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Abstract

This research is derived from a triangular qualitative question published in 2016 Crux
Mathematicorum [1]. Considering the number of sides of the polygons, connection methods, the
base angle of the isosceles triangles, and the included angle of two congruent polygons to
construct the derived graphics, we generalized not only the original question but also innovatively
explored the quantitative and qualitative properties the derived graphics.

For two arbitrary congruent triangles or quadrilaterals with their included angle as a real
number, we completely characterized the quantitative and qualitative properties of graphics
derived from aforesaid congruent polygons. Firstly, we found out the directed area invariants by
the surveyor's area formula. It is worth mentioning that we ingeniously used translation of
coordinates in the determinant calculation in order to greatly reduce the computational load for the
directed area invariants. Secondly, through vector, matrix, and pure geometry approach, we gave
the geometric interpretation of the directed area invariant. In addition, we found out many
fascinating properties such as congruence, similarity, perspective, symmetry, collinear, parallel
construction, and degeneracy.

Finally, we systematically investigated the graphics derived from any closed congruent
polygons. We showed many geometric properties and structure by transformation matrix and gave

general theorems and patterns.
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)
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