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Abstract

This study aims to study the generalization of Fermat polygonal number theorem, which said
every non-negative integer is a sum of at most n n-gonal numbers. That is to say that I study
whether every non-negative integer is expressed as a sum of at most y numbers which can be
found in a quadratic polynomial sequence that is given with some coefficients. Describing by the
mathematical model, that means discussing a given quadratic polynomial an? + bn + ¢, whether |
can find a positive integer y which satisfies Vx € N U {0}, 3a,, a3, ... @, such that x =
»r_.(aa;? + ba; + ¢).

This study mainly discusses if the model exists, | would explore the relationship between
an? + bn + ¢ and the value of y, and | hope to use a clear and general mathematical formula in
order to show the relationship. This study also provides another mathematical model to find the
relevance between y and some special values of coefficients a, b, c. This article mainly

investigates %nz + gn + 1 where a, b satisfy a € N,b € Z,a + b = 0(mmod 2). The way to find
the y value is that letting p = a% + 2 firstly. Then by Model 2 in this study, we can find the
value y of ”Z;Zn2 + 4%”11. By Model 1 in this study and the value y of pT_ZnZ + ?n, we can

solve the value y of %nz + gn + 1. Therefore, we would find the value y of any quadratic

polynomial %nz + gn +1.
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W —IFER = 23, (20" + 2n + 1) +r =38, (4ps(@) + D+
=4%3 ps(a)+3+71°
RFEEZBIVEEM » ps(e) ZEEZ M HBEEIFAEE -
FTA4 Y ps(ay) + 3u[FoRHERE ARG 3 A% 4 65 3 (YIRS S -
B0 < 7 < 3M9EE  (aniz P A, Qa,) Go, B (Ea_ Bag »
BN E R MIATSHE A RIS 3 VIR R B -
N0=0x61=1+0x52=1+1+0x4>
HAR2n? +2n+1) <6..[8] » H[7]X[8] * HIA2n%?+2n+1) =6
5. FRHE L~ 2.0 3 ARSI DI e N HTA(Sn? +5n+ 1) = a+ 2
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BRI + 50 + 1278 E AR BA (Gn2 +Sn+ 1)
HaeN EUA(§n2+§n+1) =a+2-
(9]

SHMIFTHE T — RS EA o n? + Sn+ La EN

I =R ARFTRZ 26— KA Blan)ney = Gn? +5n+ 17,
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wa = 10%

R EALERFERAD] L AR 1558
Ea > 20%
Hph RSB IEEE5a+ 2 Nka>2=>6a+1>5a+2

R JE& R 5a + 28/ DFEHBa+ D) x1+(a+1) x1+1x%xa>

Jta + 2EIEERE AIZE > A (Sn? +5n+1) 2 a+2..[9)

IR = T, (Sn2 + S+ 1) +r =T (aps(@) + D + 7
=aYi ps(a)+3+71>

FRASTE 2 I BER » pa(a) = (BB AITARAE TR AR

Fiibla S5, pa(ay) + 3FTFTRIMER AT SN, 3 Hiflath 3 HU9FEse -
BES0 <1 < a— 1AVE  (ap)pz-1 THUH Ag,, Ag,, A, Bla — 1 fHa_ Ea, -
iEa + 2(ERE R AT KRS 3 ik ey

Z0=0x(a+2),1=1+0x(@+1),2=1+1+0xa-

A (Sn? +5n+1) < a +2..[10]

FI[91 5 [10] - KA ($n2 +5n+1) = a+2
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f~Fag
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EEII—2 5 T meRFREFI) > PRaTHyE -

[FRFeEA]
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“pa(n) =n® -
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B EBZ MIATAHBUER AN SR 4 HFFA %R
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S —IER R
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RIBE B ZEVEUEHE - py(a) WEEZ FIATHEUEEI R RS

FTEA3 Ticq palay) + AFTFTRIMER ARG 4 B3 67 1 f9FRE%E8
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B NEBZ MR R RS 4 (VIR E RS
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Y0=0x61=1+0x52=14+1+0x43=1+1+1+0x3>
HAGBN? +1) <6...[6]
FH[5] % [6] » %1A(3n* +1) = 6
4. B FABAEERTTAn® + 1 I REITEA PR Z B S KA
(andp=—1 = (4n® + 1)7__; =(0,1,5,17,37,65,101, ...) - [N R3FEA%EH 31 =/ V/HH
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NEse— IR AR
x=Yi(n?+ D +r=Y 4ps(a)+ D) +r=4Y" ps(a)+4+71>
TRIEE RSBV EUEH - py(a) VUERZ FIFTSHRUE BT E S
FTEA4 B pa(a) + ARTFTRHER AN ER 4 B4 85 0 AVIRE %R
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Y0=0x71=1+0x62=1+1+0x53=1+1+1+0x4 >
HAM4Nn2 +1) <7..[8]
FH[7]15[8] > FIA(4n* +1) =7
5. MRE L 203 ARVESRFTIUS I e € N > H A(an* +1) =a + 3
[E2 4]
S =R an® + 120785 KA HA(an® + 1) -
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GEiED|
s MIATERE Ty — R ITEA fyan® + 1,a €N
I m R ETER TR Z 8 S — RETAAIE | Folan ey = (an® + )24
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HEEIFEEE7a+3 > Rka=>3=>9a+1>7a+3"
FrLidE a8 7a + 32/ VFEH(Ma+ D X1+ (a+ 1) x2+1xa>
Fta + 3(EJE IR ANFRE

#A(an? +1) = a+3...[9]

SUER—IFEEHx = T (an? + 1) + 7 = T (aps(a) + 1) + 7
=aYiipi(a)+4+71>

TRIZE S BBV HUEE - pa (o) PUEEL AR AH R R E S R -
Fitbla Yis, pa(ey) + AFTRRHER RN SR 4 Histabh 4 VIR RS
W40 <1 <a— 105

(anin=-1HHlHae,, A, Aa,, 00, Fha — 1 {Ha_ Fao >

iBa + 3 (EBCZ AT SHRATA KINFIR 4 HUIERREH
N0=0%x(a+3),1=1+0x(@+2),2=1+1+0x(a+1),
3=14+1+1+0xa:-

#A(an? +1) < a+3..[10]

FH[9]%[10] » HIA(an? +1) =a+3 >

Vi=857
f~Fag

() [HFEEER]
S ?ﬂiff‘ﬁél%%%%fﬁ%@ﬁﬂ% n? — ~n + L2 Rk R AN B EREBUE I 1
GESI—2 R TIm e IR EFRI)) > HRalHy(H -
(RFeEAN]

LB BPAHEN? — Sn + IBIIGIRS » B RS EAFTRRIT 8 — A
Fan)e—y = Gn? —on+ Dy =(0,1,2,613,23,36,...) » [N 3EERE 11 270
R 1.2,2,6 TSR E BB A > DA (Sn? = Zn+ 1) > 4...[1]

3 1
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A —Ira s
x=35,Cn2 — s+ 1) = 38 (ps(a) + 1) =I5, ps(a) + 5 -

RIS 2 BIVEEHE > ps(a) ILEE AT SHEHERIE S RS
B8an ) ey FLEBLZ R HBUTE ARG 5 HYIEREE

NO0=0x51=1+0%x42=2+0%x43=1+2+0x34=2+2+0x3>

A (Gn? —n+1) <5..[2]
FHI1 (2] - A4 < A an —%n + 1) <5

{H R R IR TR M T A B S — & Th V3RS » 4 (% n? — %n + 1) =5

C BT EMBAEERST3N® — n+ 1 B RESTEAFTERITZ EE KA
(aphnz-1 = 3n® —n+1),2_; =(0,1,3,11,2545,71, ...) » KRIEE %S 19 2/0/H
H 1,1,3,3,11 Fu{EIE B fiiE » FrlAGBn? —n+1) 2 5..[3]

SR IFEEE S = X8 —n + D +r = X, 2ps(a) + D+
=237 ps(a) + 5 + 1 MHEEELBPEER -

ps (o) TLEE > FMIoT4HE E R IR R

FTRA2 X7 ps (@) + SHFOREER ARG 5 B2 6% | (VIEERE -

BOE S0 <7 < TG (aphheo1 THIHGa,, A,y ay) A,y Ao B fEla_ 1 Bla
BN EBC RIRTAHBUE R AN 5 VIFases
Y0=0%x61=1+0%x52=14+1+0%x43=3+0%x54=3+1+0x%x4>
HABN2 —n+1) <6..[4]

FH[3] 4] » HI5<ABn? —n+1)<6

(BRI Ry PR T P BB — 3 P33 » AGn? —n+1) = 6
B RPBIGHES I - Sn+ 10 T RSERFTE AT RS RS
(@ndni-y = En? —2n+ 1)1, = (0,1,416,37,67,108,...) - FAIEEHEY 31 £/

AT 11144416 EESEEE 2 FIFRE - FA(Sn? —in+1) 27 .5]
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I EE R = X0, (3n? = 3n + 1) +7 = I8, Gps(a) + 1) +7
=3¥> ps(a) +5+7r>

FRUBZE BB ERE » ps(a) T RO AT 4R (LR IR e -

FIFEA3 B8 ps (@) + ST R AR, 5 LI 3 68 2 rygk e
B0 < 7 < 2005 0 (i T Gy Gy Gy Garyr g B (Bla_y S »
(B AT AT 5 HUFEE ey -
X¥0=0x71=14+0%x62=14+1+4+0x%x53=1+1+1+0 x4,

4=4+0x6> HA(Sn? —In+1)<7..[6]

d[SIR[6]  HIA(Sn? —Sn+1) =7

C BER RBAGEER 6N — 2n+ 1 T RESIERFT AT E B B
Banhne_; = (6n? —2n + 1),2_; =(0,1,5,21,49,89,145, ...) » K BIEE RS 40 &
/DIEFA 1,1,1,1,5,5,5,21 /B EE S S figeiE » FiLlA(6n? —2n+1) = 8...[7]
N —IEEE = N (6n® — 2 + 1) + 7 = N7 (4ps(a) + 1) + 7

=4Y> ps(a)+5+7°

TRISEE 2B EGERE - ps(a) ARE T4 EEIEE RS

FTLl4 B8, ps(ay) + SHIZORHWER AR SR S B 4 6 1 HUFREsesy -

HEES0 < 7 < 3093 (an)mesy PHUH Gy, , Qay) Qay) G, Qo B (a_ ag >

i B FIT4HRR R AT S 5 HIFEE s
X¥0=0%x81=14+0%x72=14+14+0%x63=14+1+1+0x%5,
4=14+14+14+14+0x%x4>

#A(6n? —2n+1) < 8...[8]

FH[717%(8] » HIA(6n? — 2n+1) = 8
L FHETAR > BMBMEESR - - In+ 1> I RAFIMRIT 2 = X5 5

(@i = (502 =2n+ 1y = (0,1,626,61,111,182,...) » N AIFEHH 49 =
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FibiA (En? —Sn+1) 2 9. [9]

15

NI = 3L, (Sn? = 3n 1) 47 = B, (5ps(a) + 1) + 7

2
=5% ps(@)+5+7°

BB R BEEH - ps(a) TLEE FIATAHEHE R IE & RS

FITAS X5oq ps (@) + SHIFIRHER AR 5 RS 6% 0 (IVFFE %8 -
W20 <1 < 4G (ap)p=—1 T HlH A, Ay, Aoy Aoy, Ao B Ea_ 1 Ea,
B B FIATAH R R 5 VIR A%
Y0=0x91=1+0x82=1+1+0%x73=1+1+1+0x6,

4=14+1+1+14+0x%x5">
A (Sn? - 3n+1) <9..[10]
#9152 [10] > A (2 —3n+1) =9
6. fRFE1L - 4o SESREILUEIEEa e N HIA (S0 —Sn+1) =a+4
¢=0)
BRI RAT N2 - S+ 12T BE =R EERA (Fn? - n+ 1) -
EaeN HlA(En?-Sn+1)=a+4-
(1)
BRI KA RS n? —Sn+ La €N
SR Z B KRR an)nemy = GEn? = Sn+ D
=(0,1,a+1,5a+1,12a+1,22a+1,35a+1,...)
Ik = 5, (3 - Sn+ 1) +7 = 8 (aps(@) + 1D + 7

—aZ -1 Ps(a;)) +5+71>

RIEE R BIVEEHE > ps(a) L AT AHEHERIE S RS
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Frbla X5, ps(a;) + STIFORHMER AN ER 5 Hifabh 5 (VIFEREL -
MBS0 <71 <a— 1HJEE -

(an)nz—1 THIH e, g, Gay) Aa, Ao Bla — 1 {EHa_,Ha -

isa + AEBCZ AR R ER 5 HYIEREE -
N0=0x(a+4),1=140x(@+3),2=14+14+0x(a+2),

3=1+14+14+0%xag,4=1+1+1+1+0Xx(a—1)"
A (S0 —Sn+1) <a+4 > HRBIRERMTEHNEEER 8 himE
WA (S0 —Sn+1) =a+4 > HIEE
(73)  [FRFTiEiEN]
FETERE 3~TEEL S o - FPIRET A e A S R R 5N 1 R
PR BT TS 25 AR T B (S T 1 F9B 2y -

[HRFEE AR ]
(e 3~ EH 5t 1SR

T ARGINERE  Ba e N HIA(SR? +5n+1) =a+2
EETEFI ST : Ha €N Al A(an? +1) = a+3
FERBVBINEEE  Fae N AIA(Fn?—Sn+1)=a+4

HCL E =R BTl S EAER - Ea e NmEN,

afm—-2) , a(4—m)
A( > n° + >

[E# 6]

n+1>=a+m—1

B At + S g 41 g — R

A(a(";_—z)n2 +@n+ 1) »#Ha,meNHm =3

EUA<a(m -2) 024 a(4—m)

1) = -1
> > n+> a+m
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Arbla Xi%1 pm (i) + mA]ZRHERE AN FE I m H i atimAy E SR8 -
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iga +m — VEBEIRTATHRATA RN F R mAyIE R 228
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ENJIAWE i
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() [HFEEEt]
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Hign? +3n+ 1BE=n? + =5 n + VHAHRE A, _ oq )
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a+b

[(E#H 7]
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SRAE IR n? + LB 4 1 BT RN -
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(GEUED|
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(D), = <§n2 + gn):;;_l =(0,0,2,5,9,14,20,27,35, ...)
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25



%
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BRI N2 + 20 + 18 =K AEBRA (n2 + Fn 1)

%%EN , EUA(%n2+%n+1>=a+3
(GELED |
1. FM5uks renz +§n>ﬁo=_1§5wﬂq3@{ﬁflﬂ"]%ﬂaﬂﬂéﬂﬁzﬁﬁﬁﬁﬁﬁﬁh 78 BRIt
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#n, #0,n, =n; =0,HiEM, =n,m, =2,my =2,
a,=m;—1l,a,=my, —1,a; =m3 —1,a, = 41T
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e = 0, Sa? + 2 a + 1) +r =3k (e xag, +1) +7
=aYi 0y +4+1>
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(andn=—1THIHag,, gy, gy, Ag, Fla — 1ila_, Hay

iga + S{EEAYRI T4 BT A RINE TS 4 RYFEE LR
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n+1=22n2+2n+ 1 ISR -
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#include <bits/stdc++.h>
using namespace std;
#define maxalpha 1000
#define maxbeta 100
std::vector<float> An;
std::vector<float> a;
int get_m(int alpha,int beta)//>Km
{
int x=0, temp=0;
double p2=(double)alpha/beta-2;//p2=p-2
for(;temp<2;x++)
{
1£((7/2-3/p2)*(7/2-3/p2)+(x*6-3*(alpha-beta*2-1))/p2-4<0)
continue;

temp=3/2+(p2-1)/p2+sqrt((6-4/p2)*(6-4/p2)+8*x/p2)-sqrt((7/2-3/p2)*(7/2-3/p2)+(x*
6-3*(alpha-beta*2-1))/p2-4);
}

return x-1;

}
int again(float item)//#HRERIEE®E
{

int 1;

for(1=0;1<An.s1ze();1++)

{

1f(An[1]==1tem)
return 0;

}

return 1;
}
int hypothesis(int m,int alpha,int beta)
{

int 1tems,1,1f_there_13=0,;=0;

float 1tem,k;

vector<float>::iterator 1t;
for(items=0;1items<alpha-beta*2+3;1tems++)/ /I ER}HE
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1f(1tems==0)

{
for(i=0;i<a.size();1++)
{
An.push_back(a[i]);
}An.push_back(-1);
Jelse
{
for(j=0;An[j]!=-1;j++)
{
for(1=0;1<a.s1ze();1++)
{
item=a.at(i)+An[]];
1f(m>=1tem&&again(item))
{
An.push_back(item);
}
}
}
An.erase(An.begin()+]);
An.push_back(-1);
}

}
for(k=1.0;(int)k<=m;k++)// HEK~m*be t a2 B E S E R E
{
1f_content=0;
for(1t=An.begin();1t!=An.end();1t++)

{

1f(*1t==k)

{
1f_content=1;
break;

}

}
1f(1f_content==0)

return 0;

}
return 1;
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}

int main()

{
int alpha,beta,if _hypothesis_is_true,m,j;//alpha,beta
float p,1,an;
for(beta=2;beta<maxbeta;beta++)

{
for(alpha=beta*2+2;alpha<maxalpha;alpha++)
{
if(alpha®beta!=0)//FEp R Bk
{
m=get_m(alpha,beta);
an=0;
a.clear();
An.clear();
for(i=0.0;an<=m;i=1+1.0)//#/ N m*be t afyaiZ A a<n>
{

a.push_back(an);
p=(alpha/1.0)/beta;
an=(p-2.0)/2.0%1*1+(4.0-p)/2.0%1;
}
1f_hypothesis_is_true=hypothesis(m,alpha,beta);
1f(1f_hypothesis_1s_true==0)
cout<<endl<<"alpha:'"<<alpha<<" "<<"beta:'"<<beta<<"
"<<"pass:"<<1f hypothesis_1s_true<<endl;

}
}
COULKL" mmmmm e "<<endl ;
}
return 0;
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