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B # % & : Yao-Teng “Thomas” You holding his award at Broadcom MASTERS

International in Phoenix, Ariz. For more photos, visit Facebook Album.
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About the Author

Photo Source: Yao-Teng “Thomas” You holding his award at Broadcom MASTERS

International in Phoenix, Ariz. For more photos, visit Facebook Album.

| like to read the books related to science, technology, engineering, and
mathematics, because | can apply what | have learned to absorb more knowledge
broaden their horizons, and do some interesting discussion and designs. On weekends, |
often discuss and solve mathematics problems with my friends who have the same

interest. | find these activities are interesting to me and fulfilling my life now.

I am interested in science-related works, such as engineers or scientific researchers
as my future career. These kinds of jobs on the one hand, can benefit mankind, and
make people's lives more comfortable and convenient; on the other hand, meet my own

interest.

With the completion of this project, | have learned the perseverance of seeking


https://www.facebook.com/media/set/?set=a.437831162980041.1073741829.112582115504949&type=1&l=7c2ec574de

precise, accurate, and seeking perfection the spirit of scientific research. When facing
difficulties and obstacles, one needs to have patience and perseverance symptoms
presented by more detailed parsing, classification, and induction to find out an effective
way to solve the problem. During the discussing about the solving methodology and the
process of finishing this project, | really want to try my best to describe this problem
with simple and novel mathematical models in order to obtain a more concise proof

process.
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This study investigated the maximum number of colored cells for square,
equilateral triangle, regular hexagon, and several kinds of Archimedean tessellations
under the constraints that each adjacent cell would have at most x cells been colored.
Similar cases were studied to find out the minimum number of colored cells under the

constraints that each adjacent cell would have at least x cells been colored.

In this study, the methods of valuation and inequality analysis were adopted to find
out the minimum upper bound (or the maximum lower bound) of colored cells. It could
be fully solved by using the differences and restrictions in sharing edges of colored cells
which located on the corners, on the outermost layer, and in the interior layers of a
tessellation. The maximum (or the minimum) number of colored cells could be
calculated from the construction of different coloring results. The existence of the
maximum (or the minimum) number of colored cells and coloring results was further
proved by using the mathematical induction. The results showed that it is the same as
the minimum upper bound (or the maximum lower bound) obtained from the previous

analyses. Therefore, such kind of coloring problems has been studied completely.

The results of this study can be further applied to the following areas: tiling or
dyeing basic pattern design, LED lighting puzzle game design, supply-demand optimal

portfolio allocation, LED advertising panel or control and adjustment, etc.
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M (P, k, x) k TEaP | f(0)=C, | fO)=C, | h(h=C,
M (S, k, 3) >4 4 548 1380 384
M (S, k, 3) >4 4 472 1256 384
M (T, k, 1) >3 3 154 388 108
M (T, k, 1) >3 3 127 343 108
M (T, k, 2) >3 3 308 776 216
M (T, k, 2) >3 3 252 684 216
M (H,,, k, 1) >7 7 379 088 294
M(H, k, 1) >7 7 347 935 294
M (H,, k, 2) >6 3 210 387 54
M (H., k, 2) >6 3 182 348 54
M(H,, k,3) >8 8 1948 5116 1536
M (H., k, 3) >8 8 1798 4870 1536
M (H,, k, 4) >3 3 168 411 108
M (H., k, 4) >3 3 137 358 108
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Introduction

As for the exercise problem obtained from Question 30 in Intermediate Division
and Senior Division, Australian Mathematics Competition 2011™ it requires to solve

the question:

A 40x40 white square is divided into 1x1 squares by lines parallel to
its sides. Some of these 1x1 squares are colored red so that each of the
1x1 squares, regardless of whether it is colored red or not, shares a side
with at most one red square (not counting itself). What is the largest

possible number of red squares?

A similar problem was also found in Question A3 in International Mathematics
Olympiad 1999™ edited and published in Feng, Yueh-Feng (2005), the High School
Mathematical Olympiad Small Series Vol. 16 -- Combination of extreme,

Demonstration and construction, 1st Ed., East China Normal University Presst™.

Recently, an analogous problem was presented on Question 5, Third Round, Senior

Division, The South African Mathematical Olympiad 2013™:

Some coins are placed on a 20x13-board. Two coins are called neighbors
if they are in the same row or column and no other coins between them.
What is the largest number of coins that can be placed on the board if no

coin is allowed to have more than two neighbors?

Problems related to regular polygon tessellations had been widely discussed and

studied. Many real-life engineering applications could be found in references®"®!.

The exploration processes caught my interest and | want to use the basic
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techniques and skills learned from high school mathematics to solve the above

problems.

In this study, the maximum number of colored cells for square, equilateral triangle,
regular hexagon, and several kinds of Archimedean tessellations under the constraints
that each adjacent cell would have at most X cells been colored will be investigated.
Similar cases will also be studied to find out the minimum number of colored cells
under the constraints that each adjacent cell would have at least X cells been colored.
Further extension about coloring problems with different constraints of regular polygon

tessellations will be discussed in advance.
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Definition and Notations

1. Definition

(1) Tessellation

(2)

(3)

A tessellation is the tiling of a plane using one or more geometric shapes,
called tiles, with no overlaps and no gaps.

Regular Tessellation

Regular Tessellation is a pattern made by repeating a regular polygon.
There are only three regular tessellations using exactly one kind of identical
regular polygons arranged edge-to-edge. It is composed of the square,
equilateral triangle, and a regular hexagon. All of the tessellations are made up

of regular polygons which are all of the same type.
Semi-regular Tessellation

Semi-regular tessellations are made by using two or more regular shapes.
The vertex arrangement is the same throughout the entire pattern. A

semi-regular tessellation is also known as an Archimedean tessellation. There

are only eight semi-regular tessellations (or nine if the mirror-image pair of

b

tessellations counts as two)!"®l,

—

AYANNVAV

AAAAAA

(3,3,3,4,4) (3,3,4,3,4) (3,6,3,6) (3,3,3,3,6)
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http://translate.googleusercontent.com/translate_c?depth=1&hl=zh-TW&prev=/search%3Fq%3DArchimedean%2Btessellation%2B%25E4%25B8%25AD%25E6%2596%2587%26biw%3D1366%26bih%3D638&rurl=translate.google.com.tw&sl=en&u=http://en.wikipedia.org/wiki/File:Tiling_Semiregular_3-3-3-3-6_Snub_Hexagonal_Mirror.svg&usg=ALkJrhgBHy3D5kayHxzFf-cTdYhxnJ_5lg

& & @

(3,12,12) 3,4,6,4 (4,6,12)

(4) Vertex-centred Regular Tessellation

A vertex is the point of intersection of the polygons in tessellation. A
vertex-centred regular tessellation is a vertex as the center to form a regular

tessellation.
(5) Polygon-centred Regular Tessellation

A polygon-centred regular tessellation is a polygon as the center to form a

regular tessellation.
2. Notations
(1) Tu(k), Sv(k),and Hy(k):

T, (k) is a vertex-centred regular tessellation which is made up of
equilateral triangles and is with k™ order. Similarly, Sy(k) and H, (k) are

made up of squares and regular hexagons, respectively.

The described figures are T, (k), Sy (k), and H, (k) at k=1,2:

ay &
Tu(1) Sv(1) H\(1)
Tv(2) Sv(2) H\(2)
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http://translate.googleusercontent.com/translate_c?depth=1&hl=zh-TW&prev=/search%3Fq%3DArchimedean%2Btessellation%2B%25E4%25B8%25AD%25E6%2596%2587%26biw%3D1366%26bih%3D638&rurl=translate.google.com.tw&sl=en&u=http://en.wikipedia.org/wiki/File:Tiling_Semiregular_4-6-12_Great_Rhombitrihexagonal.svg&usg=ALkJrhjTQawji1phDSIt-Fc1kRQRx7VkbA

(2) Te(k), Sc(k), and He(k):

T.(k) is a polygon-centred regular tessellation which is made up of
equilateral triangles and is with k™ order. Similarly, Sc(k) and Hc(k) are

made up of squares and regular hexagons, respectively.

The described figures are T.(K), Sc(k), and He (k) at k=1, 2, 3:

Te(1) Se(1) Hc(1)
T(2) Se(2) Hc(2)
T(3) Se(3) H.(3)

(3) TH1n(k) and TSHy(K):

TH14 (k) is a hexagon-centred Archimedean tessellation which is a
trihexagonal tiling made up of equilateral triangles and regular hexagons and

is with k ™ order.

TSHy (k) is a hexagon-centred Archimedean tessellation which is a
rhombitrihexagonal tiling made up of equilateral triangles, squares, and

regular hexagons and is with k ™ order.

The described figures are TH14 (k) and TSHy (k) at k=1,2,3 4:

TH1n(1) TH1n(2)
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.A‘! A‘!.A‘v‘.A‘
TSHy(1) TSHy(2) TSHy(3) TSHy(4)
(4) M(P,k, x):

M (P, k, X) is the maximum number of colored cells for a k™ order P

-type regular tessellation or an Archimedean tessellation under the constraints

that each adjacent cell would have at most X cells been colored.

(5) m(P, k, x):

m(P, k, X) is the minimum number of colored cells for a k™ order P

-type regular tessellation or an Archimedean tessellation under the constraints

that each adjacent cell would have at least X cells been colored.

(6) C(P,k):

m(P, k, X) is the total number of cells a k™ order P -type regular

tessellation or an Archimedean tessellation.
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Research Methods and Processes

Suppose that any cell is colored, it may affect the coloring condition of adjacent
cells in a tessellation. For the problems described above, whether these adjacent cells
can be colored or not is dependent on the previously colored cell. By using the
differences of the side numbers, edges, and vertices between an equilateral triangle,
square, and a regular hexagon, the colored cells are located on the corners, on the
outermost layer, and in the interior layers of a tessellation. This will have difference

effects on changing the coloring condition of adjacent cells.

The mathematical deduction method is used first to make a trial run. The coloring
results can be observed and the coloring analyses can be performed. The whole
procedures and methodologies for solving the described problems are demonstrated as

Figure 1.

Second, solving the minimum upper bound (or the maximum lower bound) of the
colored cells, the methods of valuation and inequality analysis are adopted. It can be
fully solved by using the differences and restrictions in sharing edges of colored cells
which located on the corners, on the outermost layer, and in the interior layers of a

tessellation.

After that, the maximum (or the minimum) number of colored cells can be
calculated from the construction of different coloring results. The existence of the
maximum (or the minimum) number of colored cells and coloring results can be further

proved by using the mathematical induction.

Finally, if the results showed that it is the same as the minimum upper bound (or

the maximum lower bound) obtained from the previously analyses, the proof is
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completed for a specific tessellation. Therefore, with such procedures and methods, we

can completely solve the specified coloring problems above.

Observation and
Coloring Analysis

Finding out ]
the Upper or Lower Bound J

by the Method of Valuation

Construction the Coloring Methods
and/or Groups with M(P, k, x), m(P,k, x)

* Finding out Additional
Coloring Constraints
in Tessellation Patterns
* Deduction and
Re-analyzing

Are the M(P,k, x), m(P, k, x)
the Same as the Upper or Lower Bound
Qbtained from Analysis?

( ] 2\
Calculating the Number of

Colored Cells
by Induction Method

. ™
Demonstration Coloring Results

Calculating the Values of
jim M (P, k, X) . m(P, k, x)
\_ o C(Pk) | ko= C(P,K) Y,

Figure 1. Procedures and methodologies for solving the described problems.

According to the above description, some representative studies of this research

were selected. The proofs are demonstrated and given in this section.
Theorem 1.1 M(S,,, k,1) =k* +k

Proof:
(1) To find out the minimum upper bound of colored cells:

Suppose that there are “a” colored cells located on the corners, “b”
colored cells located on the non-corner outermost layer, and “C” colored cells

located in the interior layers of a tessellation. The total shared edges of colored
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cells are 2a+3b+4c. The colored cells located on the corners and on the
non-corner outermost layer of a tessellation are 2a+2b because these cells

have a shared edge within two cells.

The colored cells number satisfies the relation

2a+3b + 4c < 4k? (1)
2a+2b<4(2k -1),Bla+b<2(2k 1) (2)

With mathematical deduction, it is obviously that two corners are allowed

to be colored at most. That is
a2 3

Combine equation (1), equation (2), and equation (3), one has

a+b+c<k?+k.Thisimplies that M(S,, k,1) <k®+Kk.

(2) To prove the existence of the maximum number of colored cells and coloring

results:

Based on the induction method, it is constructed that a coloring with the
maximum number of colored cells. The result showed that the number is the

same as that obtained from the analysis. A coloring result is given as follow:

SRR,

M(S,, L) =12+1=2 |M(S,,31)=3+3=12

S

M(S,,2,1)=2*+2=6| M(S,,4,)=4"+4=20 |M(S,,6,1) =6*+6=42
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(@ When k isodd, except M(S,,,1,1) =2, the number of colored cells can

be expressed as

2+Z|:(WL)1X4_4}2 =243 [2(ah +1)]

:ersz:(zl+1)2+(2|+1)=k2+k

(b) When k is even, the number of colored cells are satisfied

| _ |
Z[_“hxj 4)><2222(4h—1) =—8(1+2')X' 2 =412 421 =K 4k
h=1

h=1

Whether k is odd or even, the foregoing derivation results show that the

number of colored cells is the same as the upper bound obtained from the

analysis. Therefore, M(S,, Kk, 1) =k? +k . And, simultaneously, the existence

of the maximum number of colored cells is well-proved based on the coloring
result given above.

Theorem 1.9 m(S,, k, 2) = 2(k® +k)

Proof:

Similar to the proof of Theorem 1.1, the total sum of colored cells is
2a+3b+4c . There are 4(2k-1) colored cells located on the corners and
non-corner outermost layer of the tessellation. If these cells are not colored, the
adjacent cells located in the inner layer of them have to be colored, and it will lead

to an increase of the sum of the valuation. Therefore,

2a+3b+4c>2(2k)* +2(4—a)+(8k —8—b), and

mSy, k, 2) =a+b+c>2(k? +K).
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After that, the existence of the minimum number of colored cells is proved by

coloring results and induction method. The minimum number of colored cells

satisfies m(S,,, k, 2) = 2(k* +Kk) . A coloring result is shown as follow:

+ [=] []

m(@S,,1 2) =4 m(S,,3,2) =24 m(S,,, 5, 2) = 60
1 =
m(S,, 2,2) =12 m(S,, 4, 2) = 40 m(S,,, 6, 2) =84

Theorem 2.1 M(T,, k, 1) = 2k®

Proof:

Suppose that there are “b” colored cells located on the outermost layer of a
tessellation, and “C” colored cells located in the interior layers of a tessellation.

The sum of the valuation of the adjacent cells is 2b+3cC.

Based on the mathematical deduction and analysis of coloring results, it
shows that, for the cases of k >3, the result of the number of cells with zero
valuation will be at least the same as b, i.e., the colored cells located on the

outermost layer of a tessellation. Thus, 2b+3c <6k?-b. It can be found that

M(T, k1) =b+c <2k,

The existence of the maximum number of colored cells and coloring results

can be proved by constructing a coloring with the maximum number of colored

cells. Mathematical induction results show that M (T, k,1) = 2k*when k >3,

In addition, M(T,,,1,1)=2 and M(T,, 2,1) =8 are trivial.
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M(T,,1,)=2

JAVAVAVAVAN

M(T,,2,1)=8 M(T,,3,1) =18

N NANNA/

M(TV,4,1):32 M(TV,S,]_):SO M(TV,6,1)=72

Theorem 2.5 m(T,, k,1) = 2(k* +k)

Proof:

According to the results of Theorem 2.1, the valuation result for the cells
located in the interior layers of a tessellation is one. The outermost layer of a
tessellation will appear 2k color cells when the order of a tessellation is k. It

will lead to 2k cells which have a zero valuation. The adjacent cells of them

shall be colored, so m(T,,, k,1) > 2(k? +k).

Similarly, the existence of the minimum number of colored cells is proved by

coloring results and induction method. The minimum number of colored cells

satisfies m(T,,, k, 1) = 2(k?® +K) . A coloring result is shown as follow:

m(T,,L1) =4 m(T,,, 2,1) =12

A VA 'V AN

m(T,,3,1) =24
Y, Y%

AV AN
AVVAAVVAAV
A VA AV VA AV VA AN
VAAVVAA VA AV V.
AAVVAAVVAAVVAAA
VVAAVVAAVVAAVVV
AV VA AV VA AV VA A
AVVAAVVAAVV
VA AV VA AN VA
%VVAAVVA

>

Theorem 3.7 M(H,,k, 4) :{

VAVA

A VALY

m(T,,, 4,1) =40

m(T,, 5,1) = 60

m(T,,, 6,1) =84

2k? +k,
2k? +k -1,

k=0or1(mod 3)
k =2 (mod 3)
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Proof:

It can be divided every three layers to a block to solve this problem when
k > 4. With the deduction analysis, it is known that the cells located on the
outermost layer of each block can be colored. The cells located in the interior
layers of each block and located on the corners of each block shall at least with
two adjacent cells be not colored. And, the cells located on the second layer
inward from the outermost layer of each block will increase uncolored cells to
obtain an additional valuation results with three. This coloring adjustment on the

innermost one block is not applicable.

Suppose that there are “C” uncolored cells located in the interior layers of a

tessellation, it will be

(1) k=3l+1 : Except that M(H,,1,4)=3 is trivial, one gets

6c > 2x3(k —1)° +(k3

]x6x3, then ¢ >k? —k. This implies

M(H,, k, 4) <3k* — (k2 —K) = 2k2 +k.

(2) k=3l+2: Similarly, M(H,,2,4)=9 is trivial. Six cells located on the
corners of the innermost two layers can be colored. It will increase an
additional valuation results with twelve. Comparing with the valuation results

of outer blocks of the tessellation, it shall be minus six for adjustment in order

k-2

to realize the coloring. So, one gets 6¢>2x3(k —1)° J{ +1j><6><3_6.

Thatis ¢>k? —k +1. Therefore,
M(H,, K, 4) <3k®—(k*—k+1) =2k*+k-1.
(3) k=3lI: M(H,,3,4)=21 istrivial. It is similar to the case in k=3l+2. The
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cells located on the six corners of the innermost two layers will lead to an
increase in valuation. It shall be adjusted. In this case, the result of an

additional valuation should be increased to nine and has to be minus totally.
Hence, 6c>2x3(k —1)’ +§><6x3—9 and cz[k2 —k—ﬂz k2—k .
So,
M(H,,k,4) <3k? —(k*-k) =2k? +K.
With the induction method and realization the coloring, one can easily find

2k® +k, k=0or1(mod 3)
2k?+k-1 k=2 (mod 3)

that M(Hwk,4)={ . A coloring result is shown as

follow:
€f 4G €
M(H,,L 4) =3 M(Hy, 2 4)=9 M(HV,3,4)=21
M(H,, 4, 4) = 36 M(HV,6,4):78
M(H., 7, 4) =105 M(H., 8, 4) =135 M(H,,9,4) =171

k% +k, k =0or 2 (mod 3)

Theorem 3.13 m(H,,, k, 2) =
k*+k+1, k=1(mod 3)

Proof:

Similar to the proof of Theorem 3.7, it can be divided every three layers to a

block to solve this problem. In this case, the cells located in the interior layers of a
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tessellation, owing to only one cell in the inner layer being adjacent with them,

will have the priority to be colored. With the deduction analysis, it is known that

the cells located on the corners of each block shall be colored first, and this will

lead to an increase in valuation with three.

Suppose that there are “C” uncolored cells located in the interior layers of a

tessellation, then

1)

(2)

(3)

k=3l+1: m(H,,1 2)=3 is trivial. The cells located on the six corners of

the innermost two layers will lead to an increase in valuation. It shall be
adjusted. In this case, the result of an additional valuation should be increased

to twelve and has to be minus six.

Hence, 6¢>2x3k? +(kT_1+1jx6x3_e. So, m(H,,k,2)>k*+k+1.

k=3l+2: m(H,,2,2)=6 istrivial. It is similar to the case in k=3I +1.

The result of an additional valuation should be increased to nine and has to be

minus totally. Hence, 6¢>2x 3k? +(k_;2+1j><6x3_9, That is

cz(%(sz +6|<—3)W=k2 k.
This implies m(H,,, k, 2) >k* +k

k=3l+2 : It is easy to find that m(H,,32)=12 , and

6022x3k2+§x6x3-50, c>k?+k and m(H,, k,2)>k*+Kk.

With the induction method and realization the coloring, one can easily find
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k% +k, k=0or 2 (mod 3)

A coloring result is shown
k*+k+1, k=1(mod3)

that m(H,, k, 2)={

as follow:
m(H,,1,2)=3 m(H,,2,2)=6
m(H,, 4,2)=21

m(H,, 7, 2) =57 m(H,, 8, 2) = 72

2k? —k -1, k=0(mod 3)

Theorem 4.1 M(TH1,,k,1)=
2k? —Kk, k=1or 2 (mod 3)

Proof:

Let the colored cells be “a” of regular hexagons and “b” of equilateral
triangles. In this tessellation, each triangle is adjacent with hexagons only, and is

up to an adjacent hexagon of coloring.

Observed closely to the outer edge of the outermost layer of triangle cells, it
can easily to obtain that if the hexagonal cells on the outermost layer are at most
half of them been colored, then the hexagonal cells on the inner layer and those
next to the triangle cells can not be colored. This will result in the decrease in

valuation with 6(k —2) .

Therefore, considering a coloring way to fully utilize the possible valuation

in the interior layer of this tessellation and to find out the maximum number of
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colored cells, it gets the upper bound of colored cells satisfies a <k —k+1 for

hexagons.
Next, we try to find out the upper bound of colored cells for triangles.

(1) k=31+1 and k=3l+2: Observe that every hexagonal cell on the
outermost layer is adjacent to two triangle cells on the outer edge of the
outermost layer. Half and no more than half of the triangle cells have been

colored, hence, the sum of un-used valuation will be &=D*6 That is,
2

3p < (3K’ —3k+1)+w and it gets bSFkZ—ZJ:kz_l.
3

(2) k=3l: Similar to the previous case, however the valuation near the center of

the tessellation will be at least decreased by two, so, it is known

3b£(3k2—3k+1)+W—2 and bgrkz_‘lJ:kz_z.
3

Combining both of the above coloring analyses for hexagonal and triangle

cells, it obtains that y(ry1 k 1)-a+b< 2k* —k =1, k=0(mod3)
Y 2k*—k,  k=1or 2 (mod3)

Now, with the induction method and realization the coloring, one can easily
find that the maximum number of colored cells for hexagons is k? —k+1, and

for triangles is k* —=2,k=0(mod 3) and k®-1,k=21or 2 (mod 3), when the order of

the tessellation is k . Combining both of them, it can be obtained that

2k*—k-1 k=0(mod3) A coloring result is shown as follow:

M(THL,,k,1)=
(THL, kD {Zkz—k, k =1or 2 (mod 3)

M(THL,,2,1)=6 M(TH1,,3,1) =14 M (TH1,,4,1) =28
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Theorem 4.4 m(TH1,, K, 2) =4k — 2k
Proof:

Similar to the proof of Theorem 4.1, in this case, every triangle cell on the
outer edge of the outermost layer is adjacent to two hexagonal cells on the
outermost layer. All of the hexagonal cells should be colored. The sum of un-used
valuation for the hexagonal cells located on the corners and on the non-corner
outermost layer are 2x6 and 6(k —2), respectively. Half and no less than half of
the hexagonal cells on the inward layer have been colored since all the hexagonal
cells on the outermost layer were colored. The result shows an increase of
valuation of 6(k —2). This implies that 6a>2(6k* —6k)+2x6+6(k —2) +6(k —2) .

Thatis, a>2k?-2.

One can observe that each colored
hexagonal cell will be at least next to two
triangle colored cells. It is illustrated in the figure on the right hand side. The
valuation results will at least increase to three if every triangle cell on the outer
edge of the outermost layer is not colored. Otherwise, at least the un-used
valuation will also be three. This result can easily be seen by changing the

coloring from green cells to orange cells. Therefore, one gets

=2k? -2k +2.

2
3b>2(3k2 -3k +1)+3 and b2[2(3k —3k+1)+3w

Combining both of the above coloring analyses for hexagonal and triangle

cells, it can be obtained that m(TH1,,k,2)=a+b>4k* -2k .

Now, with the induction method and realization the coloring, one can easily

find that the minimum number of colored cells for hexagons is 2k —2, and for
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triangles is 2k? —2k +2, when the order of the tessellation is k. Combining

both of them, it can be obtained that m(TH1,, k, 2) = 4k* -2k . A coloring result is

shown as follow:

m(THL,, 2,2) =12 m(TH1,,3,2) =30 m(THL,, 4, 2) =56 m(TH1,,5, 2) =90
Theorem 4.6 M(TSH,,k,2)=9k*+3k -6, k=1

Proof:

Based on the fact that the hexagonal cells are at most adjacent to two colored

cells and with the deduction analysis, it is known that there are at most 6(2k —2)

cells can be colored for the square cells of the outermost layer, and the un-used

valuation is 6(2k—2) if k>2. This coloring strategy will result in the valuation

decreased by two for the centric hexagonal cell of the tessellation. Therefore,

2a<2(3k? -3k +1)+6(2k—2)-2 and a<3k*+3k-6.

Moreover, at most 2x6+6(k —2) triangle cells located on the outer edge of

the outermost layer can be colored since triangle cells are only adjacent to square

cells. Hence, 3b<2(9k*-3k)+2x6+6(k-2) and b<6k’.

In this case, it is not required to color any hexagonal cell. So, combining the

above coloring analyses, one can get M(TSH,,,k,2) =a+b<9k*+3k —6.

Now, with the induction method and realization the coloring, one can easily
find that the maximum number of colored cells for squares is 3k + 3k — 6, and for

triangles is 6k?, when the order of the tessellation is k and k >2. Combining

both of them, it can be obtained that M(TSH,,, k, 2) =9k* +3k —6. A coloring result

is shown as follow:
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M(TSH,,12) =8
(Exception)
Theorem 4.8 m(TSH,,, k, 2) =9k® +3k —2

M(TSH,,, 2,2) =36 M(TSH,,, 3, 2) =84 M (TSH,,, 4, 2) =150

Proof:

Let the colored cells be “a” of squares, “b ” of equilateral triangles, and “C”
of regular hexagons. Similar to the proof given in Theorem 4.7, it is easy to
obtain 2a>2x6k? and ax>6k?. The total sum of the valuation for the case of

coloring all the hexagons is 6(3k2-3k+1). Under this condition, the valuation

required for the square cells next to them is 2(9k? —3k).

Observing that the square cells of coloring located on the outer edge of the
outermost layer, if it could not fulfill the optimal valuation condition when all the
adjacent hexagonal cells of them were colored, the triangle cells located on the
outer edge of the outermost layer should be colored. It obtains c¢=3k?-3k+1. Thus,

2b > 2(9k? —3k) - 6(3k> 3k +1) and b>6k-3.

Combining the above three coloring analyses, one can get
m(TSH,,,k,2)=a+b+c>9k*+3k —2.

Now, with the induction method and realization the coloring, one can easily
find that the minimum number of colored cells for squares is 6k?, for triangles is
6k —3, and for hexagons is 3k2 —3k +1, when the order of the tessellation is k.
Combining all of them, obtain that m(TSH,,, k, 2) =9k*+3k —2. A coloring

result is shown as follow:

4
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A
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m(TSH,,, 1 2) =10 m(TSH,,, 2, 2) =40 m(TSH,,, 3, 2) =88 m(TSH,,, 4, 2) =154
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Results and Discussion

The results of M(P, k, x) and |imM(P’—k’)X) for Sy, S¢, Ty, T¢, Hy, and H, are

given as follows:

= C(P, K

X| P | M(P,k,x) [ C(P,k) NSO LS i cea
Sy | kK2+k 4k?
1 0, if k=o0dd E
Sc | K*-r 4Kk* -4k +1 rz{l, if k =even )
Sy | 2(k*+k) 4k’ 1
2 . , _J1if k=odd Py
Sc | 2k*-r 4k" -4k +1 r—{z’ if k =even 2
Sy | 3k?+k 4k? 3
3 2 ] [Lif k=odd, k #1 —
Sc | 3k*—2k+r 4k" -4k +1 _{0, if k =even !
. Ty | 2k° 6k* L
Te | 2k2—2k+1 | 6k>—6k+1 k2 3
Ty | 4° 6k’ k>3 2
2 , , e k=0or1(mod3), k=3 =
Te | 4k? —4k +r | 6k*—6k+1 _{z, k =2 (mod 3), k # 2 3
1L, k=0(mod 7) K>7
1 4,k=lor6(mod7) * K=
Hy ?(3k2+r) 3k "o k=20r 5((mod 7))
1,k =3or 4 (mod 7) 1
1 7,k =0o0r 1(mod 7) 7
’ 1(3k2—3k+r) AP 3 a1 e Lk=2or6(mod7) ° >7
c |7 3, k=3o0r 5(mod 7)
13,k = 4 (mod 7)
1,k =0 (mod 3)
g =143 k=1(mod 3)
L,k=2(mod 3)
Hy Takergken | 3 0.k =0(mod3)
3 r=<3,k=1(mod 3)
{1,k2(mod 3
, k>4 - k=6 1
2,k =0(mod 3) g
q_{l,k—l(modS)
2,k =2 (mod 3)
He 1(3k2_qk+r) 3k? -3k +1 0, k=0 (mod 3)
3 r={l,k=1(m0d3)
4,k =2 (mod 3)
k>4 - k=6
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M (P, k, x)

C(P, k)

Notesonq, r, k

M (P, k, X)
koo C(P, k)

H, %(?:k2 +r)

3k?

_J3 k=1lor3or5o0r7(mod8) A
" |2,k =2o0r 6 (mod 8)

0, k =0 (mod 8)
4,k =4 (mod 8)

k>9

H, %(3k2—3k+r)

3k* -3k +1

4,k =3o0r 6 (mod 8)

N |-

Hy | 2k?+Kk+r

3k?

0,k =00r1(mod 3)

>
{2 k=3or6(mod8) ~ k>9
{1k_2(mod3)

He | 2k*—gk +r

3k?-3k+1

—, k=0 (mod 3)
1 k =1 (mod 3)
2,k =2 (mod 3)

1k 0 (mod 3) k¢2 3
0,k =1(mod 3)

4 k =2 (mod 3)

W

H, %(7k2+4k—r)

3k?

k%23
2,k =1(mod 3)

6, k =0 (mod 3)
9,k =2 (mod 3)

Hc

%(7k2 ~3k-r)

3k* -3k +1

~k#1 2

3 k =0 (mod 3)
7 k =1or 2 (mod 3)

r=

© |

Similarly, the results of m(P, k, x)

H. are given bellow:

and im ™P. K. %) fors,, S, Ty, Te Hy, and

k>o C(P, k)

m(P, k, x)
X| P m(P, k, X) C(P, k) Notes onq, r, k e
Sv | k¥+k 4k? 1
1 S ) ) 0,if k=odd, k =1 —
o | k2=t 4k? -4k +1 1if K = even 4
Sy | 2(k? +k) 4k? 1
2 s ) " 0,if k =odd, k #1 5
¢ | 2k2-r 4k? -4k +1 1if K - even
Ty | 2(k*+k) 6k? 1
1 - ) , _ [2,k=0(mod 3) §
c | &K T 6k® —6k +1 “ 1Lk =1or 2(mod 3), k £1, 2
) Ty | 4k®+2k+2 | 6k? k=13 2
Te | 4k2+2k+1 6k? — 6k +1 k=#1,2,3 3
1 0, k =0 (mod 3)
H, | Z(@2k*+r) 3k2 r=<7,k=1(mod 3), k =1 9
1 3 4,k =2 (mod 3), k # 2 5
1,2 , _ |6, k=0o0r1(mod3) k=1
He | 3@ -2k+n | 3k -3k+1 _{z,kEZ(mod 3
0,k =0or 2 (mod 3) 1
2 = —
2| Hy | K*+k+r 3k r {1,kzl(mod3) 3

90




0.k=0(mod3) K#1,2

r=<3,k=1(mod 3)

%,kzZ(modC&)

. m(P, k, x)
X| P | m(P,k,X) C(P, k) Notes onq, r, k e
0, k =0 (mod 3)
g=+1 k=1(mod 3)
E, k =2 (mod 3)
He | K2rakor 32 -3k +1 3

Two kinds of Archimedean tessellations were studied. The following tables are the

results of M(P, k, x) and fim MK X for TH1,, and TSHy:
= C(P, k)

x| p MPkx) | CP k) Notesong, r,k | Jm "G5
_ 2,k =0 (mod 3) 1
v k?—r 6k? — 6k _{1,k510r2(m0d3) 6
TH1 1
1 (k)H <:> kz—k+1 3k? -3k +1 5
) 1 k=0 (mod 3) 2
@ 2k -k —q 9k* -9k +1 4= 0,k =1or 2 (mod 3) 9
v i , . [4k=0(mod3) 1
2k2 —r 6k — 6k “12,k =1or 2 (mod 3) 3
_ [Lk=00r1(mod 3) 2
’ T(T(])-H <:> 2k? —2K +r 3k? -3k +1 r‘{2,|<Ez(mod3) 3
3,k =0 (mod 3) 4
@ 4k* -2k —q 9k® -9k +1 =1L k=1(mod 3) .
0, k =2 (mod 3) 9
1
2 2 k=1 5
v 3k 6k # 2
Lk +3k—6 2 -
| TSt B +3-0) 9k* -3k K 6
(k)
)]0 3k2 -3k +1 0
S %(9k2+3k—6) 18k? -6k +1 | k=1 %
1
2 2 5
7St 3k? +3k —6 9k* —3k k=1l 3
(k) 0 3k2 -3k +1 0
1
9k? +3k—6 18k? —6k+1 | k=1 9

The results of m(P, k, X)

and Jim M. K %) for TH1, and TSHy are
= C(P, k)
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X P m(P, k, x) C(P, k) Notesonq, r, k mmc(i,;ﬁ()x)
1
N/ | Ktk 6k — 6k 5
7.
TH1, , 1 Z,if k=odd, k =1 1
1 kK2 +=k-r 3k? -3k +1 r=42 2
(k) <:> 2 {3, if k=even, k=2 3
, 1 , ~ [5,if k=odd, k #1 2
@ 2k _E(kJrq) 9k* -9k +1 "4, if k=even k =2 5
1
N/ |-z | ek? -6k 3
TH1, ) 5 2
2 (k) <:> 2k -2 3k -3k +1 5
4
@ 4k? -2k 9k* -9k +1 9
\/ 0 6k 0
1
3k? 9k?* —3k 3
L |TSH 3
(k) 1, , 9 B 1,if k =odd 3
(O Lhoe-sn [ 3k23k+l | 110 x o "
Lol 1, , _[1if k =odd 7
4 (21"~ 6k +q) 18k * —6k +1 ‘{o, if Kk — even Y
v 6k -3 6k 0
2
6k? 9k?* —3k 3
, | TSH 3
(k)
<:> 3k*-3k+1 | 3k®-3k+1 1
9k? +3k -2 18k? —6k +1 3
Based on the above findings, several conclusions and discussion are summarized
as follows:

1. If the coloring methods of M(P, k, X) existed, and there were no zero or lower

cases of valuation results assigned to internal cells within tessellations, therefore, the

effect of outer edges of a tessellation does not exist.

2. When the effect of outer edges of a tessellation does not exist in a case of

M (P, k, x), one can get more colored cells via coloring the cells extended outward
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from the interior layers of a tessellation regularly. Otherwise, coloring the cells
extended inward from the outermost layer of a tessellation regularly will in general

get more colored cells.

. The coloring way to obtain the maximum or minimum colored cells is not unique

for different M (P, k, x) and m(P, k, X).

. Suppose that P is a regular n-gon, and in the cases k>3 for S, and S, and
k>4 for H, and H, the coloring way for M (P, k, n—1) can be considered as the
cases which all the cells located on the outermost layer of a tessellation can be
colored, and all the cells located in the interior layers of a tessellation can be
transferred to the problem being equivalent to find out the minimum number of
colored cells under the constraints that each adjacent cell would have at least one
cell been colored. That is, M(P, k,n—-1) =C(P, k)—m(P,k —1,1). This feature
occurs in the proof of Theorem 1.5 and Theorem 1.7, Theorem 1.6 and Theorem 1.8,
Theorem 3.11 and Theorem 3.9, Theorem 3.12 and Theorem 3.10. Similarly,
M(P, k,n—=2) =C(P, k) —m(P,k =1, 2) can be found in the proof of Theorem 3.7

and Theorem 3.13, Theorem 3.8 and Theorem 3.14 for the cases of H, and H..

. Suppose that P are S,, S¢, Ty, Tc, TH1y, then |imM(P’k’X)=|im m(P, k, x)
k>o C(P,k)  k>= C(P, k)

Let P, and P. be a vertex-centred and a polygon-centred regular tessellations

respectively. This can be deduced that [imM®Pv.KX) 1 MPe. K X)  gpq

ko= C(P,, K) T kow C(P., k)

m(P,, Kk, x) lim m(P, k, X)

= . And, suppose that P are S, and S, then
ko= C(Py, k) ko= C(Pc, k)

A MPKD . MPK 2. MPK 3
k>o C(P, k) k>= C(P,k) "k>= C(P,K)
“kom C(P, k) ko= C(P, k) kow C(P, k)

=1:2:3
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Similarly, when P areT,, T.and TH1,

CMPKD L MPK2) L mPkD o mPk2)
>z C(P,k) k>= C(P,k) k= C(P,k) ko= C(P,k)

In Archimedean tessellations, i.e. TH1y and TSHy, side numbers are different in
equilateral triangle, square, and regular hexagon. When any cell is colored, it may
affect the coloring condition of adjacent cells. In other words, whether these
adjacent cells can be colored or not, they will be affected by the previously colored
cell. The extent to which they affect the coloring condition is different. It depends
on the priority to color equilateral triangle, square, or regular hexagon first so as to
obtain the maximum (or the minimum) number of colored cells. Moreover, when X

is doubled, the colored ratio of the specific regular polygon is also doubled.

. Compare m(P, k, x) and M(P, k, x) to find out that m(P, k, X) > M (P, k, X),

when x=1lor2, k#1,and P areS,, T, Hy, S¢, T¢, He, TH1n, and TSH4.
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Application

The results of this study can be further applied to the following areas:

1. Tiling or dyeing basic pattern design*®*!: The coloring rules and coloring results
of this study demonstrated a specific symmetry, repeatability and uniformity
characteristics. By using the results of colored cells distribution and the ratio of
colored cells with whole cells, one can easily estimate and control the usage of high
unit cost of specific composition or pattern. This would help us effectively control
costs, and get with the uniformity of the tiling pattern and the aesthetic dyeing

design results.

2. LED lighting puzzle game design'®: According to the rules specified in this study,
which is similar to the computer game of minesweeper, one can design a game
which allows players to press any cell satisfied the rules to light up the cell (i.e.,
coloring) within different regular polygon tessellations. The game will continue until
one can not light up his/her cell in accordance with the rules. At this point, counting
the lighting cells, the player who gets the largest number of lighting cells (or the
minimum number of lighting cells) will win the game. The game may be designed

to single people checkpoints activities or multiplayer competitions.

3. Supply-demand optimal portfolio allocation: Suppose that supply points or
delivery points are public facilities or providers of demand allocation and
distribution. Likewise, demand points or points of use are a number of residents
gathering points or the points of consumption. Then, allocating the supply and
demand points, a region (or area, or zone) is constructed through the supply and
demand points and is divided by the distribution segment. The constructed regions
are both close to each other (and forming tessellation) with the interval boundary. It

can be seen as a regional boundary model of supply-demand allocations. One can
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say that a supply point and demand point are adjacent if the two end-points are
directly connected by a sideline. Now, according to the differences in sideline
relations and boundary conditions, one can select a suitable regular polygon
tessellation model to match and find out the solution of a supply-demand optimal
portfolio allocation. The results of this study can be adopted to replace the
traditional use of complex matrices reduction or linear programming algorithm to

solve the supply-demand portfolio allocation optimization problems.

LED advertising panel or control and adjustment: Control and adjustment of
different color variations as well as beautiful and attractive designs are very
important factors for the success in the design of LED advertising panel or video
device. Suppose that there is different brightness of each LED light source of RGB,
this effect is similar to the difference in shape areas of polygons composed of a
regular polygon tessellation. RGB color control of typical patterns can be properly
achieved by using the uniformity characteristics in each colored cell in a tessellation.
Brilliant effect can also be adjusted by the results of colored cells distribution and
the ratio of colored cells with whole cells within different regular polygon

tessellation models.
Several topics can be extended in the future and listed as follows:
The coloring problems of other Archimedean tessellations,
The combinations of coloring methods with maximum (or minimum) colored cells,

. Allocation of coloring cells to maximize or to minimize the colored area within a

tessellation,

The use of discrete mathematics or combinatorial mathematics to solid the

analysis®!.
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