t− k + λi +m− 2

m− 2

� .

�
a−t
2

λi − 1

� �
a−t
λi−1

�
2λi−1



�
a−t
2

λi − 1

�
=

1

(λi − 1)!
× a− t

2
× a− t− 2

2
× · · ·× a− t− 2(λi − 2)

2�
a−t
λi−1

�
2λi−1

=
1

(λi − 1)!
× a− t

2
× a− t− 1

2
× · · ·× a− t− (λi − 2)

2

(a− t) (a− t)λi−1

， λi − 1

aλi−2 Pn(λ)

n→∞
Pn(λ) =

n→∞

�
1− 1

nm

m�
i=1

λi

2λi−1

n�
a=k+λi−2

1�
a−1
λi−1

� a−2λi+2�
t=k−λi

�
a− t

λi − 1

��
t− k + λi +m− 2

m− 2

��
.

n→∞
Pn(λ) =

n→∞

�
1− 1

nm

m�
i=1

λi

2λi−1

n�
a=k+λi−2

1�
a−1
λi−1

��a− 1 +m+ λi − k

m+ λi − 2

��
.

n→∞
Pn(λ) =

n→∞

�
1− 1

nm

m�
i=1

λi

2λi−1

n�
a=k+λi−2

(λi − 1)!

aλi−1

am+λi−2

(m+ λi − 2)!

�
.

n→∞
Pn(λ) = 1 − 1

m

m�
i=1

λi!

2λi−1(m + λi − 2)!
.



P (λ) =
n→∞ s→∞

Ps,n(λ) = 1 − 1

m

m�
i=1

λi!

2λi−1(m+ λi − 2)!
.

n → ∞ s → ∞

P (λ) =
n→∞ s→∞

Ps,n(λ)

=
n→∞ s→∞

1−
m�
i=1

λi

nm

n�
a=1

�a−λi−1

2s
��

t=1

�
s(a−t)
λi−1

��
2sa−1
λi−1

�� t− 1

m− 2

�
=

n→∞ s→∞

1−
m�
i=1

λi

nm

n�
a=1

�a−λi−1
2s

��
t=1

sλi−1(a− t)λi−1

2λi−1sλi−1aλi−1

�
t− 1

m− 2

�
=

n→∞ s→∞

1−
m�
i=1

λi

nm

n�
a=1

�a−λi−1

2s
��

t=1

�
a−t
λi−1

��
2a

λi−1

�� t− 1

m− 2

�
=

n→∞ s→∞

�
1−

m�
i=1

λi

nm

n�
a=1

1�
2a

λi−1

�� a

m+ λi − 2

��

=
n→∞ s→∞

�
1−

m�
i=1

λi

nm

n�
a=1

(λi − 1)!

2λi−1aλi−1

am+λi−2

(m+ λi − 2)!

�

= 1− 1

m

m�
i=1

λi!

2λi−1(m+ λi − 2)!



P (λ)

m k P (λ)

∀ 1 ≤ i ≤ j ≤ m,λi − λj = 0, 1

λ = (λ1,λ2, . . . ,λm) λ1 ≥ λ2 ≥ . . . λm,λ1 − 1 ≤ λ2 +1

λ� = (λ1 − 1,λ2 + 1, . . . ,λm) P (λ�)− P (λ) > 0

P (λ�)− P (λ) > 0

⇐⇒ (λ1 − 1)!

2λ1−2(m+ λ1 − 3)!
+

(λ2 + 1)!

2λ2(m+ λ2 − 1)!
<

λ1!

2λ1−1(m+ λ1 − 2)!
+

λ2!

2λ2−1(m + λ2 − 2)!

⇐⇒ 2λ1−λ2−1 λ2!(m+ λ1 − 3)!

(λ1 − 1)!(m+ λ2 − 2)!
>

(m+ λ2 − 1)(2m+ λ1 − 4)

(2m+ λ2 − 3)(m+ λ1 − 2)

⇐⇒ 2λ1−λ2−1

�
m+ λ1 + λ2 − 3

λ1 − 1

�
�
m+ λ1 + λ2 − 3

λ2

� >
(m+ λ2 − 1)(2m+ λ1 − 4)

(2m+ λ2 − 3)(m+ λ1 − 2)

⇐ 2λ1−λ2−1

�
m+ λ1 + λ2 − 3

λ1 − 1

�
�
m+ λ1 + λ2 − 3

λ2

� > 1 ≥ (m+ λ2 − 1)(2m+ λ1 − 4)

(2m+ λ2 − 3)(m+ λ1 − 2)

m + λ1 + λ2 − 3

2
> λ1 − 1

λ1 − 1 ≥ λ2

�
m+ λ1 + λ2 − 3

λ1 − 1

�
>

�
m+ λ1 + λ2 − 3

λ2

�

m + λ1 + λ2 − 3

2
≤ λ1 − 1

m+λ2−2 > λ2

�
m + λ1 + λ2 − 3

λ1 − 1

�
=

�
m+ λ2 − 2

λ2

�
>

�
m+ λ1 + λ2 − 3

λ2

�

k P (1, 1, . . . , 1)

λ = (λ1,λ2, . . . ,λm) λ� = (λe + 1, . . . λe + 1,λe . . . ,λe)

λe+1+ · · ·+λe+1+λe · · ·+λe = k P (λ) ≤ P (λ�)



α (λe + 1) β (λe) β ≥ 1 α + β = m

P (1, 1, . . . , 1) = 1 − 1

(α(λe + 1) + β(λe)− 1)!
.

α ≥ 1 α = 0,β > 1,λe > 1

P (λ�) = 1 − 1

α + β

�
α(λe + 1)!

2λe(α + β + λe − 1)!
+

βλe!

2λe−1(α+ β + λe − 2)!

�
= 1− λe!(α(λe + 1) + 2β(α + β + λe − 1))

2λe(α+ β)(α + β + λe − 1)!

≤ 1− λe!(α + β)(λe + 1)

2λe(α + β)(α + β + λe − 1)!

= 1− (λe + 1)!

2λe(α + β + λe − 1)!

≤ 1− 1

(α + β + λe − 1)!

≤ 1− 1

(α(λe + 1) + β(λe)− 1)!
= P (1, 1, . . . , 1).

α = 0,β = 1

P (λ�) = 1 − λe

2λe−1
< 1− 1

(λe − 1)!
= P (1, 1, . . . , 1).

α = 0,λe = 1

P (λ�) = P (1, 1, . . . , 1).

k P (k − 1, 1) k = 3

P (2, 1) = P (3) =
1

4

k, t ∈ N k > t+ 1 P (k − t, 1, 1, . . . , 1� �� �
t

) < P (k − t− 1, 1, 1, . . . , 1� �� �
t+1

)。



P (k − t− 1, 1, 1, . . . , 1� �� �
t+1

)− P (k − t, 1, 1, . . . , 1� �� �
t

) > 0

⇐⇒ 1

t+ 1

�
t

t!
+

(k − t)!

2k−t−1(k − 1)!

�
>

1

t + 2

�
t+ 1

(t+ 1)!
+

(k − t− 1)!

2k−t−2(k − 1)!

�
⇐⇒ t2 + t− 1

(t+ 2)!
+

(k − t− 1)! ((k − t)(t + 2) − 2(t+ 1))

2k−t−1(k − 1)!(t + 1)(t + 2)
> 0

P (k−m+1, 1, 1, . . . , 1� �� �
m−1

) m k

P (1, 1, . . . , 1� �� �
k

) > P (2, 1, 1, . . . , 1� �� �
k−1

) > · · · > P (k − 1, 1).

P (k − 1, 1) P (k)

P (k)− P (k − 1, 1) ≥ 0 ⇐⇒ k

2k−1
≤ 1

2
(

1

2k−1
+

1

2
) ⇐⇒ k ≤ 1 + 2k−2,

k k = 3



I, O,H

{1, 2, . . . , n}
n → ∞ π

4
− 1

2

1− π

4

χ(x) =


1 x ≡ 1 ( 4),

−1 x ≡ 3 ( 4),

0 x ≡ 0 ( 2).

x2 + y2 = n

4
�
d|n

χ(d).

Z[i] (x+ yi)(x− yi) = n

Z

n = 2v
m�
s=1

pαs
s

n�
t=1

qβt
t ,

ps 4k + 1 qt 4k + 3

x+ yi = u(1 + i)v
m�
s=1

(xs + iys)
γs(xs − iys)

αs−γs

n�
t=1

q
βt/2
t .

βt x2 + y2 = n

4
m�
s=1

(αs + 1) (x, y)

(χ(1) + χ(2) + χ(4) + . . . + χ(2v))

m�
s=1

(1 + χ(ps) + . . . + χ(pαs
s ))

n�
t=1

�
1 + χ(qt) + . . . + χ(qβtt )

�
.

χ(x)



x2 + y2 ≤ n

n�
m=1

4
�
d|m

χ(d) = 4

n�
i=1

�n
i
�χ(i)

(x, y) (±x,±y)

x y

n�
i=1

�n
i
�χ(i)−√

n.

{1, 2, 3, . . . , n}3 O(n2)

{1, 2, 3, . . . , n}3 (x, y, z) =

(k(u2 − v2), 2kuv, k(u2 + v2)) u2 + v2 ≤ n
√
n × √

n = n

(u, v) k 1 n 3! x, y, z

6n2

n3 0

n → ∞

n→∞
Pn (x

2 + y2 < z2) =
π

12

x2 + y2 ≤ z2

z2�
i=1

�z
2

i
�χ(i)− z.

z {1, 2, 3, . . . , n}

{(x, y, z) | x2 + y2 ≤ z2} =
n�

z=1

�
z2�
i=1

�z
2

i
�χ(i)− z

�
.

x− �x� {x}
n�

z=1

ß
z2

i

™
< n

z

ß
z2

i

™
≤ i− 1

i

n�
z=1

ß
z2

i

™
≤ (i− 1)

i
n < n



�z
2

i
� z2

i
O(n2)

n�
z=1

�
z2�
i=1

z2

i
χ(i)− z

�
−

n�
z=1

�
z2�
i=1

�z
2

i
�χ(i)− z

�

=
n�

z=1

�
z2�
i=1

ß
z2

i

™
χ(i)

�

=
n�

i=1

�
n�

z=1

ß
z2

i

™
χ(i)

�

≤
n�

i=1

�
n�

z=1

ß
z2

i

™�
≤

n�
i=1

n

=n2

n�
z=1

�
z2�
i=1

z2

i
χ(i)− z

�
n�

z=1

�
n�

i=1

z2

i
χ(i)− z

�
O(n2)

n�
i=3

�√i��
z=1

z2

i
χ(i) ≤

n�
i=3

√
i(
√
i+ 1)(2

√
i+ 1)

6i
<

n�
i=3

√
i(2

√
i)(3

√
i)

6i
=

n�
i=3

√
i < n

√
n

n→∞

n�
z=1

�
n�

i=1

z2

i
χ(i)− z

�
=

π

12
n3 +O(n2)

n→∞

n�
z=1

�
n�

i=1

z2

i
χ(i)− z

�
=

n→∞

�
n(n + 1)(2n+ 1)

6
·

n�
i=1

χ(i)

i
− n(n− 1)

2

�
.

n→∞

�
n�

i=1

χ(i)

i

�
=

n→∞

�
1− 1

3
+

1

5
− 1

7
+ . . .

�
=

π

4
.



n3 π

4
· 2
6
=

π

12

n→∞
Pn

�
x2 + y2 < z2

�
=

n→∞
Pn

�
x2 + y2 ≤ z2

�
=

n→∞
{(x, y, z) | x2 + y2 ≤ z2}

n3
.

n→∞
{(x, y, z) | x2 + y2 ≤ z2}

n3
=

n→∞

��
n3

12
+O(n2)

�
/n3

�
=

π

12
.

n→∞
Pn

�
y2 + z2 < x2

�
=

n→∞
Pn

�
x2 + z2 < y2

�
=

π

12
.

x2 + y2 > z2, y2 + z2 > x2, z2 + x2 > y2,

x, y, z

n→∞
Pn(x

2 + y2 > z2 ∧ y2 + z2 > x2 ∧ z2 + x2 > y2)

=1 −
n→∞

Pn

�
x2 + y2 < z2

�−
n→∞

Pn

�
y2 + z2 < x2

�−
n→∞

Pn

�
z2 + x2 < y2

�
=1 − π

4

Pn(1, 1, 1) =
1

2

π

4
− 1

2

P (1, 1, 1) =
1

2

�ABC

I AI,BI, CI 1

DEF I

AD
2
= AB × AC − BD ×DC



X AC �ABD ∼ �ADX

AB : AD = AD : AX ⇒ AD
2
= AB ×AX.

�CDX = �BDA+ �ADX = �DXA + �ADX = �ADX,

�CDX ∼ �CAD

CX : CD = CD : CA = BD : BA ⇒ CX × AB = CD × BD.

BC = a, CA = b, AB = c AI
2
= bc

b+ c− a

b+ c + a

AI
2
= l, BI

2
= m,CI

2
= n, s =

a + b+ c

2
,

bc− l = ca−m = ab− n =
abc

s
= k

a =

 
(k +m)(k + n)

(k + l)
, b =

 
(k + n)(k + l)

(k +m)
, c =

 
(k + l)(k +m)

(k + n)
.

abc

s
= k

f(k) = k3 − (mn+ nl + lm)k − 2lmn.

f(0) < 0 k f(k) > 0 f(k) = 0

�ABC

H AH,BH,CH 1

(l, m, n) (kl, km, kn)



(l, m, n) (l, m, n) AI,BI, CI

(
1

l
,
1

m
,
1

n
) AI,BI, CI

1 I

A�H = l, B�H = m,C �H = n l,m, n

l,m, n

�ABC

O O 1

O BC AH

α, β, γ

ABC AH = α, BH = β, CH = γ

�ABC 45◦

1

4
− 3

4
[7 + 4

√
2− 8(10 + 7

√
2) 2 + 4(10 + 7

√
2) (2 +

√
2)] ≈ 0.21

m2 + n2 +
√
2mn > l2, n2 + l2 +

√
2nl > m2, l2 +m2 +

√
2lm > n2

90◦ AH = 2R A < 2R A = BC

∠BHC > 135◦ ⇒ BH
2
+ CH2 +

√
2BH × CH > BH

2
+ CH2 + 2BH × CH ∠BHC =

BC
2
> AH

2 ∠A < 45◦

P [m : n : l]

m + n + l =
√
3



(0,
√
3), (−1, 0), (1, 0)

m = y, n =

√
3(1 + x)− y

2
, l =

√
3(1− x)− y

2

l2 + m2 +
√
2lm > n2 ⇒ x <

(2−√
2)y2 +

√
6y

6 +
√
6y − 2

√
3y

1√
3
[

√
3

4
− 3

� √
3

2

0

(
y√
3
− (2−√

2)y2 +
√
6y

6 +
√
6y − 2

√
3y

)dy]

=
1

4
− 3

4
[7 + 4

√
2− 8(10 + 7

√
2) 2 + 4(10 + 7

√
2) (2 +

√
2)]

α, β, γ

ABC AH =
1

α
, BH =

1

β
, CH =

1

γ
�ABC

1

4
− 3

4
[7 + 4

√
2− 8(10 + 7

√
2) 2 + 4(10 + 7

√
2) (2 +

√
2)] ≈ 0.21.

�ABC 45◦

H H H

I �A�B�C � ∠B�IC � = ∠BHC < 135◦ ∠B�A�C � = 2(∠B�IC � − 90◦) < 90◦



k

m

λ

m λ

Pn(λ) =

m�
i=1

(n− λi + 1)

nm
−

m�
i=1

λi

nm

n�
a=k+λi−2

a−2λi+2�
t=k−λi

��(a− t)/2�
λi − 1

�
�
a− 1

λi − 1

� �
t− k + λi +m− 2

m− 2

�
.

P (λ) = 1 − 1

m

m�
i=1

λi!

2λi−1(m+ λi − 2)!
.

P (λ) P (λ) k

P (λ) m k

π

4
− 1

2
1− π

4



λ λ = (λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1�
λi = k m

i i λi λi − 1

k� k k�

λ λ = (λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1�
λi = k m

i i λi λi − 1

k� k

k

λ λ = (λ1, ..., λm) λ1 ≥ λ2 ≥ · · · ≥ λm ≥ 1�
λi = 6 m i

i λi λi−1

6



k�
i=0

�
n+ i

r

�
=

�
n + k + 1

r + 1

�
−

�
n

r + 1

�
r ≤ n

�
n− 1

k

�
+

�
n− 1

k − 1

�
=

�
n

k

�
,

n+k−r�
i=0

�
r + i

r

�
=

�
r + 1

r + 1

�
+

n+k−r�
i=1

�
r + i

r

�
=

�
n + k + 1

r + 1

�
,

k�
i=0

�
n + i

r

�
=

�
n+ k + 1

r + 1

�
−
�

n

r + 1

�
.

n−b�
i=a

�
i

a

��
n− i

b

�
=

�
n + 1

a+ b+ 1

�
a + b ≤ n

n + 1 a + b + 1

�
n+ 1

a+ b+ 1

�
.

{1, 2, 3, . . . , n+1}
i

a < i+ 1 b > i+ 1

i+ 1
n−b�
i=a

�
i

a

��
n− i

b

�
.

i+ 1

s t s a + 1

t a+1

s = t

k ≥ 3 k S



S x <

�S� − x x ∈ S �S� S

x < �S� − x x ∈ S

S k k = 3

j 3 ≤ j < k

k S k P P

P k

S1 S2 d

P S1 S2 d S

a ∈ S1

a < �S1� − a d < �S2� − d.

a <
�S1�
2

<
�S1�
2

+ (
�S2�
2

− d) =
�S�
2

.

k = 3 j 3 ≤ j < k

k

{a1, a2, . . . , ak}.

d {a1, a2, d}
{d, a3, a4, . . . , ak} k − 1 k S

a1 ≥ a2 ak {a3, a4, . . . , ak}

a1 − a2 <d < a1 + a2,

ak − (a3 + a4 + · · ·+ ak−1) <d < ak + (a3 + a4 + · · ·+ ak−1).



a1 + a2 ≤ ak − (a3 + a4 + · · ·+ ak−1)

ak + (a3 + a4 + · · ·+ ak−1) ≤ a1 − a2,

d

ak ≥ (a1 + a2 + · · ·+ ak−1),

a1 ≥ (a2 + a3 + · · ·+ ak),

a < �S� − a, ∀ a ∈ S

n, k, p ∈ N n ≥ k n − (k − 1) ≥ p ≥ n/2

k

�
n− p

k − 1

�

n = a1 + a2 + · · ·+ ak ∃ i ai ≥ p.

p ≥ n

2
i ai ≥ p a1 ≥ p

a�1 = a1 − p+ 1

a�1 + a2 + · · ·+ ak = n− p+ 1�
n− p

k − 1

�

m j

�
m

j

�
1

j!
mj

�
m

j

�
=

1

j!
m(m− 1) . . . (m− j + 1) =

1

j!
mj +O(mj−1),

P (x, y) A = (0,
√
3), B =



(−1, 0), C = (1, 0) [p : q : r] ABC


p = y,

q =

√
3(1 + x)− y

2
,

r =

√
3(1− x)− y

2

d(P,BC) P BC p = d(P,BC) =

y AP BC D D (

√
3x√

3− y
, 0)

CD : BD =
√
3(1 − x) − y :

√
3(1 − x) − y AB = AC CD : BD = S�ACP :

S�ABP =
AC × q

2
:
AB × r

2
= q : r p+ q+ r =

√
3



010026-評語 

【評語】010026 

本作品主要回答一個在 2020 年由 Petersen 及 Tenner 所提

出的一個機率問題：將各種不同長度的巧克力棒再切成若干小段，

則這些小段可以圍成一個多邊型的機率有多少？作者考慮此問題

的離散型問題，用組合方法努力地計算出機率，並且嘗試用極限的

技巧去推估原始的問題。整體而言，這是一件困難但是優秀的數學

作品，需要許多數學的知識和分析的技巧，作者們的努力與成果值

得嘉許。若是對於其中的一些數學估計能有更多的說明應該會讓作

品更精進。 
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