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Abstract

The main topic of this project is based on the Problem 1 of 1976 USAMO: Suppose that each
square of a 4*7 chessboard is colored either black or white. (a)Prove that with any such coloring, the
chessboard must contain a rectangle (formed by the horizontal and vertical lines of the board) whose
four distinct unit corner squares are all of the same color. (b) Exhibit a black-white coloring of a 4*6
board in which the four corner squares of every rectangle, as described above, are not all of the same
color.

In this project, we let k be the number of different colors which are allowed to fill in the
chessboard, and nxm, which n < m, be the size of the chessboard. These variables would be noted as
[k,nxm]. If such situation mentioned in question (a) happens, we define [k,nxm] as an ’FAIL’’ game
setting. If there exists such coloring that fulfills the situation mentioned in question (b), we define
[k,nxm] as a “PERFECT” game setting.

We extend this question by adding more colors (changing the variable k), changing the size of the
chessboard (changing the variables n, m) and even turning rectangle chessboard into triangle
chessboard. We have successfully analyzed almost every setting when k=2 or 3. We also found a
discriminant which only consists of k, n, m. When the discriminant is fulfilled, we can ensure that this
[k,nxm] is definitely a ’FAIL’’ game setting; On the contrary, if the [k,nxm] doesn’t meet the
discriminant, there might exist “PERFECT” coloring. In this project, we have also put a lot effort on
finding out coloring strategies about some particular [k,nxml].
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