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Abstract

In strings with the length of n, we designed reversed-symmetric coloring, aiming to
reduce the periodic patterns. Then we calculate the monochromatic 3-APs in this kind of
strings.

Using the symmetry property of reversed-symmetric string, we divided
monochromatic 3-APs into two types, type I and type II. Type I is made up with 3-APs
which three of the elements are either in first half of the string or in the second half of it.
Type II is 3-APs made up by elements crossing through the midline. By rearranging the sets
through d-central arrangement, type II can be seperated into smaller structures so that we
can find the recursion and additionally get Theorem 1, which calculates monochromatic
3-Aps in type II. Eventually we can obtain Theorem 2:

In strings with length of 2 to the power of n,

. N B | 5 N =2"
The amount of monochromatic 3-APs is EN -EN10g2N+£N where

This result is similar with the average monochromatic 3-AP amount among all random
colorings. The second influential item is -éNlogzNwhich is related to base-2 logarithm.

What’s interesting is that from the result of calculating program, the amount of
monochromatic 4-APs and 5-APs in reversed-symmetric strings are also around the
averageof all random colorings. In addition, giving random string and make it into
compound reversed-symmetric strings, the result of program calculation also turned out

to be around the average.
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Theorem (Parrilo-Robertson-Saracino;Butler-Costello-Graham)

17 an +0(n)

137 16
(fR#% 2013 4£ 7 A Towa State University, Steve Butler Z#2 i H 5)
FE KRBT, Ay RRD
£ Steve Butler i #2HY[E —#H & A5 M -
JEH  SEEEREK, r Bt [n] b r ey R EhARAEER A E S
FIE @ k-Ap FVB(E R cn’+o(n’)

/EQEPC<W
(= )~ Z, PR EERE 2 @R T > [ 3-AP 8RB’ (1-3a+3d%), Hi
o B @R B tER B 1 -a © BESREERE 2 6
FHRERS > Z, PRI 3-AP SRS G B USRI SR B » 582 [n] i
B -

FBIES ER T
L A2, PHEREREOHEENEE AP HEIRE S

! (2") +o2") -

2(k —1)-2¢"
2. E[n]| FEEHBENEREER > WEREEHE RN AP HEE X
WA ?
I -~ Yisx
(=)~

1,538 1 5FHA :
(1) a(m=> an,s)

s<2"
Casel @ Fs<2"'Hf »
NA¥& A =AB_  B,=B_A,
Fibl > a(2"-s)=a_,(2"" -s)B. ,(s)b (2" —s) ;
AQ2"-9)=A (2" -5)a, (5B, (2" ~5)

Aos [2M g :> Ao ooy ol
A o _g| g A gl g owll o

R > FeAMT A LAE 21

a(n,s)=a(n-1,5)+An-1,2""-s)+a(n-1,s)

HI  a(n,s)=2a(n-1,8)+ B(N-1,2"" —5s)

Cased : F5s=2""i% >
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a,(2"H)=B,: AQ"H=A,

WEE—F s 1 BIFILhE, 5 EITHIENT TR 0
b.2")=A, : B(2")=B_,

F—F ks 0 BF, S5 _FIETHEER 1> FHIt > a,2")=0
Case3 © s >2" ' >

a,(2"-s)=h, (2" -(s-2"")) » AQ"-s)=A, (2" -(s-2"")
BH

b,(2"-s)=a,,(2"" —(s-2")) > B,(2"-5)=B,, (2" —(s-2"")
L > TP LAS 5] a(n,s) = B(n-1,5-2"")

B Casel ~ 2~ 3> H[fF

a(n)= Y a(ns)+ Y a(ns)+a(n2"")=2a(n-1)+28(n-1)

s<2" 11 s>2M* 14

2) M= B(n,s)

s<2"

Casel : 75 s< 2™ 1% >
RETHB,=B_ A, A=A_B.

FiTEA > bn(2n—s):bn_l(2“’1—s)ﬁ_1(s)an_l(2“’1—5)
B, (2“ —s) =B, (2”'1—s)bn_1 (s)A_, (2“’1—3)
A s [2"-s A g 2o o
E | |:>B prl g ol g
R - FAF BT LA 2]

Bln,s)=pn-1,s)+ 0((11-1,2“'1 -s)+ Bn-1,s)
I ,B(n,s):2,8(n-1,s)+0((n-1,2“'1 -s)

Cased * #5s=2""1% >
a,(2"')=B,, : B,(2")=B

n-1

BB | B, SRR |
(2n1) A1 A}(2n1) 'Ah
50 0 BF, 5 FIFEITEIES 0 - HIE A2 )=2"
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Case3 * s> 2710 -
a,(2"-s)=b,,(2""-(s2"") - B,(2"-s) =B, (2""«(s-2""))
B

b,(2"-s)=a,,(2""-(s2"")) - A (2"-s)= A, (2" <(s2™))

BRI - AT UEE B(ns) = aln-1,5-2™)
H Casel ~2 3> A%

pl)= 3 pns)+ 3 Alns)+ pn2)=20(n-1)+ 250 -1)+ 2"

s<2n! 2"l es<2”

2.5 |3 2 HYEEFHA :
K& a(n)=2a(n-1)+28(n-1) + B(n)=2a(n-1)+23(n-1)+2""
FilL BN =a(n)+2"" = (-1 =a(n-1)+2""

a(n)=2a(n-1)+2|a(n-1)+2"*|=4a(n-1+2""

a(n)=4a(n-1)+2""
4a(n - 1) = 4[40{(n - 2)+ Hn-2 ]

. %%ﬁﬁm%%%%ﬁmmﬂ”ﬂaﬂMif

474 g(4) = 4" * 4a(3)+ 23
413 (3)= 4" 4a(2) + 22

ATl a(n)=4"2x24+2x4"2 =2 =4 2"« B(n)=4""

3. 5IE 3R ¢

Casel : & 2s < 2™ >

AFa, (2" —2s)=a,,(2"" —25)B,,(s)B, (s +1,25)b,_, (2™ —2s) °

B, (s+1,2" —s) =B, (s +1,2"" —s)b,_,($)A, (A, (s+1,2"" —s) °

B,(2"—2s)=B, (2" —25)B, (s +1,2"" —s)b, ,()A,, (2" —2s)

Ee

b, (2" —2s)=b,, (2™ —=25)A _,()A, (s +1,29)a, , (2" —2s) °
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A(SH1, 2" =s) = A (51,2 =9)a, (A (9)B,, (s+1, 27" —s)
A (2" —25)= A (2" —29)A (s +1,2" —s)a, (5)B, , (2" ~2s)
AL - F(n,s)z F(n - 1,s)+Y + Z+F(n, s)

B.".-—1 {S} 5 & 2”4 — 25
b..(5) 5 27-2s5 |s
7y B(2"-2s+127-8)  27-25 |g s
oSy BT IE
B.(27 - 25+127" - 5) s | 27 -2s
b..1(5) 21 _J2 35 |z
B.'i-—1 {S] b 2”4 -2g 5

HAEA SR ERE > 57
B 21 _Jg 5

o 5 2 _Jg
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h . [s ' _2e g
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a] PRSI ENIE
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gt 2r(n,s)=a(n-12"*-2s) >
< %a(n—lZ”‘l—Zs):a(n—Z,Z”‘Z—s)’

Fit LUA] US4 T (n,s) = %a(n —12"t —Zs) = a(n —2,2"2 —s)

Cased © & 2s=2"">

HEE ke, (27)
B 5k B, (s+1.2" +s+1)

E=51k B, (2")
H#
E—5lkh, (27

EF A (s+1.2" +s+1)

E=5k A (27)

b, (2"?) a,,(2"%)
HoFEENTEESRS ALQ™) fB Q)R -
b, (2"?) a,,(2"%)
# T(n,s)=(n2"?)=2"

Case3 * & 2s>2" >
FIB AL ()AL (+1,2")A (25 -2")B,, (2™ —s)b,_, (2" —s) °

FE AN
B, (2" —s)B, (2" —s+Ls)b, , (25s-2"") A, (2" —9)A, (2" —s+1,9)a, , (2™ —s)
F=F R
B, (2" —s)B,, (2" —s+1,2"-2s)b, , (25 —2"") A, , (2" —9)a, , (s)
BFEEE ST 7 B M~ N B

gl
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B (25-2""41,5) 22" |2 -5 27 -5
b2 -5) 27 -5 25-2"" 2" -5

y B, (27" -5) 27—y 2" -y 252"

B (25-2""+15)  2s-2" (2" -5 |27 -5
a (27 -5y 27 -5 25-2" 2" -5

B (2" -5) 27 5 (2" -5 25277
N:

M+N:

B EEE R > RS E T EMREOTEMEE > A BRBESHKRE G
A B

T ARE - FrLAA] DT B B T8 2] ARYIE 11T
B A

4,53 4 FEHH:
K E > A(n)=2A(N-1)+2B(n-2)
Fir LA

A(N)=2A(N-1)+2x4"3
2A(N-1)=2[2 A(N-2)+2x4™" ]
2?A(n-2)=2"[2A(N-3)+2x4"" |

2" A(4)=2"*[2 A(3)+2x 4" ]
2"A3)=2"*[2 A(2) +2x4° ]
B EEE—ET IS g5 5]

n-3 . )
A(n) =2"2A(2)+ ) 2" 2 x4
i=0

n-3
e HLITE > AN =2"7AQR)+277) 2
i=0

2 A(2)=0
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1. ABB(n,s) #Y &L {77
Case 1: 2s<2"'p% >

A By ABB(n,s) £y

A (s+1,2s)
B,..(s)
a,,(s)

FLEARAVES 73 28 & TN ABA(n—1,5) HH[A]
FrLL > ABB(n,s)=ABA(N-1,5),s <2"? -

Case 2: 2s=2""'f% >

Aqu -2 B -2

Bn n A1—2
Bn—2 A1—2 A1—2 Bn—2
Bn—z

Bn72 A”|72 A’I—Z
A LIS B B A Oy (Y 2 (58 2 AH [E]L Al L ABB(n,2" %) =B, , =2""

Case 3: 2s>2"*
Lt=2""-5s
A s a, 4(t) B, (2" -2t) 2"-2s
B B,.(t) B, (t+12"'-t) 2"+t
B 2"+t A _(t+12t) a _(2""'-2t)
A E HEB A W
a,4(t)
B,.(t) AYEL5 I ABA(N-1,5) fH[F]
A L (t+12t)
Bn—1(2n71 - 2t)
B (t+12"t —t) (YEB PN Ry 25 HIm] B N E A
a,, (2" -2t)

B a, (2" -2t)
ERABRGER B (t+12"-1)

B,,(2"* - 2t)
anfl(zni1 - 2t)

MR B (t+12"—t) =T(n-1t)
Bn—1(2n71 - Zt)
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FTLL > Y ABB(n,s)= > ABA(N-1,5)+4""

s<2"! s<2"2

4FE & Case 1,2,3
A[fE  ABB(n)=2ABAMN—1)+T,  +2"2

2. ABA(n,s) (I 53 -
Case 1:& 2s < 2" % »
A s A_,(s+12s) 2"'-2s 2"
B B, ,(s) 2"t-2s 2" s
A 2"-s b, .(s)
LE R E 73 2K M1 ABB(n—1,8) fH [H]
ALl > ABA(N,s)= ABB(n—15s), s<2"? o

Case 2:& 2s =2"i% »

w

Al

N

n-2 Bn—
n-2 An—2
A’]—Z Bn—Z Bn—2 An—2
Al DL IR B A A — T A R TR 2Rt 5e A - (G

ABA(N,2" ) =0

A
A, B

09)

n-2

Case 3:& 2s > 2" 'i% »
Lt=2""-5s

A s a_,(t) B, (2" -2t) 2"-2s
B B, ,(t) B, ,(t+12""—t) 2"+t
A 2"+t B, (t+12t) b (2" -2t)
HEBNA MY
a,,(t) B, (t+1,2t)
B,.(t) HYERr A ETNEHARE B, () XA ABRLREE
Bn—l(t +l2t) an—l (t)
A (t+1,2t)
@ FRRLK-APHVEE S AL AMEE > HEZER AAB(n-1,5)
bn—l (t)
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B, (2" -2t) b, (2" -2t)
S B, (t+12" —t) FHI] FNE AL B (t+12"" -t)
b, (2" -2t) B, (2" -2t)
b,,(2"" -2t)
B, (t+12"" ~t)=A(n-1s), #f5
B,,(2""-2t)

zn—] 2n—2
D> ABA(n,s)= > ABB(n-1,5)+4"* -2""
s=1 s=1

4F& Case 1,2,3 a5

ABA(N) = ABB(n—1)+ AAB(N—1)+ A(n—1)

3. AAB(n, s) HYHEL (73
Case 1:& 2s < 2" %
A s A,(s+12s) 2"'-2s 2"
A A (s) 2"t-2s 2" s
B 2"-s a, ,(s)
AR R AAAN-1,8) FHIE] - T
AAB(n,s) = AAA(n—1,s), s<2"?

Case 2:& 2s = 2" 1%
An—2 Bn—Z Bn—2 A\1—2
An—2 Bn—2 Bn—2 A1—2
B.. A, AL, B,

A 5y — T R B R 752 2R ) bl AAB(n,2") = 0.

Case 3:& 2s > 2" 0% »
Lt=2""-s
A s a_,(t) B ,(2"'-2t) 2"-2s
A A () A (t+22"—t) 2"+t
B 2"+t A _(t+12t) a ,(2"'-2t)

A I B YA W D
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a,,(t)
A, (1) HIEL ST AT AAAN-1,s) A H]

A L (t+12t)
anl(zn_l - Zt) An—l(t +1], 2n_l - t)
NA L (t+12" ) Z 0] E N AR B, (2" -2t)
a, (2" -2t) a, (2" -2t)

A (t+12"" 1)
X B,(2"-2t) =2p(n-2s)-T(n-1s) - {5
a (2" -2t)
AAB(n,s) = AAA(N—1,8)+24(n—2,8)-T'(n—1,8),2"* <s < 2"
&rtr Case 1,2,3 AH AR sTER N » A5
AAB(N) =2AAA(N—1)+2B(n—2)-T(n—1)

4. AAA(N,s) AT ER {17
Case 1: & 2s<2"
A s A,(s+12s) 2"'-2s 2"
RE A A (s) 27-2s 2" s
A 2"-s b,_.(s)

B 53 Fil AAB(n—1,5) FH ] T LL AAA(N,s) = AAB(n—1,5),5 < 2"

Case 2:% 2s=2""
An—2 Bn72 Bn72 A”I*Z
% An—2 Bn—2 Br‘I—2 A‘I—Z
A172 Bn—2 Bn—2 An—2
AR Sy — Y 2R R LA W 51 BT DL AAA(N,2") =0
Case 3: & 2s>2""
A s a__,(t) B _,(2""-2t) 2"-2s
HWE A A (t) A (t+212"—t) 2"+t
A 2"+t B (t+12t) b, (2" -2t)

BRI T H] o3 R WL 3

a,,(t) B,.(t+12t)
AL()  HIERSEFIE B A > BT AR R AL®)
B, ,(t+12t) a,,(t)
A (t+1,2t)
N ABZEEE R, AB RIS B (1)
bn—l (t)
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BLH# 73 ABB(n-1,9)

B, (2" -2t)
S5 A (E+1,2" —t) R AR50 R B G, o B AR
b (2" -2t)
b, (2" -2t)
A (t+1,2""-1)
Bn—l (2”*1 - 2t)

FEHEF A5 2a(n—2,5)—A(n=1,5),2"? <s < 2"
ity Case 1 23 M FTAMISTER DD » 0I5
AAA(N) = ABB(N — 1)+ AAB(N — 1) + 2a(n —2) — A(n — 1)

6. 5[H 658 -

ABB(n)=2ABA(n-1)+I(n-1)+2"2 (1)
ABA(n)= ABB(n-1)+ AAB(n-1)+A(n-1) (2)
AAB(n)=2AAA(n-1)+28(n-1)+T(n-1) (3)
AAA(n)= ABB(n-1)+ AAB(n-1)+2a(n-2)-A(n-1) (4)

Si(a,), (b,)#7 a, = ABB(n)+AAB(n) » b, = ABA(N)+ AAA(n)
AT EFI(D, ) AR
a =2b  +2B(n-2)+2"" (5)

FBQRKEBDR I BIERL
ABA(N)=a_, +A(n—1) (6)
Jrd
AAA(N) =2, +2a(n—2)—A(n-1) 7
GEMIEIES:
b, =2a_ +2a(n-2) (8)

a=2b +28(n-2)+2""
E{ L 2PN

b,=2a, ,+2a(n-2)

_|a,=2b_ +2- 4" 42" 9)

v {bn =2a, ,+2(4"° -2"7) (10)

MO K (10) T 15
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a =2b  +2-4"742"?
=4a _, +4a(n-3)+2-4"7 +2"?
=4a _,+4"7 2" +2.4"7 42"
=d4a_,+3-4"
a_,=4a _,+3-4"°

2 a,=ABB(2)+AAB(2)=1+0=1 >
b, = AAB(2)+ AAA(2)=0+0=0
IR ESE]
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_n=2
2
J
2

i

4 —

N‘N
;/

=42
HIEI(10) » H] 15
b, =2a,, +24"-2")=2.4" 42.4™ .2.2" =42 2" .
BAED~4) > 54
ABA(n)=a,, +A(n-1)=4" +4" 2" =2.4"3 "3

AAA(n)=a_, +2a(n-2)-A(n-1)=4"% 2.4 2" 43 1 273 = .43 "3

ABB(n)=2ABA(n-1)+T(n-1)+2"% =4 -2"3 44" 4272 = 2.4 4 2"
AAB(n)=2AAA(n-1)+28(n-2)-T(n-1)=4" -2" +2.4" -4 =2.4"7 .3
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