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Abstract

Inspired by a math problem set in the pirate-treasure context, the project is aimed
at exploring how angles of rotation are related to weighted mean points and arithmetic
mean points. By controlling variables including the number of rotation centers, angles
of rotation and times of rotation, the researchers investigated the possible existence of a
fixed point and the changing locus of a weighted mean point. In this research, it has
been found that through manipulating angles of rotation, amplification factors, and
dilation after rotation, the researchers have found the conditions under which a fixed
point exists, as well as different loci of moving points and weighted points. These loci
include moving points and weighted points going in similar patterns, circles, ovals,
hypotrochoid, epitrochoid and many other mathematically undefined patterns, which the
researchers term “n-laminar planets and cogwheels” patterns respectively. When the
research is further expanded to include different sets of dilation simultaneously, loci of
weighted mean points are found to be those of trochoid, “n-laminar planet-comet and
cogwheel-straight line” patterns. When conducted in a three-dimensional context,

elliptical trajectories can also be found.
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v 360° 360° 360° v .
ﬂ;aalzT’azzTXZ’ ...... ’an_lsz(n—l)srﬂﬁ;m&Ef,

i ho ki e > a? h-k&Ex yak» 2 XPx y)BE-

d 33 (3)E NS (4)

#-h + ik = & 78 r(cosB + isinB) » ¥ Fh = rcosB » k = rsinf#* » (5)(6)+ ¥

{nx’ =a; +a, + -+ a, + rsinf3cosO + rcosPsin® = a; +a, + -+ a, + rsin(6 + B)
ny’ = b; + b, + -+ b, — rcosfcos6 + rsinfsin® = b; + b, + -+ + b, — rcos(6 + B)

’ ai;t+az+---+ap

r .
| ¥ ==+ -Xsin(6 +f)
y' = butbot-¥bn _ T cos(6 + B)
n n
. (or _ Artaztetany o 1 bitba+-4bpio (E)Z
X T ) ) =

R s g . e s s ;v ., (31tazt--+a by+by+--+b
ST EOguTE »:l-,—»", M(x' » y") #7235 & gl A5 & M( 1772 no, 172 “)

n n
LR AJ;?Emy;ﬂ ox hok# ZP(x > y)BE 470013 P> y) B

AP BEIE R R A4 0 P it 2 REME 0 y )it 0 (FER

37



(z)a [zt ] s RFenL i

Sip e (ARt~ ) e e 20, =000, =0+20 .9, =0+ x
(M—1)pF > 04 20" F360°2 FiEbrgd > THZM € % - LA PR 4ok
By 70,0 0 By H R EERE S B B T A MR £ RS

0, =0>0,=04+0; - 0, =04+ (E oy 0y o ERFE R
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AR E ) 4T, 5 Y s 0 BP BRI, 0 IR, T, 5 R o P

B0, 0 FFIR, G ... ;AT 5 %Y o o P ELEHES, 0 FIIR, X M
Ry’ Ry -+ Ry#h 58 » #OM = = (OR; + OR, + -+ ORy) » #¢ 0 5 %>

HM L E PEE A BI04 20 D360 iR EpE > MELE BTF LR AT

M 8553 1% 5 - [

[(Zm ] AFgafaEs >3- 8 [2a2t ] a2 ¥ UEP RS

(a1+a2 +-+ap  bi+by+--+by
)

: ! )’%%:ﬁ%{agizlwﬁW@ﬁ’%?@ﬁo

A —/{‘r'elze’ 62=6+(X1 ’ 63=e+a2 Y eee 3 en=e+an—1
w3 P11 [ %32 e ] avgEm sz > 54+ (1)(2) 0 £ ME > y)R]

nx’ = x(cosB; + cosB, + -+ + cosO,) — y(sin®; + sinb, + --- + sin6,) — a;cosH; +

b,;sin6; + a; —a,cos0, + b,sinB, +a, —...... —apcos0, + b,sind, + a,

0,=0°0,=04+0;>06;3=0+0,> - 0, =0+0a,_;F *)

= x(cosO + cos(0 + a;) + -+ + cos(® + a,_4))
—y(sin® + sin(® + o) + - + sin(® + a,_4))
—a,cosB + bysinB + a; —a,cos(0 + ;) + by sin(0 + o) +a, — -
—a, cos(0 + a,_,) + b, sin(0 + a,_,) +a,

= x(cos6 + cosBcosa,; — sinBsina; + -+ + cosBcosa,_; — sinBsina,_4)
—y(sin® + sinBcosa; + cosBsina, + -+ + sinBcosa,_; + cosOsina,_4)
—a; cosO + b,sin® + a; — a,(cosbcosa; — sinBsina,)
+b, (sinBcosa, + cosBsina,) + a, — -+ — a,(cosbcosa,_; — sinBsinay,_;)
+b,(sinBcosa,_; + cosBsina,_;) + a,

= cosO(x + xcosa, + -+ + xcosa,_; — ysina; — :- — y sina,_; —a; —a, coso; +
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b, sinay — +-+ — a, cosa,_; + bysina,_;) + sin@(—xsina; — -+ — x sina,_; —
y —y cosay — -+ — ycosa,_q + by + a,sina; + bycosa; + -+ + apsina,_; +

b,cosa, 1)+ a; +a, + -+ a,

= cosB(x + xcosa, + -+ + xcosa,_; — ysina; — -+ —y sina,_; — a; — a, €OS0y
+ b, sina; — -+ — a, cosa,_; + bysina,_;) — sinO(xsina; + -+ + x sinay, 4
+y + ycosa; + -+ + ycosa,_; — by —a,sinay; — bycosay — -+ — a,sina,_;
—bycosa, 1) + a; +a; + - +ay--------- (3)

ny' = x(sin®; + sin6, + -+ + sinB,)+y(cos6; + cosb, + -+ + cosb,) — a;sinb,
—b,cos6; + b; —a,sinB, —b,cosB, + b,...... —a,sin®,, — b,cosb, + b,
0,=0°0,=0604+0;>06;3=0+0,> - 0, =0+0a,_;F *)
= x (sin® + sin(® + o) + -+ + sin(® + a,_1))+y(cosO + cos(0 + ;) + -
+ cos(6 + a,_1)) —a;sin® — b,cos® + b; —a,sin(6 + a;) — b, cos(6 + ay)
+b, — -+ —a, sin(6 + a,,_;) — b, cos(0 + a,_;) + b,
= x(sin@ + sinBcosa; + cosBsina; + -+ + sinBcosa,_; + cosOsina,_;)
+y(cosB + cosBcosa; — sinBsina; + -+ + cosBcosa,_; — sinBsinay,_4)
—a,sin® — b; cosb + b; — a,(sinBcosa; + cosBsina, )
—b,(cosBcosa; — sinBsina,) + b, — -+ —a,(sinBcosa,_, + cosOsina,_;)
—b, (cosBcosa,,_; — sinBsina,_;) + b,
= sinB(x + xcosay + +- + xcosa,_; — ysinoy — +++ — ysino,_; —a; — a,CcoSA;
+b,sina; — -+ — ajcosa,_; + bysina,_4)
+cosB(xsinay + -+ + xsina,_; +y + y cosay + -+ + ycosa,,_; — by — a,sinay
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—b,cosay — -+ —aysina,_; — bycosa,_4)+by + by + -+ + by---------- 4
4 x + xcosay + -+ + xcosa,_; — ysina; — -+ —y sina,_; —a; —a, cosay
+ b, sina; — -+ —a, cosa,_; + bysina,_; =h
4 xsinoy + -+ x sina,_4 +y + y cosa; + -+ + ycosa,_; — b; — a,sinoy
—b,cosa; — -+ — apsina,_; — bycosa,_; =k
Px > y)HZ > #tiux ys &iE > #71tho  k¥®s 2@ > &~ (3)(4)

- {nx’ = hcos® —ksin@ + a; +a, +--+a,
™ lny’ = hsin® + kcos® + b; + b, + -+ by,

1 {HX' —(a; +a; + -+ ap) = hcosd — ksinb
" (ny’ — (by + by + -+ b,) = hsin® + kcos6

...(nX, - (31 + do + -+ an))z + (ny, — (bl + bz + -+ bn))z
= h?(cos?0 + sin?B) + k?(sin?8 + cos?0) — 2hkcosOsin® + 2hksinBcosd = h? + k?

c(nx' = (g +a, + - +ay)’ + My’ — (by + by + - +by))? = h? + k2

. +ay+--+ bi+by+-++b h2?+k2 . . , ,
(- BRI oy (pr - 22 S T 3 0de i B 6
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!
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1. AP [z-Lz)z24% 2086 Rkt AP azdyg -

B3l o

WL AP AL TR R TESA W TR 0 %0 I CH S f R s B MR

= fEHEIA N T A o

CEEEED R P

X = c cosO + d sinO

WARL2 FRGET AT i
b R2 ST AT {yzecose+fsm9

(0°<0<360") & # &5 - ¥

- 2?<3(0,0)

[#p]
=)

X = c cosO + d sin0O

y = e cosB + fsinB (0 £06<360)

o aTL f T 4 ]

pp=St, o=l g=d, _ed g —c p—q="f> —e>
fp=—q=—s=—t=—>Jlptgq=c p-q=frstt=e
—-(s—t)=d

) {X = (p + q)cosO — (s — t)sinO
" ly = (s +t)cosb + (p — q)sin®

Bp+siq+tiniES & T o

& p + si =ry(cos@, + ising,) > q+ ti = r,(cos@, + ising,)

dor = \p2+s? =2+

Rlp = rycos@q > s = rySing, > q = r,cos@, * t = r,sing, ’

a+b a-b
fa=rtro b= -0 By =—>1=—
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» B — Ptz | — 91-92

. — Mo =B+y @, =B~y

ATrp = a:—bcos(B +vy)= % (cosBcosy — sinfsiny)
a-b a-b . .
q= TCOS(B —-y) = —~ (cosBcosy + sinfsiny)
s = ?sin(ﬁ +v) = % (sinBcosy + cosPsiny) °

t= a;—bsin(ﬁ —-y) = a;—b (sinBcosy — cosPsiny)
.".p + q = acosfcosy — bsinf3siny * p — q = bcosfcosy — asinfsiny

s + t = asinf3cosy + bcosfsiny » s —t = bsinfcosy + acosfsiny

x = (acosBcosy — bsinfsiny)cosd — (bsinfcosy + acosBsiny)sin6
y = (asinBcosy + bcosfsiny)cosB + (bcosBcosy — asinf3siny)sin6

o 3 AR e (1) 15'{
x = (acosPcosy — bsinfsiny)cos6 — (bsinfcosy + acosBsiny)sin6
= acosf(cosBcosy — sinBsiny) — bsinf(cosBsiny + sinbcosy)

= acosfcos(0 + y) — bsinfsin(6 + v)
y = (asinBcosy + bcosfBsiny)cosB + (bcosBcosy — asinf3siny)sin6

= asinf(cosBcosy — sinBsiny) + bcosB(cosOsiny + sinBcosy)

= asinf3 cos(0 + y) + bcosBsin(6 + y)

‘T {x = acosfcos(0 + y) — bsinBsin(0 + y) (0° < 6 < 3607

y = asinf cos(0 + y) + bcosBsin(0 + y)

x; = acos(6 +vy)

o o o |
y1=bsin(6+y)(0 <6<360)

m:a{

TR SRR ¢ 5 (00)
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"."(acos(0 +v) + ibsin(0 + y))(cosB + isinf)

= (a cosBcos(0 +y) — bsinBsin(0 + y)) + i(asinB cos(6 + y) + b cosPsin(6 +

Y))

X, = acos(® +vy)
y1 = bsin(6 +vy)
. {X = acosfBcos(0 + y) — bsinfsin(0 + y)
" |y = asinp cos(8 + y) + bcosBsin(0 + y)

Rt { (0° <0 <3607)r gk s sk w » e pw ¥

TR 8T, 2% W25 > ¢ < 5 R0 0)
(=)

C Jrd %f‘;!\l—'é— 1“3?]};] s> B =4 :\.%(O’O) )

HTE L 52a0 Bk 52b

X = acosO

S R {y=bsine (0°<0<360)afE B &R TR KL ER Ha

"."(acos0 + i bsin®)(cosa + isina) = (acosacosd — bsinasin®) + i(asinacosd +

bcosasin®)

X = acosacosO — bsinasind

I {y = asinacos6 + bcosasin®

(0" <8 <360

£ ¢ =acosa * d = —bsina > e = asina * f = bcosa

X = c cosO + d sin6

| 7'2:{ ’\“—ﬂt;‘ ‘ 1
RIT2 58557 4 T${y=ecose+fsm6

(0°<08<360) - H#nm

2. #p [=z2--1t-=

(252 L =] Toganirfl R 4

“Ti(ag ' by) > To(@z »bp) >+ »Th(ap * by) 5 T L en B EBM=2) 0 ¥

”ﬁ"ﬁgﬂ!’—,P’ 591=9’92=9+a1’ ’9m=9+0(m_1’9m+1=—9+
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Qp? 20 ==0+ 0,1

(BP1<m<nfoa; 0y’ *0Qpqg’®y’ " Qp1 o BEER "0y =0)" 4
T G R o 0 B-P B0, T PRy T, 5 g Y o o P Eh g0, T
Ry: ..., DT, % Y o 0 P BRSO, @R, o EMI R, Ry 0 o 0 Ry

T 38k > OM =~ (OR; +OR; + -+ +0Ry) » #7 O 4 B2 >

HPIEPLHIORE 0L 0 F360 2 iR s pE o MIE € BT F (TR T MBE

ait+as+---+ap b1+b2++bn
b

g%:,tg]ﬂ;;;—-#;ﬂﬁ],é.c;;( - - )

[zp]
Qi‘f'91=9’92=9+0(1’"-’9m=9+0(m_1’9m+1=—9+0£m’-"’9n=
-0+ o4

w R Pl [%32e ] gm0 3 (1)Q) £ ME »y)RI
nx’ = x(cosB; + cosb, + -+ + cosB,) — y(sinB; + sinB, + --- + sinB,) — a;cosb;
+b,sin®; + a; — a,cos0, + b,sinB, +a, — --- —a,cosB, + b,sinb, + a,
= x(cosB; + cosb, + -+ cosB, + cosO,;1 + -+ + cosb,,)

—y(sin®; + sinb, + -+ + sin6,, + sinb,,; + :-- + sinb,) — a; cos6; + b;sinb;

+a; — a,cos0, + b,sinB, +a, — - — acosb,, + b, sinb,, + ap,
—a4+1€0S041 + byyqSin0y, 1 +aeq — - — a,cos0,, + by,sind,
Fagee(3)
150, =0>0,=04+0;° - 0, =04+ay_1’ Opy1 =—0+ay,’ -0y =
—0+a,_4
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ANDN (3) FAREREL SV

nx’ = x(cos6 + cos(0 + a; + -+ cos(0 + a,,,_;) + cos(—0 + a,,,) + -+

+cos(—0 + a,_1)) — y(sin® + sin(0 + ;) + -+ + sin(0 + oy _1)

+sin(—0 + a,) + -+ + sin(—6 + a,_;) —a;cos6 + b;sinb + a,

—a,cos(0 + ay) + bysin(@ + oy) +a, — - —ay cos(0 + ay,_q1)

+b,sin(0 + a,,_1) +ay — ap41€0s(—0 + apy,) + byypSin(—0 + ay,)

+ap4q — - —apcos(—0 + a,_4) + bysin(—=0 + a,_1) + a2,

= x(cosB + cosBcosa; — sinBsinay + -+ + cosOcosay,,_; — sinBsina,, 4

+cosBcosay, + sinBsina,, + -+ + cosBcosa,,_; + sinBsino,_;)

—y(sin@ + sinBcosa; + cosBsina; + -+ + sinBcosay,_; + cosOsinay, 4

—sinBcosa,, + cosBsina,, — :-- — sinBcosa,_; + cosOsina,_;) - a;cosO

+ b;sin® + a; — a,(cosOcosa, — sinBsina,) + b, (sinBcosa; + cosOsina,)
+a, — -+ — ap (cosbcosay,_; — sinBsino,_,) +

b, (sinBcosa,,_; + cosBsina,,_;) + a, — a4+ (cosbcosay, + sinBsina,,) +
bn+1(—sinBcosay, + cosBsinay,) + a1 — -+ — ap(cosBcosa,,_; +

sinBsinay,_;) + b, (—sinBcosa,_; + cosOsina,_;) + a,

=cosB(x + xcosay + -+ + xcosay,_1 + Xcosoy, + -+ + xcosa,_; — ysino; — -+

—ysina,,_; — ysina,, — --- — ysina,,_; —a; — a,cosay + b,sinoy — -+
—a,Ccosay,_1 + bysina,_; — a1 cosa, + by, qsina, — - —a,cosa,
+b,sino, ;) +sin@(—x sinay — -+ — x sina,,_; + xsinoy, + - + xsino, 4
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—y — yCosay — *+*— yC0SQ,,_1 + y cosa, + -+ ycosa,_; + by + azsinay

+ b,cosay + -+ + apsinay,_; + bycosay, 4 — ay, g Sinag, — by, cosay, —

—apsina,_; — b, cosa, ;) +a;+a;+--+ay tapeq + oo+ ag - 4)

w3 PAL [ %% ] 4w EAE 0 £ (2) 0 2 MK y)R]

ny’ = x(sin6; + sinB, + :-- + sin6,) + y(cos6, + cosb, + -+ + cosh,)

—a,sin6; — b;cosb; + b; — a,sind, — b,cos6, + b, — --- —a,sinb, —

b,cos6,, + b,

= x(sinB; + sinB, + -+ + sinO, + sinBy, ., + :-- + sinb,)

—y(cosO; + cosB, + -+ + cosB, + cosO,41 + -+ + cosO,)

—a;sin®; — b;cosB; + b; — a,sinB, — b,cosH, + b, — -+ — a,sinb,
—by,c080,, + by, — am41Sin041 — byy1€0S041 + by — - — a,sind,
—b,cos6, + b,---------- (5)
150, =0>0,=04+0;° - 0, =04+ay_1’ Opy1=—0+ay,’ -0y =
-0+ a,_4

~ox (BN 0 B

ny’ = x(sin® + sin(0 + a;) + -+ + sin(6 + a,,,_1) + sin(—0 + a,,,) + -

+sin(—0 + a,,_1)) + y(cosO + cos(B + a;) + -+ + cos(0 + a,_1)

+cos(—0 + ay,) + -+ + cos(—6 + a,_;))—a;sin® — b;cos6 + b; —a,sin(6 +
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X = Ry cos(w;t) + R, cos(wyt + wyt + oy) + -+ Ry_qcos(wy_1t+ -+ ot +

oy—2) + Rycos(wpt + oyt + -+ it + ay_q) ------m--m--- (1)

y = Ry sin(w,t) + Ry sin(wyt + wt + o) + -+ + Ry_ysin(wp_1t + - + ot +

on—2) + Rysin(wpt + wy_qt+ -+ ot + oty _g) -==-m-mm-mmm-- (2)
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_ W3 Ws Wy Wn-1
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3t Wy Wy tws w4t ws Wp—2twWn—1
_ Wn-2 _ 2Wnp Wn—1

Ion-4 = —Rp2 ' TIp3= n-1 " T2n-2 n-1"’

In-1 =Ry’ 8=t
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2 x L35 zkaig - 202 5 D8 o T L
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W, W3 Wy Wp_1 2wy
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207 wy; w3 Wp-2  Wn-1

rp+r,=Ry'ry3+r, =Ry > Iy 3+ 2 =Ry_1°rp 1 =Rp2 0 =04t
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rirzrs..'onp— rqrarg..r
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+(I‘2n_3 + r2n_2) COS(el + 262 + 263 + e + Zen_1+0£n_2)
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x = R; cos(w t) + R, cos(wyt + wyt + o) + -+ Ry_qcos(wy_1t+ -+ ot +
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“rlys) "~ Isinc,0 (py —ay) + cosc;0(q; —by) + by
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ez ([ 3L ] Ap B R R (S )¢ eRsIE R g

AR B o4

[5/2L ]

®FAB>AB A F M B4R Ay ye)
B(x, * v2) * A'(x; 1) » B'(x5  v3)

X =%, + (X, —x )t

CEEE S
TET M ly =y 4+ (v, —y)t

X =x; + (x5 —x)t
y=y;+({; -yt

NEﬁ%&ﬁ;{

% P LABY c#s 8 > Q AAB Y} 0 ¥ L Pt R £05L 5 FELR
5 A R AEOR ¥ gEs i AR B R R Y o KB R 0R © dEs i
BB g PG RH Y < HQERIMOF W sk FRE

—

HM WEEP AABY ¥ 14 REAEFALAB

[P ]
S Ay ) A(x v yr) UMAR R o AIEOR W s AR > 4
A'(xy)
PIx + iy = [(x] — x1) +i(y; — y1)]s(cos6 + isinB)
#x = s(x] — x1)cos0 — s(y; — y;)sinf + x,
y = s(x] — x1)sin® + s(y; — y;)cos0 + y,

SA L (s(x) — x4)c0s0 — s(y; — y;)sin® + x; 5 s(x] — x1)sin® + s(y} —

y1)cos6 +y;)
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¢ 5 B(xp 1 y,) > B(xh 0 yy) 4B E EHE ¢ o B R OL W SisR WB B kT
B ek 2 % (s(x, — X5)c0s0 — s(y) — y,)sin® + x, » s(xy — X,)sin® + sy} —
y2)cosd +y,)
""P&AB} > HPBAHE L (X + X —x)t y; + (V2 —yY)
VQABABY » P i PR CQBL R L (X] + (xp — XDt yl + (vh — YD)
£ PR AR (xg + (% =Xt y1 + (2 —y)t) = (p1 > P2)
Qe R (x1 + (xz —xPt  y1 + (y2 —yDt) = (a1 * q2)
¢ 5P L e Y L QM OR W 4gss WRER
BA LR I 7 (FRELLE G
R(s(q1 — p1)cos® — s(q; — p2)sin® + p; > s(q;—p;)sin® + s(q, — p,)cosé + p,)
£ REHEGZ (xy)
Rx = s(qy — p1)cosd —s(q; — pz)sin® + py

=s(x; + x; —x)t—x; — (X, — x;)t)cosO

—s(y1 + (y2 —yDt—y;1 — (y2 —y)0sind + x; + (x5 — xy)t

= s(x7 — X;)co0s0 — s(y; — y;1)sin® + x;

+ [s(x3 — X1 —X; +X1)c0s8 — s(y, —y; —y2 + y1)sin® + (x; — xy)]t
y = s(q;—p1)sin® + s(q, — p2)cosO + p,

=s(x] + (x; —xPt —x; — (X, — X)t)sin6

+s(y; + (y2 —yDt—y;1 — (y2 —y1)tcosb +y; + (y, —y )t

= s(x7 — x1)sinB + s(y; — y;)cos6 + y,;

+ [s(x3 — X1 — Xp +X1)sin® + s(y; —y; —y2 +y1)cos6 + (y, —y )t
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S RE O y) st S

X = s(x; — X1)cos0 — s(y; — y;1)sin® + x; + [s(x;, — x; — X, + X;)cosO —

s(yz —y1 — ¥z + y1)sin + (x, — x4)]t

y = s(x] — x1)sin6 + s(y; — y1)cos0 + y; + [s(x5 — X7 — X, + X;)sin® +

s(yz —y1 —y2 +y1)cos0 + (y, —yy)]t
“rh REATHRA 5 - B &
¥ 1=0 pF >

(x *y) = (s(x} — x1)cos8 — s(y; — y;)sin® + x; » s(x{ — x;)sin® + s(y; —

y1)cose +y;) & A
¥ =1 pF

(x * y) = (s(x5 — x5)cos0 — s(yj — y,)sind + x, » s(xj — x,)sind + s(y} —

y,)cos8 +y,) = B’

. oot
#r0) R BET 2 B35 5 A'B 0 F e

[512+ 7]

% E AAABC 22 4AAB'C' 5 o infpin= &35

Z2C=2C=90" —==—=—

FOLEFRER 5 UAL I A IEOR WSS AR B R

B 0L st B8 > 1ICh Y ¢ O OR st #C, 8

%P 1 AAB C; ¥ AABC™ 5 I o chifp i = & )
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4o %AC=b'BC=a'AC =th'B'C =ta-
£ C(0-0) A(b > 0)» B(0» a)#-Ma; L L1

KC' (Xg ' yo) » C'A’Exdhit » & & S

"CA =CC' +C'A

= (xo * ¥o) + (tbcosa  tbsina)
= (xg + tbcosa ’ y, + tbsina)
* C %(0,0).".A'(xq + thcosa » y, + thsina) » 32
B’ (xo + tacos(90° + a) * y, + tasin(90° + a))
= B’ (x, — tasina > y, + tacosa)
S ATIAR R RARIOL ¥ dEsi A B
A(b > 0) » A'(xo + tbcosa » yo + tbsina) » 3% A (x1 * y1)
Pl x; +iy; = [(Xo + tbcosa — b) + i(y, + tbsina)]s(cosB + isinB) + b
#x, = s(xq + tbcosa — b)cosb — s(y, + tbsina)sind + b
y1 = s(Xq + tbcosa — b)sin® + s(y, + tbsina)cos6
oA ARG

(s(xq + tbcosa — b)cos® — s(y, + tbsina)sin® + b » s(x, + tbcosa — b)sin® +

s(y, + tbsina)cosB)

¢ 4rriBh R o HBURIOR ¥ Ss® BB B 0 IV (F4r
i s e 1
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B & %5

i

(s(xo — tasina)cosO — s(y, + tacosa — a)sin® » s(x, — tasina)sin®

+ s(y, + tacosa — a)cosO + a)

S A Ch R e RO ¥ s 90 B LT B A

Cy & 4% 5 (sX0C0S0 — Sy,sin® » sx,sind + sy,cos0)
C14Aq

(—sbcosB + stbcosacosB — stbsinasin® +b » — sbsin® + stbcosasin®

+ stbsinacos0)

= (—sbcosB + stb(cosBcosa — sinBsina) + b » —sbsin® + stb(sinBcosa +
cosOsina))
= (—sbcosB + stbcos(6 + a) + b » —sbsin® + stbsin(0 + a))

= b(—scosB + stcos(0 + a) + 1 > —s sinB + stsin(6 + a))

C;B; = (—stasinacos0 + sasin® — stacosasin® » —stasinasin® — sacosf +

stacosacosO + a)

= (sasin® — sta(sinBcosa + cosBsina) > — sacos6

+ sta(cosBcosa — sinBsina) + a)
= (sasin® — stasin(6 + a) » — sacos6 + stacos(6 + a) +a)
= a(s sinB — stsin(0 + o) °* — scosO + stcos(0 + a) +1)

£ —scosO + stcos(6+a) +1 =c > —ssinB + stsin(6+a) =d »

EljclAl = b(C ’ d) ’ C1B1 = a(_d ’ C)

<]

LY ClAl - C1B1 = ba(_Cd + dC) =0 ‘.'ClAl 1 ClBl . lAlclBl =90
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#-c + dizc = &5 > Kc+di =e(cosP +isinB) > B c= ecosP ° d = esinf
C1A;=b(c » d) = b(ecosp - esinB) = be(cosB * sinB)

C1B1:a(—d J c) = a(—esinB ’ ecosB) = ae(—sinB J cosB) = ae(cos(90° +

B) - sin(90° + B))

CiA; : C;B=|C1A,| : |C;By| =be:ae=b:a=CA:CB

x /A,C,B, = 2ACB=90" 11 AA,B,C;~AABC(SAS 4p ii1) »

% CA=(b » 0) = b(cos0’ > sin0") » CB = (0 > a) = a (cos90° > sin90")
C,A,=be(cosp - sinp) » C;B; = ae(cos(90° + B) * sin(90° + B))
“5 11 #-AABCYL C 5 %ed ¥ < % gkB » £ T4 2 # %7 WAAB,C

¥ #4rAAB;Ci#AABCE e e chjp it = 425 > (HEm
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x = (R+r)cosb — rcos(? 0)
y = (R+1)sin® — rsin(? 0)

g F] b enE 8 P 2 #% 8 i o L
P2 # & #
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(DFP ZEHEFIP (X)L hT ok | (DF P 2HFIPM (S hT g K
P2 d FIF] < BEAL 5 Aro P e~ P g Rl < BB 5 Aro P e
NN It T N
St 5o D A
X = (R+r)cose—)\rcos(¥9) X = (R—r)c059+7\rcos($9)
A . . R+r o . . R-r .
5 y = (R+r)sm9—7\r51n(TG) y = (R—r)sm@—)\rsm(TG)
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P O A *)
ﬂ;ﬁ R)FxP&FIRY e H RP | 2QFPFIRY T QP
3

LA AL 5 P AL -
NEECEEE S SR
x = (R—r)cosb + rcos($ 0)
y = (R=1)sind - rsin(---6)

b= AR ‘h AR

AT AR
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T t[REo L) it m

wTi(ay > by) » Ta(az > by) > - > Tp(an > bp) & LT o Fahn B T HMm=2) ¥
3-BP>406,=a0>0,=a0+a;> - 20 =ab+ay_g > Bpy =bO+
Um0 =b0+o_ P (HEP1<m<nfoa >y’ > Qpog’ Oy’ = Qp_q
SETAER aqp=0-a>b#0>a#Db):>

FOIT, 5 o 0 4P BLSEE, - WEIR, G 0T, Y o 0 P BRI,
@FR,: ... DT G R o 4P B0 W FR,e2% M SR, 0 Ry o - o Ry,

1% 328 > FOM = — (OR; + OR, + -+ OR,) » £ ¢ O 3 R g

M CFPEEE R FOE A0 F360° 2 BRSO MBEPIF R A"

¥ AT L v L s P PR PR bi+by+-+b
1. ab<O0pF> %75 M85 7= B3 5 p T fiesm > ¥ oo (BRI, uT0e )

n n

I B PR S S T v +a,+-+ b.+b>+---+b
2. ab>0pF > %75 MBEAT= R, 5 hadm > P (I, T m

n n

[P ]

w3 P10 [232w ] o E42 0 58+ (1)(2) > £ M > y)RI

nx’ = x(cos6,; + cosb, + -+ + cosB,) — y(sinB; + sin6, + --- + sinB,) — a,cosb;
+b,sin6; + a; — a,cos6, + b,sin6, +a, — - —a,cosO, + b,sinb, + a,

= x(cosB,; + cosb, + -+ cosB,, + cosO, ;1 + -+ + cosO,) — y(sinb; +

sinB, + --- + sinb,, + sinB,,,; + -+ + sinB,) — a;cosB; + b;sin6; + a; —

a,cos6, + b,sinb, + a, — -+ —ap,cosb,, + b,,sinb,,, + a,, — a;41€080,41 +
by4+18in0,41 +ap41 — - —aycos6, + b,sind, + a,---------- 3)
F150;,=a0>06,=a0+o; > - O =a0+ a1 Op =bO+ay 0 0 0, =
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b0 + a,_;
ANDN (3);¥ y By

nx'=x(cosab + cos(ab + ;) + -+ + cos(ab + a,—1) + cos(bO + a,,) + -+ +
cos(b® + a,_;)) — y(sinab + sin(ab + a;) + -+ + sin(ab + oy, 1) + sin(b6 +
Qy) + -+ sin(bb + a,_,)) —a,cosab + b;sinab + a; — a,cos(ab + a,) +
b,sin(ab + a;) +a, — - —apcos(ad + ay,_;) + bysin(ad + ay_1) + ay, —
am+1€0s(bO + o) + by 1sin(b0 + a,) +ap4q — - —apcos(b + a,_1) +

b,sin(b® + a,_;1) + a,

= x(cosab + cosabcosa; — sinaBsina, + -+ + cosabcosa,_; — sinaBsino,_; +
cosbBcosay, — sinbBsina,, + -:- + cosbBcosa,,_; — sinbBsina,_;)—y(sinad +
sinaBcosay + cosaBsina, + --- + sinaBcosa,,_; + cosaBsina,,_; +
sinbBcosa,, + cosbbsina,, + -+ + sinbBcosa,_; +
cosbBsina,,_;) —a;cosad + b;sinab +

a;—a,(cosabcosa, — sinabsina, )+ b, (sinabcosa, + cosabsina;) + a, —

ay, (cosabcosay,_; — sinabsina,,_,)+b,, (sinabcosa,,_; + cosabsina,,_;) +
am — amq1(cosbBcosay, — sinbBsinay,) + by, 44 (sinbBcosay, +
cosbOsina,,) + a1 — - — ay(cosbbeosay,_; — sinbBsina,_;) +

b, (sinbBcosa,,_; + cosbbsina,_;) + a,

= cosab(x + xcosay + -+ + xcosa,,_; — ysinay — -+ — ysina,_; —a; —
a,cosa; + b,sina; — -+ —aycosa,_ + bysinay,_;) + sinab(—x sinay —
-+ — X Ssina,,_q —y — ycosoy — -+ — ycosa,,_; + b; + a,sina; + b,cosoy +

-+ apsina,_; + bycosay,_;) +cosbO(xcosa,, + -+ + xcosa,_; —

ysina,, — -+ —ysina,_; — ay4+1€0Say, + by, qsina, — -+ —aycosoy,_1 +
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b,sina,_4) +sinb®(—xsinay,, — :- — xsina,,_; — y cosa,, — -+ —y cosa,_; +
am41Sina, + by icosay, + -+ + aysina,_4 + b, cosa,_4) +a; +a, + -+

am +apmy + o0+ 4)

w3 P10 [ 232w ] g 42 > 34+ (2) 0 £ M y') A

ny’ = x(sin6; + sinB, + -+ + sin6,) + y(cos6,; + cosb, + -+ + cosB,) — a;sinb;

—b, cosB; + b; — a,sinB, — b,cosB, + b, — -+ —a,sinB, — b, cosO,, + b,

= x(sinB; + sinB, + -+ + sinO,, + sinB,,; + --- + sinb,) + y(cosB; + cosO, +

-+ cosO, + cosO, ., + -+ + cosb,) — a;sinB; — b;cosH; + b; — a,sinH, —

b,cos6, + b, — -+ —ay,sin6,, — b,,cosb,, + b, —ay415in0, 11 —

bp4+1€0804,41 + by — -+ —apsind, — b,cosb, + b---------- (5)
150, =a0>0,=ab+o0; > O =ab+ a1 Oy =bO oy, 0 e
en = be + O(n_1

RIS ) FANRIEE gV

ny’'= x(sina® + sin(a® + o) + -+ + sin(a® + oy, _4) + sin(b6 + o) + - +
sin(b6 + a,_1)) + y(cosab + cos(ab + ay) + -+ + cos(ab + ap,_1) +
cos(b6 + a,,) + -+ + cos(b6 + a,_;)) — a;sinab — b, cosab + b; — a,sin(ab +
a,;) —b,cos(ab + a;) + b, — -+ —a,sin(ab + a,,_;) — by,cos(ad + ay,_,) +
by, — am4+18in(b6 + o) — byeicos(bb + o) +bpyq — - — agsin(bd +

a,—1) — bycos(bb + a,_1) + by

= x(sina0 + sinaBcosa; + cosabsina, + -+ + sinaBcosa,,_; + cosabsina,_; +
sinbBcosa,, + cosbBsinay, + -:+ + sinbBcosa,,_; + cosbBsina,,_;) +y(cosab +
cosafcosa; — sinaBsina, + -+ + cosaBcosa,,_; — sinaBsino,_; +

cosbBcosa,,, — sinbBsinay, + --- + cosbBcosa,,_; — sinbBsina,_;) —a;sinab —
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b,cosab + b; — a,(sinabcosa, + cosabsina,) —

b, (cosabcosa; — sinabsina,) + b, — - —

ap(sinaBcosa,,_; + cosabsina,,_;) — by, (cosabBcosa,,_; — sinabsinay,_;) +
by, — a1 (sinbBcosay, + cosbBsina,,) — by,41 (cosbBcosa,, — sinbBsina,,) +
b1 — - — ap(sinbOcosa,_; + cosbBsina,_;) — b, (cosbBcosa,_; —

sinbBsina,_;) + b,

= cosab(x sina; + -+ + x sino,_; + y + ycosay + -+ + ycosay,_4 — by —
a,sinay; — bycosa; — -+ — ay,sinay,_; — by cosay,_1)+sinab(x + xcosay; + -+ +
XCOSOy,—1 — ysinay, — +++ — ysina,,_; —a; — a,cosa; + bysino; — -+ —

ap,Ccosayy,_1 + bysinay,_;) +cosbB(xsinay,, + -+ + xsino,_; + y cosoy, + - +

y COSQy,_1 — Ap41SiNA,, — byy41C080,, — - — apSina,_; —

b, cosa,_4)+sinbB(xcosa,, + - + xcosa,_; — ysina,, — -+ — ysina,_; —
am41COSy, + by gsinay,, — - —aycosa,_; + bysina,_4)+by + by + -+ +
by, + bpyq + oo + by (6)

*® xsinoy + -+ + x sinay,_4 +y + ycosay + -+ + ycoso,_4 — by — a,sinoy; —

b,cosa; — -+ — ap,Sinay,_; — bycosa,_; =c¢

X + xcosay + -+ + Xcosa,,_1 — ysinay — -+ — ysina,,_; —a; — a,cosa; + b,sinay

— s —apCosa,_; + bysina,_; =d

xsina,, + -+ + xsina,_; + y cosa, + -+ y €oSa,_1; — @y 41Sina, — by q1C0S0,

— -+ —aysina,_; — by cosa,_; =e

XCOSUy, + **+ + XC0Sa,_; — ysina,, — **+ — ysSina,_; — ay4+1€0S0%y, + by 41Sinag, — -

—a,cosa,_q + bysina,_; =f

& x5 3 (4)(6)F
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nx’ = d X cosab — ¢ X sinab + f X cosb® — e X sinb® +a; +a, + -+ a, + a4
+ - +ap
ny’ = c X cosab + d X sinab + e X cosb0 + f X sinb6 + b; + b, + -+ b, + b1

+-+ by

d C . f e . a;ta,+---+a
X' = - X cosaB — = X sinab + — X cosh® — - X sinbf + 2—2——""1
b»l_i_ ) n n n n
. c d . e f . by+b,+---+b
y' ==X cosab + - X sinab + — X cosbb + — X sinb® + =—————

BME >y )T HIM(Xg 0 Y1)

d c . f e .
X; = = X cosaf — = X sinab + — X cosbB — = X sinbH
el ; “ ‘;
yi = E X cosaf + —X sinaf + % X cosbO + - X sinb6

REEF O 0 T BM(xq  y) T R R T 75 BEM(KX » y )T B 5 T

ai+az+---+ap b1+b2+"'+bn
b

PLAT A B = (L -

Y @ LT3 A »%

AR LRI BEM (g 0 Y1) #T S DRI

N

p=£7q=g’5=3’t=£9 ﬂlj

n n n n

{Xl = ( X cosaB — p X sinaB + t X cosbb — s X sinbO
y1 = p X cosaf + q X sina@ + s X cosb® + t X sinb6

#-q+piZs+tiriimst &7 o
2k q + pi = ry(cos@, + ising;) > t+ si = ry(cos@, + ising,)

H¥r=,/q?+p? 1, =Vt? +5s?

Plq = r;cos@, * p = rysin@; * t = r,cos@, > s = rysing, ° * » (7)7%
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e

X, = q X cosab — p X sinaf + t X cosb® — s X sinbH
= r,C0s;cosab — r;sing;sinab + r,cosy, cosbO — r,sing,sinbO
=1, cos(ab + ¢,) + r, cos(bB + @,)-------------- (8)
y1 = p X cosab + q X sinab + s X cosb@ + t X sinb@
= rysing;cosab + r;cos@,sinab + r,sing,cosbO + r,cosy,sinbd
= rysin(ab + @,) + r, sin(bb + @,)-------------- €)]
1. ab< 0p*
b(b—a) =b%?—ba>-ba>0."b(b—a) >0

tR=22xr 0 BIR >0

a . . a
ﬁrz—EXrl.ab<0..r=—g><r1>0’
br,. . . br
L A=—-——"ab< 0. A=—-—"2>0
arq arq
b P1—P2 a@y—be,
L — — —
5 § = —— == —
' ry B a-b a-b

(R r>A>0¢ )
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b-a a
( R—r=T><r1—(—E><r1)=r1
— b2y 2 —
Ar = arlx( b><r1)—r2
a b
) rs-—EXrlx(—E)—a

—(R-r)s=-r;s=b
P1—P2 a@y—bey a@;—b@q

rsp+a=af+a=ax —t =T = ¢
—(R - — — _ @1—@2 | apz—be; _ a@—be, _
—R—1Dsp+a=-rsp+a=bf+a=>bx b == g,

#rir; =R—r>ry=Arra=rs°b=—R-1)s> @; =rsp+a>

@2 =—(R-r)sp+a
ab+ @, =rsO+rsp+a=rs(0+B)+a
bO+@,=—(R—-1rsB—(R—-—1r)sp+a=—(R—-1)s(0+p)+a
w~(8)(9)
X; =1y c05(a® + @) + 1, cos(bO + @)

= (R=r1) cos(rs(6 + B) + &) + Arcos(=(R —1)s(8 + B) + )
y, = 145in(ad + @) + 1, sin(b® + @)

= (R—1)sin(rs(0 + B) + a) + Arsin(—(R —1)s(60 + B) + o)
£0+B=06," 7

{xl = (R —r) cos(rsf; + a) + Arcos(—(R — r)s6; + a)
y1 = (R—=r)sin(rs6; + a) + Arsin(—(R —r)s6; + )

£ rsB; =0, PsO, =972
rsf; +a=0,+a"

62 R—r
—(R—r)s@1+a=—(R—r)xT+a=—TGZ+a
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& x(10)3 > 9 3

R —
(xl = (R —r) cos(0, + a) + Arcos <— 0, + a)
R—r
= (R—r)cos(0, + a) + Arcos( . 0, — oc)
\ R—r
y1 = (R—=r)sin(6, + o) + Arsin (— . 0, + a)
. ~ (R—r
. = (R—r)sin(0, + a) — Arsm( . 0, — a)

STUMy(Xq 0 Y1) R

M; ((R —r) cos(B8, + a) + Arcos (? 0, — a) » (R=r)sin(0, + o) —

Arsin (? 0, — a))

£ 8M, 4 % ((R—r1)cos 0, + Arcos (? 62) » (R —r)sin 0, — Arsin (? 92))
HEEFO, 01360 2 BV iE g ds » 75 My¥7 2 ch|l?) 5 [,

x = (R—r) cos O, + Arcos (EGZ)
AT eh st & b g e (11)
y = (R —r)sin 8, — Arsin (T 92)

iR SRR S o A Myp#r R B A p SRR 2 ¢ s 5(000)
(P RN TEE S F 4R P.218 s )

[(R — 1) cos 0, + Arcos (? 62) +i ((R — 1) sin 6, — Arsin (? 62)>] X

(cosa + isina)
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R—r
= <(R — 1) cos 0, + Arcos ( . 92>> cosa

R—r
- ((R —r)sin0, — Arsin( . 62)> sina

R—r
+i I((R — 1) cos B, + Arcos < 62)> sina

r

R—r
+ ((R —1)sin 0, — Arsin ( . 62)> cosal

= (R —r)(cos 0, cosa

R—-r

r
— sin 0,sina) + Ar [cos ( 62> cosa + sin ( 92) sina]

+i|(R —r)(cos 0,sina

r R—r
+ sin B,cosa) — Ar(sin ( 92) cosa — CosS ( . 92) sina]

r
92—0()

R—r
r

= (R—r)cos(6, +a) + Arcos(

+1i|(R —1)sin(0, + o) — Arsin( 0, — 0()]

#7120 #-M, ((R — 1) cos 0, + Arcos (? 62) »(R—r)sin0, — Arsin (? 62))."1 R
R

M, ((R —r) cos(0, + a) + Arcos (? 0, — oc) ' (R—r)sin(0, + o) —

Arsin (? 0, — a))
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ACOUREFO o Mg L A p SR 22w 5(000)

SRS AE LA REmR 0 2 ¢ s R0 0)
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v ait+as+---+ap b1+b2+"'+bn
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n n

ab > 0pF

Fliaz#b 4 - M 2 B3 |b| > |a]

a b-a
€r=EXr1’R=TXr1

ab>0%r; > 0.'.r=%><r1 >0

ab>0F|b|>]al..a*b>02 b>a’#“a°b<0f b<a”

b-a b br P1—P2 a@z—b@q
T 0..R=—Xr 04 s=—oA=——rB="-72ra=—"—">
b > b 1> rq arq B a-b a-b
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r—ngl’R——Xrl(R’r>0‘=FE_’
. br > gl 24
e ."ab > 0. .X=—a—r2<01i:,i‘%éfém P e
1
Al
( R __b-a a _
+I'—TXI'1+BXF1—I‘1
br, a
—Ar=—=X-=-XTI{ =T
A ary b 1 2

rs=2xr x2=a
4 b ry
(R+r)s=r;s=b

P1—¢2 + a@z—be; _ a@pi—be,

rsB+a=aB+a=ax a—b ab _ ab Pt
_ _ _ P1-@2 , aQ2-b@; _ a@y—bgy _
((R+D)sB+a=rsp+a=bB+a=Dbx ;—b2+ ;—bl_ Ezl—bz_(p2

#rirp =R4+r rp=—-Arra=rs b=(R+1r)s’> @, =1sp+a’ @, =

(R+1)sB+ «
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ab+ @, =rsO+rsp+a=rs(0+p)+«
b6+ @, =(R+1)s6+(R+1)sp+a=R+1)s(0+p)+a
& » P.225(8)(9)
X; =, cos(ad + ;) + 15 cos(bO + @)

= (R+ 1) cos(rs(8 + B) + a) — Arcos((R +r)s(6 + B) + a)
y, = r;sin(ad + @;) + r, sin(bb + @,)

= (R+1)sin(rs(® + B) + o) — Arsin((R + r)s(0 + B) + a)

56+B=91’5'J

{xl = (R+r)cos(rsf; + a) — )\rcos((R +1r)s0; + oc)
y1 = (R+1)sin(rs6; + a) — Arsin((R +1r)s6; + 0()

£rsfy =0, 0 Plsh; ==

rsb; +a=0, + o>

(R+r)s@1+a=(R+r)x%+a=$92+a

®ox (10)58 0 7 31

R+r
x; =(R+r1)cos(0, +a) — Arcos(

R+r
y1 = (R+71)sin(6, + ) — Arsin(
STIIMy (X1 0 yp) R
M; ((R +r) cos(8, + a) — Arcos (? 0, + oc) » (R+1)sin(0, + a) —

Arsin (% 0, + 0())
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£ 2EM, 4 4E 5 ((R 4 1) cos 05 + Arcos (? 63) » (R + r) sin 03 + Arsin (% 93))

4a1=a+%x 180°

R+ro 4 —R+r(e r><180°)+ +L%180°
st =727y TR

_R+re R+r
T oor 2 R

o r o
X 180 +0(+E>< 180

R+r

= TBZ +a-— 1800 --------- (14)

7 s

R+r R+r
l(R + 1) cos 65 + Arcos ( 93> +i ((R + 1) sin 65 + Arsin ( 93)>l

r

X (cosay + isinay)

R+r
= <(R + 1) cos 05 + Arcos ( . 63)> cosay

r
63>> sinoy

R+r
+i K(R + 1) cos 05 + Arcos ( . 63>> sinay

R +
— ((R + r) sin 05 + Arsin (

R+r
+ ((R + 1) sin 05 + Arsin( . 63>> cosall

= (R + r)(cos 85 cosay

+r R+r
— sin B3sinay) + Ar [cos ( 93) cosay — sin ( 93> sinal]
+i|(R + r)(cos 63sinay
r R+r
+ sin B5cosa, ) + Ar(cos ( 63) sina; + sin ( 93) cosal)]

231



R+r

= (R+r1)cos(8; + ;) + Arcos ( 05 + al)

R+r
r

r

+i|(R+1)sin(03 + ay) + Arsin( 05 + al)]

(1255 + (13)(14)#7 19 51703 + 0y = O, + A%~ 03 + 0 =~ 0, + o — 180°
o)

R+
r

r (<]
= (R+r)cos(6, +a) + Arcos( 0, + a — 180 )

R+r
r

+1 [(R + r) sin(0, + ) + Arsin( 0, + o — 180°)]

R+r
r

= (R+7r) cos(8, + a) + Arcos (180o —( 0, + a))

R+r
r

+i [(R + 1) sin(0, + &) — Arsin(180° — ( 0, + 0‘))]

= (R+r)cos(0, +a) — Arcos(? 0, +a) +i [(R +r)sin(0, + a) —

Arsin(? 0, + a)]

#7112 #-M, ((R +r) cos 83 + Arcos (? 63) » (R+r)sin 03 + Arsin (% 63)) i
Fgk s gk g v F

M, ((R + r) cos(0, + a) — Arcos (% 0, + oc) ' (R+r)sin(0, + o) —

Arsin (? 0, + a))
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R+r
oL X = (R+r)cose3+krcos(Te3) bo e by

y = (R +r)sin 05 + Arsin (? 93) 7 ary

PN = A=22 cap> 000 >0

arg

R+r
X = (R+r)cos0; —A’rcos( 93)

r
. (R4
y=(R+r)sin0; — )\’rsm( - 93>
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@01’02’03’—,‘?:6032\02‘5";7}\?"5@’2 Ozﬁol#gkyoolé ’i[F'T]’IRJ
e E® a0, EE > £ P50t - 8 PIPEERFHL - RS HmET) - APV

PR BB AN bR B AT g IR e

RE G = BRGEA LA 0 KO0 O0p 0 052 24 B 5 51| > g+ rs]
;[:i‘ = r{»rp,>°rz3’°nr + rzi—,'j]‘ :‘%' O ’ El]
riry > 0FF 2 (2 )ryrp, < 02 [rq| < ||rp| @ = Fe &R 5 oF T HLs

(Z)riry <02 |ry| > [rp|pe > = FE & R 5 P T Hs -

2P NEA BRI N=2 AP R Y SR o

[#r ]
d P101 [#o2= L] & Tk NS R 287 427 5
X = (r; + ry)cos0; + (r3 + 1) cos(0; + 26, + a;) + -
+(ryp_3 + Iyp_p) cos(0; + 26, + 205 + -+ 20,,_1+a,_5)
+ry,-1c0s(0 + 20, + 265 + -+ 20,1+ 0, + 1)
y = (r; + r3)sin®; + (r3 + r,) sin(6; + 260, + ;) + -+
+(Ton_s + Fan_) SIN(O; + 20, + 205 + - + 20,4 +0ty_5)

+I‘2n_1sin(91 + 262 + 263 + + 29n_1 + en + O(n_l)

#90, =00, =22%3g2<k<nkeN):

Ialg..I'pk—2

B ON=2pF > Z PRGBS Sl S
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{X = (ry +ry)cosB; + rzcos(6; + 6, + ay)
y = (r; + 1ry,)sin®; + r3sin(0; + 6, + a;)

—?i“91=9’92=£—:9’r1’r2’r3’r1+r2¢0’E]ﬂjé.u;f;\(O,O)

S0+ 0, =0+ 20 =120 F T 4R T
2 2

X = (ry + ;) cos 0 + r cos (rl:z 0+ 0(1)

. . +
y = (ry + r,)sin6 + r5 sin (rlrzrz 0+ 0(1>
(— ) I‘1I‘2 > OEE

EJ P.95 ﬁjr‘igﬁ ‘,Fr'rlrz > 0%\ 01 ’ 02 7h
o El ket W o d BT 4P
TP S RN A AP R 0 9T P

LS a R AR U AR AR i D

B35 5t KA B o

¢ (#)st SR BIA(GR 5 D) 3dkst 5

x = (r; + r,) cos 8 + r cos (rl:rz 0+ 0(1)
2

l-‘: _ . . ri+rp

y = (r; + 1) sin 0 + r3 sin —0+o

2

4\__—)\5111'3 = —7\1"2

Iz
Vr3#E0 CA=E00 B

( r1+r2

x=(r; +ry)cos0 —Ar,cos [—=0 + a4
=(r1+r2)cose+7\r2cos(rr 26+a1+n)

| IR

y=(r1+r2)sin6—7\rzsin(rr 20+« )

= (r; + ry)sin0 + Ar, sin(m9+0(1 +T[)

I
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(1)

x = (r; +ry)cos® —A'r, cos (@e + 0(’1)
2 HeN >0

Iitla g 4 a’)
1

pIT =
y=(r; +ry)sin6 —2A'r, sin( -

L0 =0+ 2 MO =0 — 2o
1 1

rq{+r rq{+r r
—20+a; =12 2(9’——2a’1)+a’1=

) I rq

ri+rp 9 — ri4r; o + o =
Iz ry 1 1 Iz

r rq{+r r
X = (ry +1r3) cos (6’ - r—za’1> — A'r, cos (% 0 — r—za’l)
1 2 1

. r . ri+r r
y = (r; + ry)sin (9’ — ia’l) — A'ry sin (% 0 — —20(’1)

2 rq

2 Y e~ e r Y A 2
HeT B 0L R B 5 g s g o o R R
1

X = (ry + ry)cos®’ —A'r, cos (@ 6’)
% He N >0
y = (ry +1r,)sin®’ — A'r, sin (1r1r_rz 9’)
2

Friorp, >0 Pl4R=r>r=r,

x = (R+r)cos®’ — A'rcos (? 6’)

H? Rr,A'>0
y = (R +r)sin®’ — A'rsin (? 9’)
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2 #r,°'r; <0’ 4R=-r;°r=-ry,°

x=(— R—r)cose’+7t’rcos( R- r9>
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EIJF, : : ' 1] . 1]
y = (—R —r)sin®’ + A'r sin (_—rG )

HeRrA >0
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S0 A
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HeRr,A >0

ST shsges s 2 ¢ e 5(000)
VTS BA ALY BBk

ST Y S RPN (R

g
-

T B2 R B % g ¢ ,L;};@gz_zarl s 8P BT
1

peo|
[

| B3 T

TR R B (— )

ST A=, 29w 5(000)
(=) riry <02 |ry| < [rp|P*

d P95 hF & 4viryr, < 04 77 0 fc0, p *7
rg] < ryl 05t 0% o A AL B o

%

2T g5 P ERU RN AR

‘m\ “

TRE)FO A p TR K LR
I i

Fl+ e~ > #frLd 37 plke o 54

237



* Geogebra ip|zE c FILE A F R S 2ENTIRETED L FR o

d P235 (#)4 1 - PrE B (R 5 D)%l 4

X=(rl+r2)cose+r3cos(r1r+r29+0(1)
r: .
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2
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y = asin(% + a3) + rgsin 6’
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X= récos(rl;rz 0" +aj) + (r; +13) cos @’
2
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r: {x = —1,0; + rycos(0; + ;)
y =11 + 1,8in(0; + ;)

PEETESRL G X

r .
Z’\_Z:A ..I‘2=7\I‘1
ry

" {x =-10; +Ar;cos(®; +a) (#)
: y=1q + Arlsin(el + 0(1)
FAS 0B AN =40 o =0y +90° Ly = o —90" > A
P [x=riB +Vricos(8; + o — ?00) ______________ (*)
y =1y + A'rysin(8; + of — 90%)

FASOR AN ==2>af=a; —90" ..oy =a] +90° & »(#) > B

P x= —1,0; — A'rycos(0; + aj +90°)
y =r; — A'rysin(0; + aj +90°)

wp s 1XT —r;0; + A'rycos(0; + of —90°)
| y=r; +XNrysin(0; + o) —90%)

E} (*) (**)3‘_‘? T 2}\&'\]"{1 %\ T N

r: {X = _rlel + }\’I'1COS(91 + all - 900) ,}i PA >0

y =r1; + A'rysin(0; + aj — 90°)
4‘,\ 9'1 == _61 —O('lﬂ‘lel +O('1 == —9'1 ’ 61 = —9'1 _a; ’ E'J

re x= —r;(—07 — a}) + A'rycos(—68; —907) =0} + ryaf — A'rycos(90° — 0))
' y =1, + A'rysin(—0, — 90°) = r; — A'r4sin(90° — 0})

X =107 + r;0q4 — A'rysin6;

T {
y =r; — A'rycos0;
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X = 17107 + rjo; — A'rysin6;

» 2 A r; >0
y =r; — A'rjcosb} ol

(1) {:”r1>0ﬂ'J€r{=r1’F:{

BT T H5E(-rja, > 0) > KEFMA 5T

X =r1707 —A'risin®] = ri (07 — A'sinB))
y =r; —A'rjcosf; =r;(1 —A'cosB])

T’ :{
bR asEml F SRR P R ERL L X
T 4% B (=rio  0)7 @
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(2) + I < OFIJ : Iq ry I { y = —r:ll + K’ricosell

BT 02 R B 5 $HERE EHAERA) K B R PR AT (7 T 2T W25

R BE)
X =1;0% +ria; — A'risinf;
s (£ 7 0BG ARSI > 0
y =r; — A'rjcos0;

BT e B (—ra, > 0) X EF LT

X =1707 —A'rysin®] = ri (07 — A'sind)
y =r; —A'rjcosf; =r;(1 —A'cosb])

pIr" {
d R AT 5 M PRI ML X
VCHETT B R (-ro) 0 0) 0 F E# I BT
T T # e B (riay 0 0) 0 F F R BT

TR G AR DT EMRL G X
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