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Abstract

The main focuses of this research are “the new invariants of the line segments of curves ” and
“the new invariants of the line segments of special quadric surfaces” when the segments satisty the
following statement: let M , the intersection of them, be any point not on the curve or surface while
the angles between them are the same.

If there are a number of those segments in a conic section or limacon, the sum of the reciprocal
of the m" power of them is fixed. In the case of a conic section, M can be the focal point or any
point in it. As for a limacon, M is the pole. We can even apply this theorem to a line by inversion.

Finally, we generalized this theorem to the 3-dimension. We considered specifically the special
quadric surfaces whose intersection with the xy-plane are conic sections that share the same focal

point(s) with them. Let /° be one of the focal points. Move the gravity G of a platonic solid V,, to
F . When V,, spins with F' being the center of rotation, draw rays starting from F' and passing the
vertexes of ¥, which intersect Q at P, then the sum of reciprocal of the m” power of FP, is

fixed.
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Lemma5 (A. Waterson [1] ° Theorem):

2l

X"+ ZZ(—I)j iCJm_’ (x+y)m_2j ()g/)j, vmeN, x,yeR

=0 m—j
< proof>
0 , . .
l. $m=1"> x+y=ZO(—l)]-%j-c;._j(x+y)]_2](xy)]=x+y S
=
1 i . .
T m=2 > x2+y2=Z(—l)]-%-C;‘j(x+y)2_2](xy)]=(x+y)2—2(xy)2 R
=0 —-J

2. R ’i«;%"’?fi,‘%ﬁﬁﬁﬁﬁ”m?"*i AR L k-18k

xk+yk=(x+y)k—% C(x+y) (w)+ +(—l)j-k%j C;‘"(x+y)k_’(xy)’+

(e ) ARG ) s () L () )
3. ¥ m=k+1>

k+]+yk+] :(xk+yk)(x+y) (xk l+yk 1)xy
k a4 k-1
=[(x+y) gy (xy)+..}(Hy){(ﬁy)’f1—m O (x4 ) () + }cy
H oy (x+ )k—2j+] (xy)]—L'/J ; ,
k 0 k-1 |k 1
Y Ct . CHi = (~1Y k=it _ Cct
ey ey [ e
k j iy o k+1 _
—(—1Y _ LCHI = (1Y - MR < - & LA =
( ){k—j (k—j)(k—j+l)} / (1) k—j+1 7 o %

S

H

d %%g‘i%‘fﬁﬁ?}*/é ’ x”’+y'”=Z(—1)j-L'-C]'.’”j(x+y)m72j(xy)j » VmeN, x,yeR #
m-—j

X +y =(x+y) 1

¥ 437 =(x+y) ~2(w) 1 -2

oyt =(x+y) =3(x+y)(w) 1 -3

x* +y4=(x+y)4 —4(x+y)2(xy)+2(xy)2 1 -4 +2

oyt =(xty) =5(x+y) () +5(x+ ) () 1 -5+5

30 =(x4y) —6(x+2) () +9(x+1) () —2(0) l1-6+9 -2

Xy =(x+y) =7(x+y) () +14(x+y) (0) =7 (x+2) () 1 -7 +14 -7

oyt =(x ) —8(x+p) () +20(x+2) () ~16(x+¥) () +2(x)’ 1 -8 +20 —16 +2




0,i,jis odd

k R .
Lemma6:2cosi2(9+2u—ﬂ)cos-’2(0 +2u—ﬂj: ¢ ,n>i+j, n=2k VkeN
p n n —22 i jis even
it
< proof>
. . 1| (R +1 2, C(F) =
cos' 20cos’ 20'=——| (7 .+ - + Y. C.-cos2(i—2a)0 || C! + Y Ch-cos2(j-2p)0"
R N, HEEI =
(1) +1 o (-1) +1
(d Lemma3 > * £ A=C;, & B=C/ ( ) *

i T
g ] 2

2l+lj 2 AB+BZ(;CI cos2(i-2a) 0+A/§Cj -cos2(j -2 9'+Z(; ,B—OC Cj-cos2(i—2a)0-cos2(j—23)6'
1 9. G
= AB+B-;Ca-cos2(z—2a)9+A-;Cé-cos2(1—2ﬁ)0'

—

gl
+ C,C; [cos2( —2a)0+(j—-2p)0 )+cos2(( 2a)9—(j—2ﬂ)9')]

a=0 p=

o

. , - » L : 2 ; 2
#ecos'20-cos’20' % & R AL BEE = cos 2(¢9+ﬂjcosj 2(e'+ﬂj
u=l

i—1
k [T} .
:2”11—2 k-AB+B-3, ZC;'Cosz("_za)(@"’M_ﬂ] +4-) Cé'cos2(j—2ﬂ)(8'+2”_”j

u=1{ a=0

+ C.C; -{Zk:cos2((i—2a)9+(j—2ﬁ)9'+(i—2a+j_2ﬁ)2”_”]

+ZCOS2((i—2a)9—(j—2ﬂ)9'+(i—2a—j+2ﬁ)2u7ﬂﬂ}

d Lemma2 ¥ 5if § n>i+j, n=2k,ke NPF > (S 2w 5 cficosine— > % 4@ 4 2m {8 % 2 %

0,i,jis odd
ZCOS 2 9+— cos’ 2 9+2u_7z @: CC’ i
n n 2”’./ k 2
21+/ , I, ] is even
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1. ¥R

2 2

(1) £ - QAT —+£—=1 s HY 4 b20

w M (hg) s B P st s [1,0,] -
® Pend & aiR5 (r,c080, +h,r,sing, +g)

(r,cos0, +hY’ s (r,sin@, +g)’

a b? =1
., gsin(6,+¢) s
‘ =0 wp<lo 20, <1=1- 20 #0
+t(1—pcos29u) ’;+t(1—pcos29u) (v p<l.. pcos2f, <1=1-pcos20, #0)
gsin(6), +¢) i s gsin(6, +¢)
o=
" \[2(1-peos29) | 1(1-poos26,)  2(1-poos2e)

2 2 2 2 2
(d 7 sin¢=L cos¢ = 28 =1 +h P= zc 7.q=2a'g’ +b'h’ s =a’g* +b’h —a’h?)
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#-0 +m ¥ st eng,

g :\/{ gsin (6, +¢) T_ s ,_asin(6, +9)
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1 1
(2) # & 2 —+——ig (EP () RaiE)
u 'ru+k ru ru+k
£ 2
(i) =—(1-pcos26,)
u+k N
i) L+ 1 r2+r.,” || gsin(6,+9¢) 2_ 2s .tz(l—pcos29u)2
PR VL Y A t(1-pcos26,)| ¢(1-pcos26,) s?
: 2t
7-(1—005(2@+2¢))——(1—pcos29u) (2° Rwi %)
s s
22 2 o .
= q_z__t 2p_4q -c082¢ |-cos 26, + q—z-s1n2¢ -sin26, =R(1+wcos20,")
2s s s 2s 2s
(3)9%}1 - :i'.é.__
n k k
1 :z 1m+ 1 _ :Z[%Jr‘ IZd] (2% n=2k,m=2d,Vk,deN)
u=I MP, =1\ MP, MP,, u=1 \ "y Bk
d
k [ﬂ . d a2l t 2j
=z (—1)-’._ C" ’[R 1+wcos 20, )] ' [—(1—pcos29u)} (d Lemma5 % (2))
u=1 | j=0 d —-J S
=Y (-1) R (—j —L { D> CIw” cos® 26, } {z C2 (-p)’ cos’ 2914}
u=l | j=0 s d—j a=0 =0
d-2j 2j E] ) ¢ 2j d-Cdf’ Qur
= (-1) R (—j — J C;H’Cz’ {Zcos 2( jcosﬁ 2(9+—H
a=0 =0 | j=0 N —J u=1 n
k ur 2ur [ﬂ d-2j 2j ) p 2j d- Ct_i—j ~Cd_2j . C2j
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u=1 n n J=0| =0 p=0 s d—j
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(D4 3y’ =dex » B9 c20 > KU M(h,g) 5 1B P,
BAE S [r.0,] 0 & Behi & ik 5 (r,c080, +h,7,sin0, +g)

) pSin(9u+¢)r+ q 0

. (r,sin, +g)2 =4c(r,cos0,+h) =r’+ sn’6, " sin'g,

(#¢ ,cos¢=L,p=2\/g2+4cz,q=g2—4ch,Sinzeuio)

. -2c
+ 7 sing = ———
\/gz +4c’ \/gz +4c’

:N;:\/{psin(@u+¢)}2_ g psin(6,+9)

c 2 ) )
2sin” 6, sin"g,  2sin"0,

- :\/{psin(%w)}z_ g, psin(6,+9)

2sin” 6, sin® 6, 2sin’ 0,

o 1 1 | . v g oo
(2) ks 2 —+—hiE (P (3)arRhiE)
ru vk ru ru+k
2 2
. 1 —sin’ 6, (cos26, —1)
(i) 5—= - ]
ru r;t+k q 4q

L nter? :{psin(eu +¢)T 2% }(_Sinzg"T:R(H-WCOSZQu') (B¢ Rowi3 ¥ #)

) .2
sin” 0, sin” 6, q

! } (4 (2))

1 L[4
Z _ { (-1y .d%j.c;’*f[R(1+w00529u ’)} - [2—(0052914 -1)

q

g et L |

2 ) . Tod-ci [d=2 ' 2 . )

(-1)" R [L] — {Z‘: CI™ - cos® 20, '} : {Zj: Cy/ (=1)"" cos” 29&
=0

a=0

d
d—2i 2 [5} . 2j dcdfj ) &
=3 (1) R H Sy e (1) {z 20247 Jeos z(eﬂ‘_’fﬂ

A _] u=l n n

d
K b 5 H 22 2/ s d-CT V.Y
) cos” 2(9'+ﬂ]cosﬂ 2(¢9+%] L 1SS ) R (i] (L5 e G
=1 n n 70| a=0 p=0 2q d—j
. , o1 .
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3. ¥ M
(1) 3% M(h,g) s 8P, g ik [1,.6,] -

* Pend & aiR5 (r,co80, +h,r,sinf, +g)

(r,cos@,+h) (r,sing, +g)’ i
: @ N b2 -

= 1sin’ 0, -r’ +gsin(0, +¢)r, +s=0 (& ¥ rsin’6, #0)

2

_ b*h —a’

P e IR S

(—,—, 1= 2,q-2ag+bh,S—bh ag ab,sm¢— 4 2 42’COS¢_ 4 2 42>
a'g +b'h a'g +b'h

o :\/{ gsin(6,+¢) T ( s gsin(6, +¢) - \/{ gsin(6, +(I5)>}2 ( s . gsin(6, +¢)
’ ; t

1-cos26,) 2¢(1-cos2) " \| 2¢(1-cos26), 1-c0s20,)  2(1-cos26))

Lo 1 1 | S , e ey
(2) #F— - E —+—— i GEP (3 ReiE)
ru 'ru+k ru ru+k
. 1 2 -(cos20 —1)
(i) L = (eos26,7])
ru ’/1'4+k N

. s

u ,/;4+k l’; u+k

U _ten [[asn@ )T 20| 2 o(eos26,-1)
(i) L, Lt )| 4 f B S . u = R(1+ wcos 20, ')
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