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Abstract

An arbitrary base triangle with inscribed-circle of radius R is divided from one of its vertex
into two sub-triangles which have smaller inscribed circles of radii r; and r, respectively. We
define the division of the base triangle as a division- solution if sum of the areas of the two smaller
inscribed circles, equals to the inscribed circle area of the base triangle, i.e. R? = r? + r3. In this
research, we study division-solution for triangle. For right triangles, the division by the line from
the right-angle vertex and being normal to the hypotenuse is proved to be a division-solution.
Furthermore, if these two sub-inscribed circles mentioned above switch their positions, it is
surprising that this configuration is also a solution. Most importantly, we aim to deal with the
general case, arbitrary triangles. For arbitrary triangles, we provide the demonstrations in detail to
prove that we can only get as many as two division- solutions from one vertex. Moreover, we
acquire a simple but powerful discriminant which can easily judge whether division- solutions exist
or not. To our surprised, we find out that any division- solutions are in pair, or we can say any
solution after switching the two sub-inscribed circles is still a solution. In this research, ruler and

compass constructions are also investigated to make the study more clearly.
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f:
HMCAEA =AM E—EE VR - SRR ER M - A=Al
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1. P
&% : ZABC=a,AB=a,BC=c,AC=b >a=ccosa,b =csina(lL c TR)
—EINVIE LA ey ~ 1o
MAEE TS VIBAVIE 2 PR (e TR Fa, cR) -

sin? a cosa sin a cos? o sin o cosa
r, =Rcosa =c———— (

r; = Rsina= c

QAR

1+sina+cosa 1+sina+cosa 1+sina+cosa

fiz3% * ~ABC = a, /BAH, = ,AB = a,BC = ¢,AC = b,AH, =1

o EINVIEHAL 53 Ry~ m

B =




reFroRiy | r2 frmey |

~0,EA, ~ 0,FA, ~ 0,DE = 90° ~AGO, =90°, ~ 0,AG = 45° — E
£0,AE =2 VAH,C = a+ B , /GHy0,=2F
ZEH,0, = 2F 0,5 = 2P |=GA + GH,

|1=EA + EH, =m cot (45o - B) + mcot — a+B
=1 tan%I3 +rycot g =m(cot (45o - ) + cot a+B)

+
=r; (tan aTﬁ + cot E)

A3 TR 1 Z A » RTERH—E = k8
K cot (45° — g) :

b —r, cot (45° - %) =r, cot (45° - g)

_ sin a cos? a ot sin a cos? « B
csina—c - cot (45o — —) = - cot <45° — —)
1+ sina+ cosa 2 1+ sina+ cosa 2

2

] _costa . (450 _ E) — &cot( 45° — —)7_1“,:7'5|__l— csina

1+sina+cosa 2 1+sina+cosa

Ktan(45° -5

2
Define: g(o) = ————— tany = tan (45° — E) = l B l

1+sin a+cos a 2 1-g() cot(4—5°—%)

Define:h(a) =

g(®)
1-g(a) cot(45°—%)

Ftan B

2[ 8(@ ]
1-g(a) cot(45°—%)

tan(90° — B) = tan 2y = 7 (1FFLNFH)

1_[ @ ]
1-g(a) cot(45°—%)

tan(90° — B) = cotP = 2w (8775/551%), tanp = (a)(cot B AtanB = /%))

1-h2(a)

an(®
tanf = i;—r%(ﬂ%z/@ﬁx\f@
1 — tan? (E) = %tan(g) O L0

2
2(BY 4+ 2 tanBy—1=
tan (2)+tan8tan(2) 1=0

2

N I
tan = SIS )



1 1

tang =yt tan’f  tanp CRLE » BRI O 2] 90 BAHAK)

2h(a) 2h(a)

2 _ 1 _ _ 2h(a)
1+ (1—h2(a)) 1-h2(a) (AL tanf cot f = 1—h2(a))
. 4h2(a) 2h(x)
B 1 —2h2(a) + h*(a) 1 —h2(a)

_1+h%(a)  2h(®)
T 1-h2(a) 1-h2(a)

[1-h()]?

"~ 1-h2(w)
_1-h(w
" 1+ h(a)

B _ 1-h@
2 1+h(a) ’

ot B = L@

tan 2 1-h(a)

tan%+tang t % [;EEZ%] ( H\
B~ 1—tang[1_h(a)]\$nﬁb‘ﬁ)
2 211+h(a)

Define: x = tan;5 HFRTTHE Y B x T

cos? «

Define: k(a) = tan (E + E) _

22 1—tang tan

ga) = 1+ sina + cosa

(7)
_ 1+ x?
T 14x24+1-—x2+2x
1 + x2
_ ()
T (1+x2)(2+42%)
1 1 — g(a) cot (45° - %)
h(a) g(a)

(1-x)?

sikkrx g(o) = D) erD)

1
= @— cot (45° - %)

_ 2(14x3)(x+1)  14x o @\ _
o (1-x2)2 1-x (COt (45 2) -

o 2(1+x%) 1+x
T(A-x)(1-x) 1-x

a
COtE‘I‘l

a
COtE—l

2(1+x2)-(1+x)(1-x3) 1 x3+3x%-x+1
= KKK KKK =
(1-x2)(1-x) h(e)™ (1-x2)(1-x)

R, WA = tan?)



1+h(a) 1—h(a)+ 2h(a)

1—h(a) 1 —h(a)
. 2h(a)
=1+ 1-h(a)
=1+
h(a)
x343x2%—x+1
=1+ m( s = s
(1-x2)(1-x)
2
=1+ 4x2
X3—x2—x+1
— 14 x3-x%—x+1 s 1+h(a) _ x3+x%-x+1
- 2x2 1-h(a)  2x2

B «

(o) = tan 5 + >
a B
tanz + tanz

1-— tanitani

2x2
x3+x2—x+1
2x2
x3+x2—-x+1
_ x*+x3-x24x+2x2
T —x34x2-x+1-2x3

X+

1—xX

_oxtx3x24x Sk gk
T (- x+1)(x%2+1) k(a) -X

FEITLA 2 FCA m FrREIAT 1 (2 )FE5 LAr1 Kt 1 (11)

L, = (tan%B + cotg) =1 (k(oc) +

1+h(0()) _ 2cx(—x+1) (X2+X x3+x2—x+1)
1-h(a)) = (1+x2)2 “1-x 2x2

_ex(-x+1) 2x2(x+1) | x3+x%-x+1

=2 Cao —) = (1+ o (X2 2 - 2x+ 1)
= m (ot (152~ 3) + eot™22) = m (55 + i) =7 (i * )
=m|co —=)+co e — e
2 2 2 ho k@) "2\h(@ k@
_ ex(1+x)(1-%)2 [l—X x343x%2—x+1 ]
T (a+x2)? [x%+x (1—x2)(1—x))
_ex(=x+1) [x3+3x%-x+1 | (1-x)?
= ) T " )] (1+ 27 (x*+2x3+2x2 -2x+1)
ey Z)Z(X +2x3 + 2x° —2x+1) = 2)z(x +2x3 +2x2 —2x+ 1)
oo 11 = 12

FRIIEE A E A = A RS TR E AR S A
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N SEEME » BRI + 8, = 90 — ) Hisinof i fE (n ZTREA n (Ei) - 41
ERRIER =AY &% A % VI -
EHHBsinO HEA /= KITER - FrEHER=AR 0 UIMRyE % -
PS5 DRME =AY [HES I > SOATE Ry VI -

ﬁ;‘:}xi : Z/CBA = Q, ~ZBAC = 8411(:]3 = 61, 412CA = ez(ﬁ/%%;&a%ﬂa, B, C)
JRATIEFFE R, BBV V]EEr; = Rsinb, r,=Rcosd

%CD =L, H LEHAB

BD = Lcota, AD = Lcotf

Cc
ffiLcota +LcotB =c «~ L= | R
cota+cotf B A
Lcota D LcotB
2% tanf secatana
csca seca
a = Lcsca = C = ;i = c FEE b = —————¢
cota+cotf tana+tanp tana+tanf /7‘@; tana+tanf
tanatanf
— 1 1 tanatanf
= A =—cXL=>c?————
_‘ﬁ;bmﬁiﬁ 2 2 tana+tanpf
2 tanatanpf
2Area __ tana+tanf ctanatanf3

“Ta+b+c ~ secatanf | secatana _ tana+tanf

c+ c4 c tan 3 sec a+tan asec f+tan a+tan
tana+tanf”  tana+tanf”  tana+tanf
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i -
R? = ry? + 2 (S VIR ER L)

Iy I
—g,tan 92 = B

a-r; cot; b-r; cot

DURER IR R T AR oot =

tan0, =

B o4
tan0;+tan0, r1(b—1'2 COt;)'H’z (a-ry cot)

1-tan@;tan®, (a—r1 cot%)(b—rz cotg)—rlrz

(1)(:ot%[3 = tan (90° — % — g) =tan(0, +0,) =

atf 1—tan%tanB

(2)C0t7 = BE

o
tan5+ tan;

AL RN (S B DS
[(a -n cotg) (b -, cotg) - rlrz] [1 - tangtan g]

_ B o o B
= [r1 (b -1, cotz) +r, (a -1 cotz)] (tanz + tan E)

o (lan + tanf) - (1aneor 4 1)] 1, fa(an 5 an) — ry (1anEcor 4 1)
=r anz +tanz | —r, (tan - cot rp [a{tanz +tanz ) —ry (tanz cots

(TEXXEFE » it AR E A7)
[ab —an cotg — bry cot% + 1 cot%cotg - rlrz] [1 - tangtan g]

=r; [b (tan% + tan g) -, (tan%cotg + 1)] +ry [a (tan% + tan B) - (tan B cot% + 1)]

CRERZ )

[ab — ar, cotg — bry cotg +1ry (cotgcotg - 1)]
— [ab tangtang — ar, tang — bry tang +rrp(1- tangtan g)]

B

=1y [b (tang + tan E) -, (tang cot=
2 2 22

(A

+ 1)] +r, [a (tan% + tan g) - (tangcotg + 1)]

B o a B
[ab — ar, coti —bry cotE + (coti cot E)]

— [ab tan g tan g + rr;(—tan g tan g)]

= rl(btan%— Iy tan%cotg) + rz(atang - tang

(FUfFEEBELEE » H LR =F)

ab —arn, cotg —bry cotg +ryry cotgcot

08
cot ;)

B_
2

B

o B o
ab tan stanz +rir; tan_tan

(04 (04 o
=r b tanz — 11, tanzcotg +rya tang — 11, tangcot;

(R T)
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rr; (cotgcotg + tangtang + tangcotg + tangcotg) -n ( b cotg +b tan%)
B B a B _
-I (a cot- + atanE) + ab (1 — tanEtanE) =0
(BRI AN 75

sin 0 cos 0 R? (tang + cot %) (tang + cot g) —cosORb (tang + cot g) —sinORa (tang -

cotg) + ab (1 - tangtang) =0

(fEAr, = Rsin®,r,=Rcos6 )
=EHER
B

[sin(—) R(tang + cotz) - b] [cos(—)R(tang + cotg) - a] —ab tangtang 0

Define : F3, (Asin8 +B)(Ccos®+D)—E =0
Hr:

2 Ctan atan 2
A:R(tanE+cotE):R_ = b :
2 2 sin 3 tan seca+tanasecB+tana+tanf  sinf8
tan asec
B = —b = —2nasech
tan a+tan
o o 2 Ctan atan 2
C:R(tan—+cot—):R_ = b -
2 2 sin a tan seca+tanasecf+tana+tanf3  sina
tanpseca
D= —a=——nfseca
tan a+tan 8

B

E =ab tangtanﬁ (tanBsec(x C) (tan(xsecﬁ B

2 \tana+tan B tan a+tan 3

.-.cos():l( L D)

c \Asin0+B
H¥cos® Hapksin® 5—sin Oy HIER, :
1o = o
C%(1 —sin?0)(Asin 0 + B)?
= (E — ADsin 8 — BD)?
= —2ADEsin 0 + 2ABD?sin® — 2BDE + E2 + A?D? sin” 0 + B2D?
B ER
—A2C? sin* @ — 2ABC?sin® 0 + (A%2C% — B2C% — A’D?) sin” 0
+2(ABC? + ADE — ABD?) sin © + B2C? + 2BDE — B2D? —E2 =0
FHtsin 0 =0, 16F - BIREEEIRRG L - NBIRDA B VIR - BB VERREA L
NxTEAE2ERER - 1R/t —E=XI5ER

C) tan g tan

)
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(1) fRAsin® =07 - EEEIHENFIL > AIERIRK0:
BZC? — B’D? + 2BDE — E? = 0

tan asecf 2 Ctanatanf 2 \2 _ tan asecf 2 tanpseca 2
(tan o+tan C) (tan B seca+tan asec f+tan a+tan X sin a) (tan o+tan C) (tan o+tan C)

+2 tangtanﬁ(tanasec[} C)Z (tanBseca C)Z _(tanasecB C)Z (tanBseca C)Z tanzgtanz B _ 0

2 \tana+tanf tan a+tan tan a+tan tan a+tan 8 2

(A _LEFTERIIA B> C D E)

B

B B
2

2

2 2 a
[ x(tan(x+tan|3)] =1—2tan5tan

tan 3 seca+tanasec f+tan a+tan 8

(FIHFEEZENEZ 1%  BR)

+ tan? gtan2

[ 2 X (tan o + t )]2—(1—t % E)2
tan 3 seca+tan asec 3+tan a+tan ana an B o anZ anZ
(ZEFTER)
Define:tan= = x t
erine:tan—=x tan— =
2 2~ Y
H 2 X (tana + tan ) > 0

tan B sec a+tan a sec B+tan a+tan B
ez % - BUEESREERE—ERIL - HEREGRAL » SelUEE -
FRMRIERIA
2(tana + tanB) = (1 — xy)(tan Bseca + tan asec B + tan o + tan )
RHF—TRIRERX ~ yRIPE
2(Z+12) = U)X Tt P X T+ o 1)

(BB = 75 R {E 78 ] LUF LA = Fa /R 7 = BB i85 )
FEIF( - x*)(1 - y*) LS
4[x(1—y?) +y(1 —x*)] = (1 —xy)[2y(1 + x%) + 2x(1 + y?) + 2x(1 — y?) + 2y(1 — x?)]
4(x —xy? +y —x%y) = (1 — xy) (4y + 4x)
FIo Ep AR -

X—xy?+y—xy=y—xy?+x—x*y > 0=0 (& ° {{{F{Esin 0 = 0:24Hf# )
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(2) fRAsin6 =11 » ZFEFEILFENFRIL » AIREERERRO0 :
—A?C? — 2ABC? + A%2C%? — B2C%? — A’D + 2(ABC? — ABD? + ADE) = 0

2

sin a

—b%(R

)2 — a? (Rﬁ)2 + 2a’b (R 2 )2 +2 (R E )(—a) (ab tangtan B) =0

sin sin 8 E

R0 (51— R () +ath () o () (tantanf) = 0
R (Garsans) = 270 (g5) (1 — tanFtan)
(tan Bsec oc+ttaar?o((xst::[38+tan o+tan B) (t::lco(;—stealcrlﬁﬁ)z

_ (tanBseca)2 (tanasecB)( 1 )(1 —tan%tanﬁ)

tan a+tan 3 tan a+tan 7 \sinf3 2

( tan o tan 8
tan 3 sec a+tan asec f+tan a+tan 3

) (tana + tan ) = tanatanf (1 - tan%tan g)

Deﬁne X = tan% ) y — tang

& BB x,y T
_ %X _ 2%y _ 1+x? _14y?
tano = 1_Xz,tanB =1z seca = — ,secf3 = —

(13%)(%) ) 2x 2y — 2x 2y —x
2((&)(1+x2)+(z_)«)(ﬂ)+z_x+ = | (Gt ) = (50) (52) - )

1—y2 1-x2 1-x2 1—y2 1-x2 1—y2

( 4xy ) (2x(1—y2)+2y(1—x2)

— 1 4xy
2 2y(1+x2)+2x(1+y2)+2y(1-x2)+2x(1-y?) (1-x%)(1-y?2) ) =1 =xy)

(1-x2)(1-y?)
2( ! )[2x(1—y2)+2y(1—x2)] =1-—xy
4x+4y

Ao w2 CwZ2v) — 1
oy XXy —xTy) =1-xy

1—-xy=1-—xy
0= 0(%& > H{E4Esin 0 = LiE4HfR)

&e DA ERTEEE » ISR ILIUXI5EZA'sin 0 =0, 14EE - RN ERFE 0 VIR -
BRI P EAER—E =050 MBIt H N ER = AP Vg = -
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[(HEN]) EEBR=AEFES IR » MIESUIBAEFEBRE -
FL

HMpIHEAEH L EE =AP o U HAE 1 AT Eb e e e A = AP E
VIR — (B - R M AR HE R = Aa 0 U2 SRR AR - T
HIRERA T U A A BT R —OTRE R R RY AR TR0 1 ATRTEE ey oy
VBB TE AL SHARE ©
a0 -

HATE " EAZAAEMESVIE | sSHEE RS
—A2C? — 2ABC? + A%C% — B2C% — A®D + 2(ABC? — ABD? + ADE) = 0

Define:F+G+H+1=0
Hr: F=-A2%2C?

G = —2ABC?

H = (A%2C? — B2C? — A?’D)

I = 2(ABC? — ABD? + ADE)
RIBRTEEVEE - BRAIFEEEURITERGFLE sin0 = 1, 0:ERg4HME - RIELERFIRFLIUZRTT
2R sin0 = 1,0 :
(Fsin®0 + Gsin?0 + Hsin® + 1) + (sin® — 1) = [Fsin?6 + (G + F) sin 6 + (H + G + F)]
ARSI R 77

(—(G+F)+\/(G+F)2—4F(H+G+F))2 + (—(G+F)—\/(G+F)2—4F(H+G+F)>2

2F 2F
FIFFELAT - 71§a% + b? = (a + b)? — 2ab » HEEARWREIRITEIT AR TR

—(G+F)+/(G+F)2—4F(H+G+F) % —(G+F)—/(G+F)2—4F(H+G+F)
2F 2F

41:2 [(G+F)?—(G+F)?+4F(H+ G+ F)]

_ H+G+F
- F

—(G+F)++/(G+F)2—4F(H+G+F) n —(G+F)—/(G+F)2—4F(H+G+F) 2
2F 2F

_ (G+F)?
=0
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—(G+F)+y (G+F)2—4F(H+G+F), o —(G+F)—/(G+F)2—4F(H+G+F) 2
( 2F )"+ 2F

G+F)? H+G+F
_ (G+F)* 9 5 HtG+F
F2 F

G2+42GF H+G+F
=1+ ( 2 —2X T)

—(G? — 2FH — 2F?)

= 1+ [(—2ABC?)? — 2(—A%C2)(A2C? — B2C? — A?D?) — 2(—A%C?)?]
1
=1+ F—2{4A2B2C2 _ 2[—A2C2(—BZC2 _ AZDZ)]}

2A2(C?
=1+ 5 (BZC2 - AZDZ)

FERTEIATEREHY A ~ B~ C~ DARAKTFH -

2 Ct t 2
A=R(tanE+c0tE)=R — = anatanp X —
2 2 sin 8 tan seca+tanasecB+tana+tanf  sinf

B=—-b=— tanasecf

tan a+tan

2 Ctanatanf 2
= X

sina tan 3 seca+tanasecf+tana+tanf sina
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