015 # - BRAFPERT ¢
B TR % IR

i & Y%% 010005
FRAY &F
T e A BB T, —F BB EARTOREL
g eS8
FRISEFrER4 W% 66 BERA%SH
HEWE
FrEPER
S HFRIBRL A WK

pAFR R’ F-F87F
hEREF FRE

Xt 3L

Mit: 2P -FATER S FAS M




;’1‘\
ok
=
;5

b3
(dm
dor
1‘3”&"*‘
&
hpas}
=|
=
M
T
A=
|
A
I
e
e
&)
"
T
e
1
&
)
*
e
i
5
=
B
+9%
1%

- BEHEA BTN R o Sl AIRERE > - BAK AXH T EovgEd T
LE&nE o 7 T i < 5 0 LiF2

PREIE 0 LR R R R



e

A7 —FEIE N BN ETRR SHEA—(EE & - (FEERF RS 8 JE
HANA W 2 Z @ EHE - (BB RN RTRCE R T - SRat E s RAIR AR
Z EHER T - FEVPPHTCEIE T R TR TSR DU AR AR - ks n 3B
JAE T lx — y|BSRA(E |, MAHEERY T EE A E | - BB HEEIREL - R E] T = ERHY
Rk -

AT B EBEET b - RISHEEERE AT RS - st 7 = fEEEE aR
INARREHY T - BN T x — yRIHRAE ) B T x — 2y RUSRME | B9 T [RIERSTIRER ) B2 T [FIER~TIAL
Bl AZRARERTE > SR SRR R B Ee A&y a # UIRIHE -

M EATEAZILU T SR
Lo Al — y|IBERAE T

() &3+nl > Al nBIPHY TR LB RITEIEEE -

Q) 3 | i BB RIS A BPTEAI BN S0 (9

2. fEx — yHHBRIET:
(1) [FERFRE:

4t Fn
2 Ln _ 2
4t +2 Ln bn | Qun T
2
6t—3 2 L,
6t+1 1 bn
Xt & & Fik

(2) [FEIER<FRIAEEA:
Emflle, & HEE > ATRFTAERYIHE > B BT 1~e, — 15 M —K

3. fEx — 2y RET:
(1) ISP

n ¢n Pumn Pn
B8 Gn (f) AR 2 WY IR
AT 1 2M,, OunIREL

(2) [AEaR~FREEE
a. Fnflle, & HER > RRFTAERYIHE - BHEF1~e, — 18— -
b, EnHle, & Ra# o Hnd8i0 Rt 77 mikrad Hay, ag, ..., ay  RIFA:
Ax+1 = 2a; (mod @)
Hrfk=1,2,..,nHa, =a; °



Abstract

In the research, we fill numbers on six vertices of a hexagon at first, and perform the
continuous operations: delete a number, and write the absolute difference of its two adjacent
numbers. These numbers are arranged in circular permutation, and we aim at studying its
conservation form and the model in which all numbers will return to zero. In the preliminary
process of the research, we build a research model and operating architecture, finding the “ideal
values k” related to different n-sided polygon in “|x — y| operation mode”. On the early stage,
we especially apply the characteristics of odevity.

In the extensive investigation, our study is toward congruence conservation form, and we
develop three ways to construct the congruence conservation form. We probe deeply into the
congruence conservation number and conservation form of “x — y operation mode* and
“x — 2y operation mode*, and we found that they are closely related to “Lucas sequence” and
“Mersenne sequence’.

We have got the following results:

1. In“|x —y| operation condition” :
(1) Ifn cannot be divided by 3, then the “ideal values k of n-sided polygon are all positive
integers.
(2) Ifn can be divided by 3, then the “ideal values k™ of n-sided polygon are all positive

odd integers and all positive even integers less than%n.

2. In*“x —y operation condition” :

(1) congruence conservation number:

n ¢)n Pmn Pn
2 L,—2
4t + 2 In bn factors of @,
2
6t — 3 2 L,
6t + 1 1 bn

* t is a positive integer

(2) congruence conservation form:
Assume that n and ¢,, are prime, and list all the possible “basis status”, then the number
from 1 to ¢, — 1 will appear just right one time.
3. In“x — 2y operation condition” :
(1) congruence conservation number:

n ¢n Pyn Pn
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even G, (none)

positive integers greater than 2

odd 1 2M,

factors of @,

(2) congruence conservation form:

a.

Assume that n and ¢,, are prime, and list all the possible “basis status”, then the

number from 1 to ¢, — 1 will appear just right one time.

Assume that n and ¢,, are odd numbers, and these n numbers are denoted by

a;, a,, ..., a, in counterclockwise direction, then

A+1 = 2a, (mod @p)
inwhich k=1,2,...,n and a,,; = a;.
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::[;%g(an_z 2y 4 1],;%§(an __bn)__|:%§(an_1 __bn_l)]z

— [% (an _ bn)(an—z _ bn—Z) + is(an _ bn)]

1 2

_ [g (aZn—Z _ Zan—lbn—l + bZn—Z) _ 5 (an—l _ bn—l) + 1]

1 1

— )= a2n—2 + b2n—2 _ an—zbn—z a2 + bZ + an _ bn }

el (@ + b)) + = (@ = b")
1 2

_ 1= a2n—2 _ Zan—lbn—l + bZn—Z _ an—l _ bn—l + 1]
H )~ = )

1
=FE,+2F,_, + A [-3(ab)™ 2 + 2(ab)™ 1] -1
=E, +2F,_; +[(-D)" 1] -1

_{ L, #nz$ ik
L,—2, #ni ik

EARL,FRERITESI< 1, 3, 4, 7, 11, 18..... >HEYEnIA -
(N ATA L, ERoRE RIS IHISE n I5)

DL R Bt o > FRPIREEE T DL F Ay DT
[EEDU) 77 T x — yRBRIEREEE | T iR K e SF I
{%m=i’%ﬂé%$

Lf’_’z L B e A E AR B A R T
Pun ="5— " FNs LES

— (Fn—l_l)_Fnt
(VU bn e g(
_(Fn—2+1)+(Fn—1_1)t - 4{
Bo = .

7. [FIERSFIEHISRE -
() BEHmIRLE > RO T T T AFRTRE G, o M1 " BRI
By o WRTEHANHEERF IR 0 # R @ un IR - AT B TR 72
EFAEERRIIEI B E o ek R IE N FEERFIRED Mot A2

BRBIAGER - Lhn = 1285 o] > HARTRSFIECR 2 - e KFEIeR<FINEUR 40
NEAIE T ERIATE CEE T B —(E S ROIRRE > 40
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33 141 gg 219 gg gg 37 (mod 40) 13 141 127 (i 12 ig 17 (mod 20)
31?2287@00110) 1igié‘7‘5(mod10)
BigigiZ(modS) 1giiégl(mod4)
1(1)(1)1(1)(1)1(m0d2)

FHIEL AT - &SRR LAY -

MY n {BE S HREKIL - BREMZEER LU NREwES:
[EH 7]

£ T x — yRHRIERRIE ) T BEHnBPRImRAR F R T I R @ pn H.
d | Qun > AT FTHE—(ERRE » e IR RE S B R SR A R
Ry 1 Hd/ZE(ERREH R KRBT IR

(%)
B A E R T IRGIRREES - 1 B A B AR FEER TR R ou, » PIEIRER:
aq Z;l aZ; -+ (mod @y)

A BT HREIE RS | oun > Dbk = ax (mod d) (k =1, 2,..,

m) H b & xmod di i/ NEETE2FERF > HI0 < by <d — 1 ° [HIFEbiHY

{E/Z e —HEERY ©

FEE > PAb B AFGIRAE TP Y ay
by bp_4

by Upt L (mod d)

NEBATE S IRIERIRHVEE » 2 by, » Rl
b1’< = by — (br41 — b-1)
= by—1 + by — by41

(/%\bnﬂ = bl)

MERSFRUIREE » S apBma R FRIEIZE - RIBAMIATIE:
Pun | ak
Rl
ap = ax — (Ag41 — A1)
= Qg—1 t g — Ag4q
= Qun

(Zans1 = ap)
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Horft, HEEE - N Ey
b, = a, (mod d)
ﬁbk:ak—d'lk (lkEZ)

Fit AFRAFT AT DLEE T AU 5 by -
by = by_1 + by — by41
= (ag-1 = lg—1 )+ (ag =l - &) — (Ags1 = b1 - @)
= (ag-1 + ag — A1) — Alp-1 + b — ler1)
=tk Pun —d -l (I €2)
=d-tg
Hornty FyHEy -
LRI RIE > by R ERTTE IR d AV E A Blld B iR AR T HYEBR~FIRE -
OFEF o AB0<b, <d-—1" Bl
b, =d-t
= b1+ by — b1
<2(d-1)
<2d
EAIRAE R 0 3 1« IREIA AL SRR IR A B SFHR -

57 - BEREER S B R
%

iRy
gcd(by, by, ..., by) =1
s
ged(d,r) =1
AR dRr 5 ARNE - BT
by =a,—d-I

A LIRS ay, ag, oo o, an A RE > BIFUGIRAE A GE - BERE
A& FrLldRIr g B£'E - e OB S BIEHIR R A NE - FrLUGIREEL
AEgRFIEEdr - [FREMER AZERHIREE FEY R AR R > %2
r=1- QEFHRRE T > SRR AR LNE L -

PRI RSB E dfE - BLAEE DL F 77 A S S MRS - 1 Bk
re S BHIR A ARE S 1 > HdRaZiRRE AR FIgR<FINEL - 155 -

(2) TFRGE T HATHYEER:

n ¢n Pymn Dn
4t
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At + 2 . L, —2 P B
2 ¢n
6t — 3 2 L,
6t + 1 1 b
Xt & I B

(b) FlERFIREAZ RITiEE

=5 T EerFREBNVE(E 2 1% - ROTBEREEERFRA TikRE ) 28
ARIREIEHE - BBAIRE » B2 EIn = 58F » BR 1R TR F @8 —fE~F Rk
ek

3 2 (mod 11)

LISk » A 55— fa<FIRREE - 40T

67

8 10 (mod 11)

i 38 R R BE N AV B A I BT 1~10 ) WA A > FHE > IfE%
IREIHE S FETRORENEIE T 1~ 3~ 4~ 5 9 thiatfstie 11 Ay IFIER! -
NI RERERL T FAM S (E P L BRaT -

S DEEHERIDT ] o BT (BR RS (R IREAIEAR) - HOmTacs T smiss Al AN 2
B ERERRRAE AT 5 TP WK PR > H L SRSl s £ S AE R I 23R

L fEiE(EPsEe T FMTEee gdr 7 FIDIRRERY 481 - (EE B taiaT AME -
BAPIt 73 By B B oW fE 1R et & o

(1) #t¥nEBEETEZ
a. Hn =30 HRAAL o (mod 2) —TEiRER - (2 A aTEmzE R -

S~
Hiu}

= S > ﬁﬂﬁ@#&ﬂkﬁb
6 7

(mod 11) 2 8 10 (mod 11)

EREHRII=1 (mod 5)  FEET 1~10 EIE4raE A A HIRAE N
{EIRRE T o MEF A ZR RS G PR B —(ERRE N AV B 15 By 11 #Y
ZRFER 0 S EIRRE N AV T AR 11 (Y I ERER

c. En=70%  HUUETRHREE - 40T ¢
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7 16 20 14 3 11
23 1 24 25 (mod 29) 17 2 19 21 (mod 29)

28 6 22 27 12 15
5 4 913 (mod 29) 10 3 18 26 (mod 29)

Wit 2T 1~28 REEMEA -
B B T PUREIRRE - BT LZ A G = SHRFE R B & 73 Ky — 2R
BRI IIERER - ERRMMIERIRE] - EVUHE T 2 Rt AFOR =K
FIERA I ERIER Z EIRER (% - Ko 7 EERERVERI > WM TEFR T

K®L = M (mod p)

BNEEKRE TR RUESLRE T X ERUpHGRBE &2 EE
BMZA -

2l = SEFEYIE S BB - A E— (BRI RV T (1,3,4,5,9) i R EEE
A 5—4H%F(2,6,7,810)50 BES B IHAIER

A®A = A (mod 11) A®B =B (mod11) B®B = A (mod 11)

1B HE LS ORI e R IEFIER 2 IR % - R BRIk 5 -

FHEEn = 78945 » F=3RAFTRFLA_EARRE AV T 73 FsVUSH » A0°F -
A ={1,7,16,20,23,24,25}
B=1{23,11,14,17,19,21}
C={4,5,6,9,13,22,28}

D = {8,10,12, 15,18, 26,27}

RIIFA ] IS N2 T B

A®A = A (mod 29) A®B =B (mod29) A®C = C (mod 29)
A®D = D (mod 29) B®B = C (mod 29) B®C = C (mod 29)
B®D = A (mod 29) C®C = A (mod 29) C®D = B (mod 29)
A®B = B (mod 29)

[.0f5]

EiZEn = TAVIEMN - bR T/IRREREMV AN S EAE DAY - B IR

T TIRE ) BVEERS - (BN EREB RIS - ERAVEREE

M HLE - INEAL TR REE5 B ¢

1. EEREHREIS—TELE R HE A EERE I - (RIS T EE R
H o FBE L ERNVEEENNEAN  EE&BEEREER 1% 0 M
SR EatE RS o] DUE B Ry 5 AVaRERIERE - W°h ¢
A'=1mod5 B '=2mod5 C =4mod5 D' =3mod5
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d.

2)

©)

it AR (R HIX(X = A BB B¢ C 2 D)X RIS ZCRE (R (524
DAV

2. [ERF > SCOEEEIETMEER 5 HURIEREARS - AHRIC4H R 5 FY 2K
RER - 1 JRRE FHYASHAICAHLE 29 HY —JCRIER -

En =11 > A[LIUGERIn = 7RAR{EHIEE:
(@) —FA[93 R 18 FA[FRIERE - 154 R 1~198 FEERVEA

(b) i5 18 4HEFHE MR A RN FTot @8V R% - M H AT DARSE R 19 Y
RERAHA

(0 HErpERiE R 19 By ZICRIERAY 9 (BT - 154rstiE 199 B ZRIER -
P Ry E BIF RS A FIRRE Z 500 -
FERE I Fr S SR E R P TR Z A - BRI Ran rS 2 AL LA [E A

FE o
I

Zn = TRH - FIRIAHE " FEERFREHI D BEDR o, [ )RRV
A [BEHERI =] AYJT U RS - It H RIS I4ATR:

( p _(Fn—l_l)_Fnt
o
¢TL Y ET
4[3 Pt D+ (Fyy — e P FE
P = .

NEEEn =70 ¢, =1 FRLL:
{ ay=(Fs—1)— F,t =7 — 13t

st h T
Bo=—(Fs+1)+(F,—Dt=—-6+7t ts i

Y A R E WA sEREE—E Al RINRE AR B EHALRE -

BT AR A A FIHVERRS - UHETARVEUERLSAE - tat/E# U Hyehl

REIIE -

Bl b o cZHmEL 29 B 8152 EFER £ > A REREECREFTAIREE © AT E
PR L Pl BEORH DUREA [F]HARREREAERR K () T BT SFIRIRRE

(29 - 1) + 7 = 4)» EHAT AL ATATIRE P RSB T H A G =
# o DUNRrE &z -

ST R E R > SFRIRRERFEHIRE

FEIE— BBy > BAPTEES L R 2= P R AV P A TR E AYEEH -
BRI R T IN B, EE - AIEMTALUTAVERDS « EEE
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[EER]
£ U x — yBUERERROE ) T EnBHFEERT R o, & HEE - R A
RERVELRESIHR - 1B EF 1~ (9n — DEHIE R -

(3691
BRI BT © SR b

a.

1527 AR R MRS - EnfyE ST > DL [EEEEA =] RS )7
N AIEWHGEHESEA N

{ ag = (Fp_q — 1) — Fyt (mod Ly)

Bo = —(Fp—z + 1) + (Fpuy — Dt (mod Ly,)
A UE3 A Y S5 » HIReulLy, o AT S8 0m] DS

bt Bk

{ 0o = (Fn—l -1) - F,t (mod ¢r)

St RE
By = —(Fpoy + 1) + (Fyy — 1)t (mod @) = # ¥

BEzged(pn, Fy) =m » Ao, L AVERE - Bl
m| gcd(Ly, Fy)
= m|gcd(F, + 2F,_1, F,)
= m|gcd(2F,_, F,)

¢ ged(Fy_y, Fy) = 1024 F, (=3 +n)

~m=1-Rlg, EO& -

i (et Es—]

=0, Fy, 2 Fyy oo oo, (0 — DF, 18 R — 80 0 HI5E 2GR 2

S Fpor =D, (Fpoy — D) =By (Fpey =D =2 F e, (Fey — 1) — (0 — DE,
IR R — 8 @ Y52 2R 2 Bllag FI A @ AR ERYE - 1 H——%
JEEIARERYCE(mod @) © HIE

REREE T aofHE » EHEE THIBHE » RIREIRERISME—FEE T -

B ay = 0 (mod @) > HIB NG [EER 0(mod ¢y,) » 5%By = b %
0 (mod ¢,,) > AIE(E B RE AR RFRE0 Ry

Fp_1b Fy_3b Fy_3b =

0b b 2b

EARREH R KR ST AL Ry
gcd((Fpy —1)b, Fyb) = b - gcd(Fyy — 1L, B) =b- ¢, =Db

b = ¢, =0 (mod ¢,) > FJ& > FilABo = 0 (mod ¢,,) > fEifTEN{EE
BT AR
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A —ERREA B —E0 - RIMREEHMABEIE R0 -

A ST amE R NI B Eao HEESTA (0, — DIEAFHIE
Ta 2t o, Y —SH A ERIER % -

¢ f3FE - HINAEMEE TS EE T (P46 Ha,) » BRAEHE —HEE (R T
AT - NIt > He—EIRENAE EEVEF IR - All—EH EEHY
B5e 8T @E [ R R AVEE - (R EAGIRREN R AY
AN EHLE T I R OMRIRE > Fris 2R GIRREG A — - N BIEFIHIE -
HfERE — B WIaTHR - BEEHRRREEME—HEE T - S LAERF A R

at cee
a, a, -+ Ay a; dy - (mOd (pn)

EEEXNnBER > A AR R BUEEE BT 5 BT RRES >
BEMRBAN G HFERNVEFHHE -
&bl ba.b.c. =& > HILWHEHa IERT IR, 2, . — 1G5 R0

A= EHYEENE R0 > FRIMTAETER) © 1M %EEET%MATE ?jt‘* IfE—HAERE
RIEFTAIVE » 81% > —(ERREAA ATRE & A ERAVE R - 1556 -

[EH - A A] DAGR 6 -2 [F] 6 < I B RS n 2 R[] 6R T SR (R AT - 40
T

¢n =1 (modn) -

[EH]
£ " — yRUERERROE N En(BESTIROIRRE - HASR@HVERE
Ay -

K®L = M (mod ¢,,)

TREEKANE It ZRUEGLAL T RHERUpEr B S &% 5
BMZA -

AIE —FIRRE N Y n (BB sl —(E & - HF k HES > W
ged(n, k) = 1> RIiE k (&S5RI A o e FTt @Y E R % -

(GELED!

R ZEAERIERIRE (& - PR MG E 555 F (EE IS SN ISE SR
72N ORBIE BTSRRI ER) - 2480% Pt & B A R Ue S EAV R
15 - PAEREER - HEE B VRS o R WA (E R 0 -
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a.

B HEE YRS > FMHER @, — 10 BT
on—1=kn (k€N)

A R E S K E R TR

{a" =1 (mod ¢,) —((1)
bk =1 (mod ¢,) —2)

i e ) JFIREEMEEERE - [ E AR (DER

o (M) [EE B, HIFE Fon - TTREA(2)Ta7H o (k) (EE e, HIFE Rk -

TR (DRI @ () A P (A Ry 1 HUEE > BCRa, 5 HAE
(I AL (k) (il P LB — (A By 1 A% > 5L Rsbo ©

R&ERE MYk(ESEE - HphEEEEEHAnETER - i HEETERE
J@limod @, YR/ NIER SEEFER 2

Al = {aobo, aozbo, a03b0, [ aonbo} (mOd (pn)

Ay ={aghy?, ag?by®, ag*ho’, ..., ag"by’} (mod @y)
As ={aphy®, ay?hy’, ag*hy’, ..., ag"by’} (mod @y)
Ak = {aobok, aozbok, a03b0k, e ey aonbok} (mOd gﬂn)

H [SefEs =) o DS fitimao flb HYEUE » T HkEES 2
—HEHY ©
7 ELEA N RFEERE: S kn {8 7T 245 @n 0 E W R TH 22

FMFHRGEE. - B M EE S o, [FER - B

ao'thy’t = ag2by”* (mod @) (1 < iy, iy <, 1< jy,jp < k)

2 MAX{iy, iy} = iy » MIN{iy, iy} = i,
MAX{j1, j2} = jm * MIN{js, j2} = jm
H (=i H ji=Jjp) 50 (1 <i; H ji <J2)
= aoimbojm(aOiM‘imbojM_jm —1)=0 (mod ¢,)
v ag'mby/™ £ 0 (mod ¢y,)
& apMTimp MTIm = 1 (mod ¢,)
RIEEITRN T -
= (a™ ™) (by™ M =1 (mod ¢y)
= (ap")M (b M =1 (mod ¢y)
= (bM™" =1 (mod ¢,)
0<jy—Jjm<k—1 H gedink)=1
v = Jm =0
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= Jju =Jm
= J1=J2
Ig‘lfi ’ il = iz ’

ED a0i1b011 — aoizbolz

a (W2 Hjp<j) B (i< H ji12J2)

= ag'mby™(agMm — hy/MIm) = 0 (mod @)
ay'mby’™ £ 0 (mod @,)

n agMTim = p MM (mod ¢,)

Wi [E]enKJ5

= 1=b,/M /™ (mod ¢,)

PUN S A YL -

ED a0i1b011 — aoizbolz

Rt iEkn{ET 2 i o, RIAHZE - 1558 -

PN ARBAMEER B - &S N ETTZERE IR E JT 51 - #8
k(B [E] R ST IR HIARES -

R ZNeE o B2 DU St 5 1= B0 > Home S —EER
FIIEZ A AR EEG—EEE - SR BIE TN E SENEG: -
HEEREAR ay, ag?, ag®, ..., ao" 1iEn — 1EEF T 80K E [EER
Pal i

x2=x+1 (mod ¢,) —(1)

BIATHEE ST IRGIRRE © SRECEZGER » FaR TR (DAY —EREme
x" =1 (mod ¢,) —(2)
fBEse Ryxo > HSBAFHE R AE SFIRGIRRE - DB RFR Fy:

i.,n-1 i.n-2 ...
boxg boxg

i . . mod
b(l)xo b(l)xg cee ( (pn)

0

Hrfi=1,2,.... k-

DU SREZE B VAR - B s =D AR - K52 + o, AP
(DZFER
4x% —4x — 4 =0 (mod ¢,)
B R DI EE
y? =5 (mod ) ——(3)
Hrf
y=2x—1(mod ¢,) —(4)

37



&)
L%L —Lp_1lpy1 =5- (_1)n

GEr AT, = (25) + (25) s mmnmE
.

p=n+1
s

= L%l+1 —LpLlpyo = 5
= L%,; =5 (mod L)
= L4, =5 (mod ¢,)
st TG ERE - T HAWMIER - 7351 Fy1 = Lpsa(mod @) F1
Y2 = —Lpyy (mod @) 5 FEMEF(DRYER > (D) EER R [EAE -
HAIEE Ryx, Hlx, (mod @p) © FTEAA
{xlz —x; —1=0 (mod ¢,)
x?—x,—1=0 (mod ¢,)
X, +x, =1 (mod @,
= {xllxz ; -1 ((mod q(il))

&

Tk = xlk + xzk

Al

T, =1 (mod ¢,)
T = Tg—1 + Ti—z (mod @y)

RIS 2] TR L

{ Ty = 2 (mod ¢,)

T, =0 (mod Ly)
= T, =0 (mod ¢,)
Pt A
{xln +x," =T, =0 (mod ¢,)
x"x, = =1 (mod ¢,)

{ x" =1 (mod ¢,)
X" = =1 (mod ¢,)

T Exo FITFAEVE(EREE (x0 = X1 (mod ¢y,)) » FRVARHRATRERI<F IR
ARRERIRKAT. -

117 R B N EE I AR - fPT o] DR SR HE S IR AR — 1
EHEHRZIE] T S B RAEERER (R - RAEEER - DR R IR
SR AN B SRR U [EREHY - INIE > I DASE R R
TR @HYVERR - 155
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(0ER]

£ EAtsE IR T kEES T EEESHAnETE - MESEITR
tE I mod @, KR ERIER % > EZEIEkn{ET R H e, M RIHE - NIt
HATAIFE Lk E R & Fmod @, HImEHIER 2 — (8 " &SRS -

(i —203H ]
HLL ERVREIHERE T > R EEH A —(EFROIRRE - DUERERR:

n—-1 ,n-2 .,
X1 x1

1 5 ... (mod @)
xl xl

EnflBia et —EMEEREE (o B ERERTT) @ e [EERHEAI ]
55 =FEATIRIRREAY 738 T EERRE | -

T A EAESLARIE /7 = x + 1 (mod @, VIR -
pALER BRI wEEe] s - G

AT DUREE H I (ETEERRS UG ARL » x FI1 -~ xp 0 AT IRREN & A n(E
B (S F TR Fr 258 BHny B AR - g & R E A 2n{EE -

BEL EnREE - e HEBHIEN T - et ZEERE T RS
IRAE - 1 BRI RBUE R o, HY'E INBUE R RE - B EE Y > MR
NS

 IBEFRIR

GSEe

£ T — yRURIEMRIE ) T BEn B BERNENRAKREGSFIRE L, -
A —Hon BLRE - Bo ApEERE - RIFEERTIIEx = x +

1 (mod @) HIRE 2P » L HARMT R By, xg, 0 Xgp > HLE

x," =1 (mod @,)Flx, 2" =1 (mod ¢,) Hx,™ £ 1 (mod ¢,) (k =
2,3,..,2P) < JRBENtniZ A HAEA —(d71EERRE(mod @,) » M2nE A 2P
{EfEERRE (mod @) °

(&8 ]
d
Pn = P1 X P2 X .. X Py
Ryon EEAE T X -
Pt DA 712
x2=x+1 (modp,) —)
i B B E E ek T R24H

(x°
x2
ixz
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x+1 (mod ¢,)
x+ 1 (mod ¢,)

x+ 1' (mod <pp)



A - Tt [EEE ] AVEEBHERE T - FefRE EatE—(EE R 712
x2=x+1 (mod ¢,) (m=1,2,...,p)
EA W A %Eﬂ%(pmﬁﬂfpmz FRRIFETRE AR - (R —RI5iE
(x = P1,t, (mod ¢4)
X =@z, (mod ¢;)

X = @y, '(mod ®p)
By Ht, a1 802 (m = 1,2, ..,p) FA—A2P(E—X 71240
H efiesi] > R e %DLT???*i_EE’]ﬁﬁﬁiij%ﬁZ’“{I
NH UEHEt]) fsgiHEiEs » JE 0 DU

{(pml =1 (mod ¢,,) (m
Pm2 = -1 (mOd Qom)

B X s R T AR U —{li o, T e [R5 12

{x = ¢y, (mod ¢,)
ix = ¢,1 (mod @,)

1,2,..,p)

x = ¢, (mod ¢,)
Az > FirlA

X = ‘P11 =1 (mod ¢,)
X = ‘P21 = 1 (mod ¢,)

k = pl_l (mod(pp)
=> xp =1 (modp,) —(2)

iR TR =AY HAN 2P — VEFR - 5 R FE R EIgR T2 4H DURIRR I U H
Al baa—EREGXZFER—1  mHEMAYEeR=EEERT - KL - =1
HifS

xi" =1 (mod @,) (k=2,3,..,2°) ——(3)
H

xP £1 (mod @,) (k=2,3,..,2°) ——(4)

SR X, %, -on, Xop iR [FIER A2 (DAY 2 ERH I - R
A )FAGIF(4) > FMIEREREE BT

xn 1 xn 2 ...
1% 2 - (modon)
fll
xZTl 1 xzn 2 ...
1 d
o x3, - (04 Pn)
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Hepm =1,2,..,p - CHERHE -

N7y
HEE 2B - IMEE RS T — U aiiE F e T IR Y

7R S 0 AVEEEER 12X = x + 1 (mod ¢y,) » FTSEIHIRI(E

e = 1 Do) - S BRSO

& > TR T e BAVEER (e REBIVIE) - HiEEEREE S

APEME > Hor Do) E’Ji‘ it R AR TSR PRy SR - A A8

% PritZSNEGHHENMTEE - AMREEZRHEENEEHE THEY
AR TP AT TE@%&%K%E’]@*%

(4) ¥ ReBRRETIRARE Z 77k -

EnfER  MEREEEHVF 5 WAELURE R nA ST
TROIRRE B RIER TR (ETFNBURERRIEIL T) - MG HERE

HAR RS - BN B - BT EREAR » SRS
BFIEARRE F7E4N - BMTEAHMA 575 - (R AN B 28
BN DUTREEEH ¢

Qi |
£ Tx — yBIBERR T EEn(E80m e sF IR - HHFEGFRE
Fyon > AEEERAETR LIRS - PR R A S TR ELRS » RIS (EAREW

SZNEI:SSHISE S0y

o

gcd(d ¥n)

GELED

Mg BB ARG AT SFIDIREE A i RE En(EBa 5 R
[FIER T I O uy © CENEEURISR S T HIRT g, ag, oo .., an > REEA

( @ +a; =az (mod Qyy)
! a, +az = a, (mod @)

lan—l + an = al (mOd (pMn)
a, +a, =a, (mod Q)

H
gecd(aq, ay, o vyay) =1
G S O LA - AT HYIRRE:

da, = -
da, da da3 (mOd dQDMn)

41



IR Fmod @y (TIREE:
by p" by ... (mod Pun)

Hep
0<da;—ounti =b; < yn—1 (i=1,2,cc..,nst; EN) ——1)

E6i%d
ng(d, <pn) =k
A0 - AT40
k|b;

RIriImod @y REERTA — AR Bk > BTG RIERE > RIS B
BB > AR e SRR T R LASE - BA R A AREs - Bl
b =ksc; (i=1,2,.....,n) ——2)
H
gcd(cy, ¢z v ycp) =1
DA LG R BT B AR RE S AT o Ay
kscy ]liziz kscy (mod @)

SC., vt ees Oun

= Scl SC;L SC3 oo (mOd k )
LA
( sc; + sc, = sc; (mod (p;\:n)
sc, + sc3 = sc, (mod ‘Pxn)
{
SCp_1 + Scp, = sc; (mod <Pzn)
| SCn T 5C1 =8¢, (mod ‘Pxn)
P

ged(s, ) =7
ar = 2 HE(D) AR
ged(ay, ay, ., ay) =1 =2

BLFE AR I - NItbr = 1> Bllsfle, 58 > Arble REH T REE R
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Pumn

( c1+c,=cy (modT
¢, +¢3 =c, (mod (p;:n)
) )
Cn-1+ ¢, =c¢; (mod %)
Py
| cn+ 01 = ¢ (mod kn)
FHAEA(R) > FHs =2 fl
Pmn Pmn
< o < YN L TMT
O<a=7 <%
= 0<c+Cg sgDZ"

Ll B 3 X AT — D B

C1+C2:C3
C2+C3=C4

Ch-1tCr =0
Chp+cCcp =10y

EREIEENFEGREGEAE REIR T - FEnEE T

D)BETAE A
da; = Qunt;
= gcd(aq, a,, ... ... ,a,) > 1

FIEunld - TSR RIEEN > R AER 1 -
AR ER (R IR IR (mod 1) HESBLELE » HILHE T HAE
HIEPE SRR -

iy

(L/t]
1 FRMREMGEIELS - EREATEL 2, oy — 1 — W AGTRZ > 7

o () (B (15 R 4 BB P L R I e K B BR ST IR S B ™ - S 4k

k
IR LAY B IR -
SRR R AR AR ¢
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Yo =m

dlm
e -
2. FBE L BRSNS E e TR E e, HEEIE
i AT ST G LA 28— - 28000 > P E o Ha
IR AR ST IR RR R AR TR ARYERET - H AT R e s S AT A~
TERAE A5 -

2. WHEH | AR R 2 BRGNS | FF S

Fras T EF IS ) RIETEMY InfTIV IS > B RF9Raq, ag, - G (7]
HE)RE— = ZVHEMARFEA » BFEERE—YI(EmS) -
HIGSEIERF ay, ay, . Ay @EREMEEN ~n—1 »n — 27H 1 THER >
HEF%—1T(E—T) - BLAEIRER:

aq a, as an-1 an
An+1 An+2 An+3 Arn-1 Azn
amn—l amn
a(m—l)n+1 a(m—l)n+2 a(m—l)n+3

RlIEZdl

Ay,0q2, .., Ap—1, Ay, At 1) - Am—Dn+1 Am—-Dn+2, - Amn
EEFEFRRFAI

An, A2ny - Am-1) Amns An—15 -+ A1 Ant 1, A(m-1)n+1

HIE EAEEIPRTT S SFIRLIRAR T A I8 AR (ks BPIE S SRR (A
FEMSEEFT)EA—{En x K1Y HIEHE - B R -

Bin = 7HS R fl:

A ={1,7,16,20,23,24,25}
B=1{23,11,14,17,19,21}
C={4,5,69,13,22, 28}

D = {8,10,12, 15,18, 26,27}

PEE AR —(E7 X 40 TR SRS
1 |2 [3 [4 |5 |6 |7
8 |9 |10 |11 |12 |13 |14
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15 (16 |17 |18 |19 |20 |21
22 123 |24 |25 |26 |27 |28

PR FATENESIR ERG T

s
A |B [B |C |Cc |C |[A ||
D |C |D |B |D |C |B
D |A |B |[D |B |A |B
C |[A |A |A |D |D |C

frafiizig - S EwE —EFRF I > BRIEETEIER 5 - Frfe
BV FFHIE —HAY:
A,B,B,C,C,C,A,D,C,D,B,D,C,B,D,A,B,D,B,A,B,C,A,A, A, D, D, C

(EEUED|
GRS RINEE R FHETE - DUNMEEIRFIRFFE A FEIER:
A:1-57-20-24-23-16 - 25 - 1 ({EH)
B:2-514-511-519-5 17 - 3 - 21 - 2 ({&I%)
C:4—-528-522-59->5-6-13 - 4 ({§&)
D:8 - 27 - 15- 18- 10 - 12 - 26 — 8 ({EI&)
A - RHEAF R T > ARIBXHIALE - T —(EE AR F R4
HERLEC A f (x) » FAHEA LU TR A
x=4q+r (QEN%1<r<4)
>fxX)=7r—-1)+7—¢q
=7r—q
= 7x (mod 29)
E77 =1 (mod 29) » FrLAEHEF-REA B C{E E 1% 5 E FAGTEER -
NPT ET A LUEE E H CH e U S UE RS - (547 BT
2=
= 1 (mod 29)
Ay —1R - %‘T‘Zlﬂl{lfﬁm ¢ t{l*m%jﬁ_ﬁﬁ%&%TLle7E’J%‘/’Ziu%E
it WEFEAL EFEFITRIIEE

(i —2b5iHA ]
E VSR EIERAVIEER DU ERTAnile, & KB NMUEERERRIL -
AMERR L SR AR FRIREE - HA0Eom e i
n" =1 (mod ¢,)
A & e A BT R IR [E e 51 -
AEAEMEGIMELEE
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n" = -1 (mod ¢,)
> (/e BBl ARG N AbaTE By & —tk > SEHETA
FIRIA—Hk -

BE5 7l HRME TR ERS] A —EZE Fn X ki > HHEFE]
A I TT AR E e TR

d* =1 (mod ¢,)
iR/ NERRER - Hofrd|e, — 1RTTREITTEAIE LA HIn)

RGNS

SR E PSR BIHYIE(ERPATEE HERPERInEROL - AT SRR
SE FREFIMIMEERRE A LR (4 - (HEFAVEUER IR AT - LHE
P R E B o A G B GHEERE -

. FIRSFILIR AR

B HAT R > BAMTE T BERE S F e ISR 7% - et
n @ NE X BE BRI EBEE TS5 - IS A R ESGER - Fr T
Ut ] AVEBIHRTE I H PAY MRS 77 - A dm i A P AR -
N 7B ERE B PR A SR R

(1) T EERFRIIREEHY T 7A:

a. DISHEIEE -
H [RCEREA =] P R A wIiGTH 2 8
{ ag = (Fpqy — 1) — Fyt (mod o)
Bo=—(Faz + 1) + (Fyuy — Dt (mod @y)
i AR EIRVHE LKA EEYSHRARES © 28 H P EE L o
b.  DAFIERTIEREIE -
fEE[EER 712X = x + 1 (mod @y,) » DAHARME Ry 4 BT IS HBERRS -
AN En YA - FrAERH [EEE] & [EE/A])-
c. DAMBEUERE
D8 =0ERE S T EE — 4P IRRRETR i B BRI DA S d P i Ry
HIEAVELRE < WHMEMEN - SRR [E3#EIL])

(2) FRIFEN

a. En e, EREEER A UEER] M UDEHEE] Frissay s -
b. EnREE - e EBEF A UEHE/\] FrisleyrEs -

(3) HAhFIREIAYIEE

t e Bk
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RT2 EEEE SRR R L B GHITTA

OV FRE AR RS 2 — x - 2yM
FEBRFESE T x — y R BRI B A M B 1% > TR e PRatx — 2y RUERIERS -

BIZE S AHOAME - I EAEREHERE S — gy 8] -
sl — 2y B EREE > 40°F ¢

TE—En BPE IR - EHR 0 EASHRZIES R - HEnERBHEAA
&R 1 IRCUTRAETIRE © 58 R AR RI BRI 6t 75 [ RTIH
BRAERIEL 2= © - JLERIEEABIIEZR Tx — 2yBIR{F, - |

1. x — 2y BRI EIEEC I Y[R BR ST IR
(1) ARIFEFIEE P,
Tillex — yBRIEEOE - BB MIREG (B = ] f8iE i — (R 2 ey w)
JEIRRE » P A IR ERIE 2 E A R R A RBACR IS F BRI E - I EX — 2y
BIRIRAE - b e E RIS d 2 IR 1 U7 7] Ho W e BRARE
A = Q-1 + 20,
EREA G Fyo > B RIE{ERRE DA R
0 P
B 2a+p 2a+3B -
CHRZMIARP ~ Q > Hl
{P = 2G,_sa + G,_,f
Q=26 a+Gp B
Hh G, e
G, =1
{ 61
Gp = Gp-q + 26y
=HE [ G,HIE Jacobsthal #%l< 1, 1, 3, 5, 11, 21, 43...... > o

A — TR E iR g B HEENER Qfla » FTLAIT<Q Fla 3 HIFE
TR ER AV EME - AT
Q =a—2P=a—2(26,_3a+ Gy,B) = (1 — 4Gy_3)a — 2Gp_,f
o =B—-2Q=F—-2(26C2a+ Gyp1p) = —4Gpa+ (1 — 26, 1)B
AP R BB Y 22 75l Ry
Q—Q = Q2Gr2a + Gp_1f) — [(1 = 4Gp_3)a — 2G,_,f]
= (2Gp_2 + 4Gp_3 — Da+ (Gpq + 26, 5)p
= (2G,-1 — Da+ G,B
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a—a =oa—[-4G,,a+ (1 —2G,_1)f]
= (4G, + Da+ (26,1 — D
B EA AR AR R M ZRAYE eR TR E - SR8
h(n) = gcd((2G,-1 — Da+ Guf, (4G, + Da+ (26,1 — 1))
FrLH
@nlh(n)

i (o) SPTIAUAH » EGy 25— (B — SO - PTLUHS I AR
6, =5 (2"~ (-1
R ST AL

{Gn =2G,1+1 &=ni:d#
Gp=2G,_1—1 %&n% %#k

Pt LU 1% HT DU B RS 2:

h(n) = {gcd((Gn — )+ Gy (G + 2+ (Gp — 2)B) + En s 4 #e
n) = gcd(Gyo+ G B, G+ Goff) = Gy (a+ B) » Fni iy #kc

EUN EHRn &M 57 Bl S

a. EnREEI - EEEEREE - B BT DIE RS AR TN AG,
BRI EX — 2yBHREEZUT  En B8 AVE A ZEE WM Ha ~ B 5y
& DARE RN UESERTA BT > sbe Ry SFIREIRES » 10 ELIEEE Gy, By
HEERFIEL -

b. EnFwarHiR - HGAVIREF A LIAIER + G, - FHEEZE B30 m] IR ERASRILE
RF A AR SR ST IR B (R B ] o] S YRR A IR E) Fy -

EHGR e
Ces+]
£ T x — 2y BRIBREGR:, T Al
(1) EnfBEE - ¢ = Gy
(2) Enkayii; > ¢ =1

(2) [FERFREpn:
PRt oe TARFSFIN B g 218 > BMEREEERET [ x — 2y BUR(ERIF L T
A ER<F IR @y, o B {EES I 2 RIS n Ay 233 Bl5 3

a. %n?%ﬁ%ﬁiﬁ%‘“
(a) ERIGHENE R I0AUIE - REFPHEM AR (B Rsa ~ B) » B ARG
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A DARIAE > PR EK R BR T IBGEF I G (a + B) » HEH R ~ BAI(ET]
DMER(AREIRE EE) - At Egr<FIREEREEREA > ForfEx — 2y4d
BRIFEAT - nREBENSA R ARG FRE -

(b) FHH L EAFEREEZ NV - SRS > 4 > ETERR
¢ = 28R R ERVEERF RS - TR L THRAE:
a g Z -+ (mod a + B)
HerafBEH - BNEE—(EEERFINARER - HILER R A R T IR
Ry + e
En Ry E
(a) HHOEET DIEEAFRFE# S, = 1 @R MEash(n) AR E M,

HItRfa=a, ~ B =By > HI
M, = ng((Gn —2)ag + GpPo, (G + 2)ag + (G, — 2)[30)
FrLH
My | (G = 2)ag + Gofo
Mg | (Gn + 2)ag + (G, — 2)By
PRI NIRC R 250508 & ao (15 SR N — (AR AL

=

M, | (Gy + 2[(G, = 2)ag + Gufo] — (G, — 2)[(Gy + 2) g + (G, — 2)Bo]
My | [(Gy +2) - Gy — (G, — 2)180 —(D)

FH > e DUBEB, » 55

My | =[(Gn +2) - G — (G — 2)*]ag —(2)

(D EFR) - HRay ~ Bo A& » FTEA
Mg | [(Gn + 2) ) Gn - (Gn - 2)2]
= M, | 6G, — 4

> My | 6-2[2"+1]—4

=M, | 2[2" —1]
= M, | 2M,
I EHIM, f{FEMersenne#

:ﬁD/EI B ’ a =(Gn_2)_6nt
ﬁﬁﬂ:tair_‘rfﬁ‘Mg - ZM‘fl {'30 = O—(Gn + 2) + (Gn - Z)t

TR 71X — 2y EESCT » End Bl a o R FEer TR EL
Oun = 2My,

vt s Bk
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T Ry —
CEMA—]1 7 " x — 2yRURAEIRIE T

Enfsar e 0 AiniS PRV a KR BRI E
Pyn = 2M,

EnRBE - MInBPIe A KE R RE -

(b) 13K TR AEERFIEE omn 2 12 > WIEx — yRIATES R BRI -
EFEERAIEN o, FouIRE - B Rs%IREE T HYEER
SHREL > T @un AR

FE L EREAMUN > DNER [EE+]1 meEH AR AR

s — yRIHE—Rk:

[Erf—]
£ Tx = 2yTRIBERRIE ) T EEEnEB A R KERF B oun B
d | oun > RIFRFIAATIREI—(EIRES - 2 © RGBS BN R A AR
Bk 1 HdREERERIVE A FE R IRE -

()
A AR PR - T B AT I w1 [EE
) AR AR BT

an an—l cee
a g g (mod @)

2 M H R IER AR | oun > Dbk = ax (mod d) (k =1, 2, ...,
n) Hb & mod di i/ NESESE 2R R F > BI0 < by < d — 1 ° [HIEbbiHY
{EE e —HEEHY -

i > PAb B AFGIRRE TP H Y ay

b brs
b1 b, b

.. (mod d)
INEBRFTE S EE T IRERTEIZ{E - < Fsby, > HIL:
by, = by — (bx4+1 — 2bg_1)
= 2byg—1 + by — D41

(Zbps1 = by)

MAEETRIIREE » CaRoma B FRIEIZE - AIEFRIHE:
Pun | a1,<

Rl
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ap = ag — (Ag41 — 2a5_4)
= 2Qp-q + A — Ag41
= Pumn " Uk
(% ans1 = A1)
Horpty, R%EE8 - NN Ky
b, = a, (mod d)
Sbe=a,—d-1, (I €2)
it LAFRAM O] AR e 5 by -
by = 2by_1 + by — byys
=2(ag-1 — gy d) + (@ = b+ d) — (g1 — by - D)
= (2ag_1 + ag — agy1) =A@y + U = liy1)
=t Pun—d -l (k €2)
=d-t,
Horpty Ry B8 -

R FRAIRIZE - b HRERT R A VB A 522 > Blld By RRE Y [EI R~ IREL -
B EG
gcd(by, by, ... ,by) =71

g

ged(d,r) =1
R B dMr 5 AR - BT

by =a;,—d-1l

A DR Ay, ay, oo, an WHAREL - BIFIGIRE TS A EE - BEESR
Ao Frbldfir hEZE TS -
XAy
b, =d -t
= 2bg—1 + b — D41
<3(d—1) < 3d

NIEE e FTRESERY 2 0 R0 > bR T = 2LUh  EREEID SN FERT - iBfE

fE Mg &Ry e+ ] i -
e > BAPIEERE Prat— (8 S B E E HLIRI BT IR E Ry d IR RE:

b A,
Hific, :7’< k=1, 2,.., n) - 15& -

QRGP
FlE g — y BRI HYEEIHEERGEES - SEIHRVZRE A B2 —1kAY > (HZE
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HrhufE—AREAVHTT - 25 fEx — yRIREGRITE T - RHRRRE S B
mod d. 2 1% - FHHAG LA © 28N Ex — 2yTUERIEGRAFE T - AR RER &
NS 2 > L AT A A& 2 PR (R A T etk — (&2 5) -
A G ALRE

(3) MER&ME T HARIER:

n ¢n Pyn Pn
HEL Gn (J%) TR 2 HYTEEEEL
AT 1 2M,, PunIREL

x — 2y BRI T FRR<FIRAE:

FEIE(EPEEL T > BT E X — y R FTa T am ey T A A S F e T IRDIRRR
PRI A BB - A En R EBEVIE T - i DMEBRVEEEIIAE - S
SPIRGIRRE © I - BUT B gt o Bl OB TERET - AR B R [FIERSF
INEHIPRAIGRAE T - A AEE SFIRLGIRER? M EL P HGIRRE S S ?

EnRRBOHE T DUFH B T o, B B B R TR (n
BB = Eb 5 5y Rk
(1) o Hy2FUE:

SRSy BlEE:

[eE+=1
12" x = 2y BUERVEIRE 5N (BRa Hn B IR K FI 8RB Ry, < B, B
Foay 8y > HaEn(E8IRHE 1 T RIRFEC May, ag, -, ay 0 HITA:
A1 = 2a, (mod ¢y)
Hipk =1,2,..,nHay = a; °

(GELED
FSFIRLE 2 o] LARIZE
2a4 + a, = a; (mod ¢,)
{ 2a, + a3 = a, (mod ¢,,)

20,1 + a, = a; (Mmod ¢,)
k 2a, +a; = a, (mod ¢,)

A En{ll F =000 - 155
2 a, =0 (mod ¢,)

R B2t @, 0 ATLL
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n

Y a =0 (modg,) —1)

k=1

MBI A E T (R EFEEAT
( 2a4 + a, = a3 (mod ¢,)
2az + a, = as (mod ¢,)

Lzan_z +a,_, = a, (mod ¢,)
2a, +a; = a, (mod ¢,)

BT E TR
20 +a,+az+a, +-+a,_1 =a, (modep, —H(2)
HE(DEEZ(Q2) > 75
a; = 2a, (mod ¢,)
HF EnfE RS BN - FrlA

A1 = 205 (Mod @p)
:/E\:Eljk = 1; 21 "':nﬁan+1 = al ° ?%I%‘%!{f °

Wit > CEE+=1 BIERIA T - £ Tx — 2yBUBRMEMRAE ) T > EnBHFEERST
W, EREE > RERE—EHEH - AIRERSEE—EE T -
(2) & pn Ry BB

e Ay - PTG
[EE -]
T x — 2yBUEREGRIT ) T (BB n S AR B R R T IE R gn > EnFy

EFH H on R8> AlEREEE P D —EEARTE -

()
B (4= ] (08I - (3P, B IBE - ke, = 2d - BIR
(I Q)T B

2 ) a,=0 (mod2d) —1)
a; + Z ai = 2a, (mod2d) —(2)
k=1
AR LU Wi Al e
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a. Yr_oja;, =0 (mod 2d)
R T > QB
a; = 2a, (mod 2d)
NP EnEERE SRS - A1iE%a; = a (mod 2d) » RIFE{ER
RELUED R By

PR R FE R~ IR Ry (2" — Da > Bl
2d|(2" - 1)a
MR Fy2d By 2M HIRE > BId| (2™ — 1) » FirlA
2|a
FORESIRAE N S EEA AR 2 - i R2dHVERER - ARG H AR
o EEAG  FE - TrEEEIAEE -

b. Y¥_ia, =d (mod 2d)
RN - 2QBIEFER
a; +d = 2a, (mod 2d)
NN FsiEn B2 IERIRGEREHRS - Fr DA _E=CA] [EE Ry
a, +d = 2a,_, (mod 2d)
Hrhk =1,2,...,nHap = a4 °
NAFyd 22" — 1NRE a8 Bl B (R A IAIE R IIRE N &
(&S Ry 8 - 1838 (FAEIZE B30 i BRiEIRREEARE - Bl

0< Ay <d
RIEEEFAT <
d—-1
a; =d—2x (1SxST *x €N)
(RS2

a,=d—4x (mod 2d)
{ a; =d—8x (mod2d)

a, =d—2"x (mod 2d)

Fivd < 2™ — 1 Firlld — 2™x < 0 - (RIEEFRAM mT DA
{ d—2'x=a, =0 (mod2d)
d—2"'x=a,,, <0 (mod2d)

= 2lx <d<2Mlx

= —d<-2x<d-2"'x<0

= d< a1 <2d

= % S Apy1 < Pn
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|
i

B .

Eﬁ

[LfE+]
00 L B s T Y 8053 3 - A T fEx — 2y
HREE BRI - WA (R ] AR T 5

ARG A e ©

(3) FFRIEN: EnkyE R
EEMEEE - A T UEE+ ] AysEIEREN [EE-U] fy#uEsH
& > FIEREREY ¢

(e +7]
£ T — 2yBURIERRIT ) T o BB R EERT R e, HERC AR ATA T
RERVESRES IR - 1B 8T 1~ (o — DEHIE iR -

(%)
BRIRSCT RS RN W0  H55) A= IR0 - SRlimsta b.c.

a. HHZREIVERGTEIE - FAMFIE - En A EES > DL [BEEEA =] AREE
= TEETRSEE
{ ay = (G, — 2) — G,t (mod 2M,,) Eh R
Bo = —(G, +2) + (G, — 2)t (mod 2M,) "~ *
A e+ YAVEE AR I eI ) R n | My 11 H on Ryar 8
DA bt B m] DU A By
ay, = (G, — 2) — Gt (mod @, .
PR ST L
BEEF P S A EERSPIOIRES - HEBRIR A SRE R 1 Hix K FEER
?'I\E%U%(pn

EEstged(@n, G) = m > K Fye, Fs2M,1VERE - ArLA
m| ng(Mn' Gn)

= m| gcd (zn iy 1])
3

i [oefteE ]

= m|gcd(2" —-1,2"+ 1)

> m=1
EUQDn ) Gnﬁ%f °
B [effier—]
=0, Gn, 2 Gy vov oo, (P — DG, 1R800 B EFIER 21
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= (G —2), (G —2) = Gy, (Gy — 2) = 2 Gy vov e, (G — 2) — (@ — 1)Gpy
IR Ry — 41 pn HI5E 2 RIER % > Rllag \I AR @, ERFERE - i H——%E
£ HEEHEmod @y) © NI -

REHEE T aofIE  tWELHEE T BB HIME - RIR(EIR GBS HE—HEE T -

b. 1ﬁ3§‘a0 = 0 (mod ¢,) > Euﬁoﬂ:ﬁ[ﬁ% 0(mod @) - ﬁ%gﬁﬁo =b %
0 (mod ¢y,) » RIEE(E B HNRE DA R Ky

Gn—lb Gn—zb Gn—3b
b b 3b

IEEARRERY K [F] R T IRy
gcd( (2G,., —1)b, G,b) =b-gcd(2G,_,—1,G,)=b-¢p, =b

Hlb = @, =0 (mod @) > FJ& > FTELBo = 0 (mod ¢,) > FEIMTIEn{EEE
BE » SR -

EE—EREE HHE—E0 - RIS BETE 20 -

MR ET SR - NI > B Ea A REHTA (0, — DIEEARRIE
tear 2o Y —dHRER £ -

0

c. FE - HERAEMEE TS [HET (WEH,)  EEE WS R ATE R
F o NIt - HE IR A EEVE T IR - Al — e A EENVESEE
HERP - SRR AR RV EUE » (E T EARREA HER YA [F L B 57 1]
AR B THIETRR - TS EIHGIRREG A —E - AIMTRIE - HEE — (8047
& - BEERREEEME—HEE T » H B RERA Ry

at . ** eee
a; A, -+ Ay Aq Ay - (mOd (pn)

EREHMEE > A o] fe HBEEE B2 R PRRpTIRLIRRE - #
BEMREARNGFERNEFHE -
Sra Pl Ea b =8 HetiaHa I E AT LARL 2, ..o, @ — 1GE R0 > HlE

ERHEER G K0 o TMTAETER) o A EEHEE T HGE - SUREME—MEEIR AT
HHVE Big > —ERREN A AT RE S A E R B 3R - e+ NSRS -

FHIEE - 2555 NG T [F)eR T IR S R Em 7 [T [F] 8 (%
¢, =1 (modn)

CLfE+—1
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Fimod 2M, 1Y R fjNREEE fymod o, INELRERT - Bt ATRE & AL OS] Fr
IR » Rl RN N EY 2 Bris - #EZNEERE S 2 —(Emod ¢nHY
SPIRLIRES - ERAE B UEE 1] s8HEREN a B0y > aoilis——%
JEZIA FERItE (mod ¢p) - FETMEE(EE BN G RO -

FrLAA S50 e+ ] > SRBHERIE IR A nlRES AR -

2 S5 — yRIRERTUERE - RIBAPI ATEE:

CEE-7x]
FE T = 2y BIBRERROE ) T iEn (B8RP IROIREE B H SR T I M, > B
T QHVERERA T -

K®L = M (mod p)

FNEGKNE—TTRRUESLAE T RZH R pG S S e s E RS
MZA -

faenfle, & HE% & REANnEE B —EEE - F L (EE
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Abstract

This research is a study of dynamic graph labeling on the vertices
of a polygon. We start the labeling by using a set of integers and
continually perform the following operation: choose the label of a
vertex and replace it by the linear combination of the labels from its
adjacent vertices.

There exists a number such that, if all labels remain unchanged
after any operation under modulo by that number, then the stable
representation of the labels is called a Congruence Conservation Form,
and the number we take for congruence is referred to as the
corresponding Congruence Conservation Number.

In this research proposal, by using a mathematical model and
solving particular congruence equations, we are able to obtain many
interesting Congruence Conservation Forms and their corresponding
numbers. Moreover, we discover the secret hidden inside this special
type of labeling.

As a consequence of this study, we have developed three ways to
construct the Congruence Conservation Forms. Surprisingly, we also
find a series of new sequences which are derived from the Congruence
Conservation Number. As a matter of fact, they are closely related to the
well-known sequences such as Lucas sequence etc., and the congruence
properties of these new sequences can be explained by the Congruence
Conservation Form. In the final part of this study, we conclude it with
showing the fact that the set of labels used in a Congruence
Conservation Form does form a cyclic group under multiplication

operation.
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I. Introduction

There are many games in graph labeling by using a set of integers,
and one of them is to label the vertices of a polygon and continually
perform given operation where a label is changed and the changed
value depends on the labels from its adjacent vertices.

One needs to study the properties of the remaining numbers after

many iterations.
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I1. Research Problem

The purpose of this study is to generalize these games into the
problem of dynamic labeling on the vertices of a polygon. For a given
n-gon, we want to find the conservation forms in which all labels
remain unchanged after any operation (under specific condition), and
explore their mathematical properties.
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I11.Basic Methods
A. Definitions

1. Congruence Conservation Form:
There exists a number such that, if all labels remain unchanged after
any operation under modulo by that number, then the stable

representation of the labels is called a Congruence Conservation Form.

2. Congruence Conservation Number:
The number we take for congruence is referred to as the

corresponding Congruence Conservation Number.

O Examples:

» Let us illustrate with relabeling a
vertex by taking direct difference of
the labels from two adjacent vertices
in a clockwise direction.

» Observe the changed value of every label after performing an operation
(left figure): 1 -1 2->-3 4--1 3-3

» Notice that all labels remain unchanged under modulo 5, and thus the
representation is regarded as a Congruence Conservation Form.

» The right figure is the other Congruence Conservation Form by

labeling a pentagon.
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B. Mathematical Model

1. We can use reversal operations to reconstruct a Congruence

Conservation Form step by step with two assumed initial labels a
and £.

2. Suppose P and Q are the last two labels, owing to the circular

structure, we can obtain a system of congruence equations.

3. We denote the maximal Congruence Conservation Number by
"Cp(a, B)" in this Congruence Conservation Form, and the
maximal value of C,(a, B) is abbreviated as "C," for simplicity.
Only the factors of C,, can be the Congruence Conservation

Numbers.

4. Suppose a number k satisfies the condition that no matter what
values of @ and [ we choose, k can definitely be the
Congruence Conservation Number, then we denote the maximal
value of k by "D,".
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IV.Process & Results
A. X —Y Operation Mode

1. Operation:

2. Finding the value of the Congruence Conservation Number:
Applying the mathematical model, we can obtain a system of

congruence equations:

{Q = a — P (mod Cy(a, B))
a = —Q (mod Cy(a, B))

in which

{P =F, 3a+ Fn_zﬁ
Q=F_a+ Fn—l[))

(E, 1s the Fibonacci number)

{ (Fpo1— Da+ F,B =0 (mod C,(a, B))
(Fpz + Da+ (Fp-1 —1)B = 0 (mod Cy,(a, B))
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» Value of D,
According to the definition of D,,, we can infer that:

D, =gcd(Fpoy—1, F, Fpy +1)
=gcd (Fp-1— 1, Fy)
=gcd (Fp-1— 1, F > +1)
=gcd (Fp3—2, F,» +1)

= gcd (Fn—x = Fioo Fnogv1 + Fe-1) (k is odd)
We then prove the following statements respectively:

(1) If n=4t,then D, = Fy),

(2 If n=4t+2,then D, =L,

(3) If n=6t—3,then D,, =2

4 Ifn=6t+1,then D, =1

(Here t is a positive integer, and L,, is the Lucas number.)

Proof.

(1) n=4t, let kK =2t + 1, then
Dy = ged (Fp-i — Fi, Fpgsr + F-1)
= gcd (Faemq = Fapirs Fae + Fpr)
= gcd (=Fy, 2Fy;)
= Fyr = Fn/Z

2)yn=4t+ 2, let k =2t + 1, then

Dy = gcd (Fo—k — Fi, Fpogar + Fie1)

= gcd (F2t+1 — Fyt41, Forgn + FZt)
= Fotip + For = Lytyq = Ly
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B)n=6t—3, let k =3t —2 (t isodd), then
Dp = gecd (Foo = Fio Facesn + Feoq)
= ged (Fse—q — Fsp—py Fae + F3p3)
= ged (Fap—3, 2F3_p + 2F3_3)
gcd (F3t—3» 2F3t—2) =2

If t iseven,thenlet k = 3t — 1. The result is the same.

4)n=6t+1,

a.n=6t—1,let k=3t (t iseven), then
D, = gcd (Fn—k — Fi, Fp_ggr + Fk—l)
= gcd (F3t—1 — F3¢, F3¢ + F3t—1)
= gcd (=Fzp—p, 2F3_1 + F3_5)
ged (F3t—2: 2F3t—1) =1

If t iseven, thenlet k = 3t — 1. The result is the same.

b.n=6t+1,let k =3t (¢t is odd), then
D, = gcd (Fn—k — Fi, Fp_gsr + Fk—l)
= gcd (Faps1 — Faey Fapan + Fae1)
= gcd (F3t—1: 2F3 + 2F3t—1)
gcd (F3t_1, 2F3t) =1

If t iseven, then let k = 3t — 1. The result is the same. W
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» Value of C,

We are going to prove:

{ , niseven
\

n
—, dd
D, niso

Proof.

According to the system of congruence equations derived from the

mathematical model, we know:

{ (Fpoy —Da+FEB=0 (mod Cn(a, ﬁ))
(Fp—z2 + Da + (F-y — DB = 0 (mod Cy(a, B))

Suppose Cn(a, ,8) has the maximal value C,, when a = «,,
B = PBo, then

{ Cnl(Fn—l - 1)“0 + Fnﬁo
Col(Fp—z + Dag + (Fyoqy — Do

Use elimination by addition or subtraction,

{ Cnl[(Fn—Z + 1) By — (Fn—l - 1)2]ﬁ0
Cnl[(Fn—Z + 1) k- (Fn—l - 1)2]0:0

= Cnl[(Fn—Z + 1) ‘F, — (Fn—l - 1)2]

Notice that the greatest common divisor of the coefficient of «,
and f, must be divided during elimination by addition or

subtraction.
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Therefore,

_(Fn—2+1)'Fn_(Fn—1_1)2

C
n Dn

In the meantime, the determinant of this system of equations is zero,

and thus we can derive the parametric form of @y and f,:

|{a _(Fn—l_l)_Fn't
0=
D,
4 _(Fn—2+1)+(Fn—1_1)'t
Lﬁoz D,

(Here t is an integer.)

We further simplify the value of C,, by the formula for the n™

Fibonacci number:
1+v5\" [1-+5\"
2 2

C. = Fn + 2Fn—l + [(_1)n—1] -1

n

S
V5

E, =

Finally, we can obtain:

Dy,
Lp— .
D’ nis even
o n
= In [ |

o nis odd

n
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3. Constructing all Congruence Conservation Forms:

Now we are going to interpret how to construct all Congruence
Conservation Forms. We have to introduce the aiding method ——
Supposing a Congruence Conservation Form is achieved, and then
multiply all labels by an integer coprime to the Congruence
Conservation Number, or modulo by a factor of the Congruence
Conservation Number. A new Congruence Conservation Form will be
constructed. This method is valid for all situations.

O Example:

n==~6

By using the mathematical model and this method, for a given

n-gon, we can construct its all Congruence Conservation Forms.
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4. Investigating the properties of the Congruence Conservation Form:

We have found two interesting properties of the Congruence
Conservation Form when both the values of n and the corresponding

Congruence Conservation Number are prime.

(1) The labels used in the Congruence Conservation Form does

form a cyclic group under multiplication operation. In addition,
. . Lpgi+1
it can be shown that the generator is given by E—

(2) All numerical factors of C,, are congruentto 1 modulo n.

O Example:

n=7
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Proof.

(1)

According to the formula for the Congruence Conservation Number,

when n is a prime, we know

Suppose the corresponding Congruence Conservation Number is Cy,

which is a prime, and we know
CalLn

Now, we have to prove that there exists an integer satisfies the

system of equations:

{xz =x+1(modC;) — (1)
x™ =1 (mod Cy) —(2)

Using method of substitution, we suppose y = 2x — 1 (mod Cy),
and then equation (1) can be rewritten by

y? =5 (mod C),)
By the following identical equation:
L%: —Lp-1lpsr = 5-(=D?
Let p =n+ 1 be even, we can infer that

y==xLpyq
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Its corresponding values of x are:

Ln+1 +1
X1 = —2

—Lp+1
xz == —2

They are the roots of equation (1), thus

{ x1 +x, =1 (mod Cy,)
X1+ x, = —1 (mod C},)

Suppose Ty = x¥ + xZ, then

T, = 2 (mod C;)
T, =1 (mod C})
Ty = Tg—q + T—z (mod Cy)
=> Ty = Ly = 0 (mod C))
So

{ X"+ x," =T, =0 (mod C,)
X" x, = —1 (mod C;)

Hence, we know that either x; or x, satisfies equation (1) and (2)

simultaneously. Now, we are going to prove that x; is the root.

x? =x; + 1 (mod C))
= x; = E, - x; + F,,_; (mod Cy)
= 2x}=E,-(2x;— 1) =F, - Ly, = 2 (mod C),)

(by the identical equation F,,;q L, — F, - Ly = (1" - 2)

= xi' =1 (mod Cy,) ]
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)

By property (1), we can construct a
Congruence Conservation Form.

(shown as the right figure)
Suppose set A; as follows:
Al = {1' X1, x%; Ty x?_l} (mOd C;l)

A, 1is a cyclic group and its elements are the labels used in the above

Congruence Conservation Form. Now consider its cosets:

Ay = {k kxy, kx3, -, kx}"'} (mod C,
(k is aninteger,k % 1 (mod C,))

They can also construct a Congruence Conservation Form. Besides,

we can infer that:
a. Any two of these sets (including A;) have no intersection
b. The union of these sets are: {1,2,3,...,C,, — 1}

Thus, C; must be congruentto 1 modulo n. u

In fact, suppose C;, —1 =n-k, and b, is one of the roots of the

equation:
x* =1 (mod C},)

and satisfies that k, is the index of 1 to the base b, modulo Cj,.
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Then those sets can be given by

Ay ={1,x,x%,-, %171} (mod Cy)
Ay = {bg, box1, box?, -+, box '} (mod C;,)

A = {bg, bgx, bgxi, -+, bgx1 ™"} (mod Cp)

_ ko—l ko—l ko—l 2 ko—l n-—1 I
A, ={by" " by° x1, by xZ, -+, by x] 1} (mod Cy)

So far, we have developed the other different method to construct the
Congruence Conservation Form by forming a cyclic group, and this
method is definitely valid when n and the corresponding Congruence
Conservation Number are both prime. For the other situations, we have
observed that as long as the Congruence Conservation Number is

congruent to 1 modulo n, then a cyclic group can also be formed.

O Example:

n=9
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B. X —2Y Operation Mode

1. Operation:

2. Finding the value of the Congruence Conservation Number:
As the method we used in the "X — Y Operation Mode", we can

obtain a system of congruence equations by applying the mathematical

model:

{Q = a — 2P (mod Cy(a, B))
a=p—2Q (modCy(a, B))

in which

{P = Jn-3a + Ju_2f
Q =Jn2a+]n1p

(Jn, 1s the Jacobsthal number)

{ (2Jp-1— Da+J,B =0 (mod C,(a, B))
(4Jp-2 + Da+ (2Jy-1 — 1B = 0 (mod C,(a, B))
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» Value of D,

We are going to prove that

D _{]n; niseven
"1, nisodd

Proof.
By the formula

{]n =2J,.1—1, mniseven
]Tl = 2]n—1+1; nlS Odd

We can simply infer that
D,, = gcd (Zjn—l -1, Jn, 42t 1)

o {ng (]n: In> ]n)’ nis even
“ged (Jn =2 Ju, Jn +2), nisodd

_{]n, nis even
|1, nisodd
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» Value of C,
we are going to prove the following statements respectively:

(1) If n iseven, then €, has no maximal value.
(2) If n isodd, then C,, =2M,,.
(M,, is the Mersenne number)

Proof.
(D

Observing the proof of the value of D,,, we can find that when n is

even, then

Cn(a'ﬁ) = Ja(a +B)

Since the values of @ and S can be arbitrarily given, their sum can

be arbitrarily large, and thus C,, has no maximal value.

(2)
When n is odd,

{ Un —2)a + JuB = 0 (mod Cy(a, B))
Un + 2D+ (J, — 2)B = 0 (mod Cy(a, B))

Suppose Cn(a, ,8) has the maximal value C,, when a = «,,
B = By, then

{ Cnl(/n - 2)“0 +]n,80
Cnl(ln + 2)6!0 + Un - Z)ﬁO

Using elimination by addition or subtraction, we can get:
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Cn:(/n+2)']n_(]n_2)2
Simplify it,
C,=2M,
In the meantime,

{(ZO:(]n—Z)—]n't
Bo=-Unt+t2)+Un—2) t

(Here t is an integer.) |

3. Constructing all Congruence Conservation Forms:

By using the aiding method we introduced in the "X —Y Operation
Mode" and the above results, we can also construct all Congruence

Conservation Forms for a given n-gon (n is odd).
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4. Investigating the properties of the Congruence Conservation Form:

In the "X — 2Y Operation Mode", the properties of the Congruence
Conservation Form are the same as those in the "X —Y Operation
Mode" (a cyclic group structure and congruence relations between n
and the Congruence Conservation Number). The only difference is that

the generator in this operation mode is 2.

Obviously, 2 is the root of the system of equations:

xn

in which Cj, is an odd prime Congruence Conservation Number and

x+2
1 (mod C))

satisfies

Cnl2M,
O Example:

n=>5
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C. %(pX + qY) Operation Mode

1. Operation: (p,q,r € Z and gcd(p,q,7) = 1)

2. Finding the value of the Congruence Conservation Number:

We apply the mathematical model in this operation mode to
construct the Congruence Conservation Form step by step in
counterclockwise direction:

90



and obtain a corresponding system of congruence equations:

{ rQ = p"ta+ qP (mod Cy(a, B) - p"2)
rp"2a = p" B + qQ (mod C,(a, B) - p"7?)

in which

{P = p(—Up—za + Uyp_,p)
Q=-Upa+U,_1p

and U, satisfies the recurrence relation:
UO — O

{Ul == 1

Up =1Up-1 —pqUpn—

Simplify the system of equations, and we can get:

{ QU1 +p" Da—-U,B=0(Ch(a, B)-p" %)
(q*Upz + 1P Da— (qUp1 +p" DB =0 (Cp(a, B) - p"7?)

Then we are going to use similar method of the former operation mode
to find the values of D,, and C,. Besides, the sequence V;, in the next

part is defined as follows:

VOZZ
{Vlzr

Vo=1Vho1 —0qVn_s
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» Value of D,
D, =gcd(qUp_1 +p" ', Up, q*Up_ +1p"7?)
We have found the formula for D,, under particular conditions:
1 W p+q—r=0,then D, =U,

U, n=0(mod?2)

@) If p+q+7 =0, then Dn={ v 1 (med )

(3) If p+q=0,then

(Un, n =0 (mod 4)

ng, n=2(mod4)

2,2 n=3(mod6), k—r =0 (mod?2)

1, n=3(mod6), k—r=1(mod?2)
\1, n = +1 (mod 6)

Proof.

(1) p+q —r =0, we can simply infer that

= D, = gcd(qUy—q + ™%, Uy, qPUp—p +1p™7 %)
= ng(Un' Un' Un)
= Un

(In fact, C,(a,B) = Uy(a —B))
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(2) p+ q+1r =0, we can simply infer that

_»" - "

U
" p—q

a. n=0(mod?2)
D,=U,(»Seep+q—1r=0)

b. n=1(mod?2)
Up=—qUp1 + pn—l
= Dy = ged(qUp—1 + ™Y, Up, q*Un—p +1p"7%)

=gcd(qUp_1 + pn—1, Un)
= gcd(2p™™, Upn)
=1

(wecaninfer2 { U,andp { U,

from the recurrence relation of U,,)

3) p+q=0
D, = ged(=pUp_y +p" "1, Up, p*Up_p + 1p""%)
P (PPUpy + 10" ) =p Uy + 7 (=pUp_y +p"71)
“ptU,
= gcd(qUp—1 +p" "1, Up)| p*Up_p + 1p"~2
= D, = ng(_pUn—l + pn—l’ Un)
= gcd(=Up_q +p""%,Uy)
= gcd(=Up_1 +p" 2, Up_p + 7k™™)

=gcd(—Up,_ + (-1 - U, - p" 2k
—Up_p41 + (—DF 1. Uy, - pn2k2)
(k €N, n > 2k)
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n =0 (mod4),let k=2t (t €N)
D, = gcd(2Uy, Uyy) = Un/2

n=2(mod4),let k=2t+1(t €E€N)
D, = gcd(0,Uppyp + Uy - k%) = Va2

n=6t—3 (mod6),let k=3t—2(t €N, tiseven)
D, = gcd(Use—y + Usp_p - k, Use — Uz - k)
= gcd(Ust—1 + Ust—z - k, Usr = k(Uze—1 — pU3c—2))
= gcd(Usze + (k —p)Uze—q, Uz — (k + p)Us—1)
= ged(k —p,2)

If t is odd, then the result is the same.

n=6t—1(mod6),let k =3t—1(t €N, tiseven)
Dp = gcd(Usy — Usg—q * k, Uzpiq + Uzp_p - k3)

= gcd(Usgqr + (kK = p)Uss, Usprr — (kK +p)Us;)
=1

If t is odd, then the result is the same.

n=6t+ 1 (mod6),let k =3t(t €N, tiseven)
Dp = gcd(Uszpiq + Uy - k, Uzpip — Uzpoq - k3)

= gcd(Uspqz + (kK = P)Uspsr, Uspyz — (k + 0)Usti1)
=1

If t is odd, then the result is the same.
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» Value of C,

We are going to prove the general form of Cp,:

V= @" + M)

C
n Dn

Proof.

From the system of equations derived from the mathematical model:

{ (qUp—1 +p" Da—U,B =0 (Cp(a, B)-p™?)
(q*Up—z +rp" ) = (qUp—q + p" " DB =0 (Co(a, B) - p"72)

Similar to the former operation modes, suppose C, (a, ﬁ) has the
maximal value C,, when a = ay, f = B,. By using the elimination

by addition or subtraction, we can obtain:

.o U (q?Up—p +1p"7?) — (qUp—1 + 0" 1)?|
n - D. - pn—z
n

Simplify it by the formula
(r + /1?2 — 4pq)n B (r —r? - 4pq)n
U, = Z 2
Vr? —4pq

Finally, we can get

Vo — (" +q™)|
D,

C,=
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In the meantime, the determinant of this system of equations is zero,

and thus we can derive the parametric form of @y and f,:

|(0(0 _ (qUn—l + pn—l) —U,-t
4 Dn . pn—Z
| (QPUu s +1p" ) —(QUpq +p™ ) - t
kﬁo a D, - pn—Z
(Here t is an integer.) |

Notice that a series of new sequences are discovered, and they have

the form as follows:

S.(p,q,7r)=|V,— (p" + q")|

We will discuss it later.

3. Constructing all Congruence Conservation Forms:

So far, for a given operation mode and an n-gon, we can construct
all Congruence Conservation Forms by the above results and the

method we used in former operation mode.

4. Investigating the properties of the Congruence Conservation Form:

Observing the Congruence Conservation Form, we found they have
the same properties of the former operation modes in most of situations.

For exceptional cases, we will discuss it in the next part.

96



V. Discussions

A. New Sequences

We have derived a series of new sequences of kind S,,(p,q,7) from the

formula for the Congruence Conservation Number:
Sn(p' q, T‘) =Cp- Dy
= Va(r, p@) = Va(p + 4, PQ)|

in which V,,(4, B) is the Lucas sequence which satisfies the recurrence
relation:

Vo(4, B)
Vi(4, B)
V,(4, B)

2
A
A-

Vo_1(4, B) =B -V,_,(A, B) forn>1

We observed that S, (p, q,7) having the following identities (except
for some special cases suchas p+q —1r = 0):

(1) mln= Sp(p, 4, 7)|Sa(p, 9. 7)

2 (@+q—1)ISy(p, a, 1)

(3) Suppose n is an odd prime, and k is the prime factor of
Sn(p, q, r) and k #p+q —r,then k =1 (modn).

(4) Suppose n is a composite number, and k is the primitive prime
factor of Sn(p, q, r) and k # p + q — r, then either
k =1 (mod n) or k|D,.
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> Interpretations

The identities (1) can be easily proved by the meaning of the
Congruence Conservation Number, and identities (2) can be proved

by Fermat’s little theorem.

As for the identity (3), by similar process of proofin the "X —Y

Operation Mode", it can be derived that if the equation
x? =r?—4pq (mod S,(p, q, 1))
has solutions, then the identity (3) holds.

The identity (4) is a conjecture, and it can be understood by the

meaning of the Congruence Conservation Form.
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B. Special Case: p = q

In most of situations, the identity (3) of sequences S, (p, q, r) holds.
However, we found an exceptional case where p = q. Suppose n is an
odd prime, and then the prime factor of S, (p, q, r) (denoted by C;)
may be congruent to —1 modulo n.

» Interpretation:

We observed that when n is an odd prime, then the prime factors of
C, are the same as those of D,,. Thus when the value of n and
corresponding Congruence Conservation Number are both prime, the
two initial labels @ and S (in the mathematical model) can be
arbitrarily chosen. Except for the situation where a = f§ = 0, the other
possible number pairs of (a, ) will just appear once (Because a pair
of (a,f) can decide a Congruence Conservation Form,and n is a
prime, therefore, it can be inferred that a pair of (a, ) won’t appear
twice in a Congruence Conservation Form). Finally, it can be proved
that

C,’l2 =1 (mod n)

= C, = +1 (mod n)
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V1. Conclusions

Develop a mathematical model to construct all Congruence
Conservation Forms, and derived formula for the Congruence

Conservation Number under different operation modes.

Discover a series of new sequences which are derived from the
Congruence Conservation Number, and their congruence properties

can be explained by the Congruence Conservation Form.

When a Congruence Conservation Form is achieved under the
condition that n and the corresponding Congruence Conservation
Number are both prime, the remaining labels will form a cyclic

group under multiplication operation.
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