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Fancy of 77 :from Asymmetrical Cut to Weighed Adjustment

Abstract

Estimating Pi is always interesting in mathematics; despite the many efforts
devoted to the understanding of Pi lasting for thousands of years. Almost all of the
geometric approximations are based on regular polygons involving computation of
irrational numbers since Archimedes. However, the geometric rational approximation
of Pi seems to be rare in literature. In this project, we use asymmetrical polygons with
rational areas to converge to a disk, with their set-difference shrinking to zero in area.
By taking appropriate weighted average of the areas of two polygons, the
approximation has been improved. The algorithm involves only integer arithmetic
operations, therefore can be implemented under a computational environment

involving arbitrary-precision arithmetic.
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Content, Research Process, and Algorithm

1. Number Pattern on a Binary Tree

Consider a full binary tree labeled recursively as follows:
1) The root has label 1.

2) If the parent is labeled 1/m, then the left child has label 1/(m+1), and the right child

has label 1/(m(m+1)+1). (Fig.1)

The sum P(n) of each numbers in the row will approximate Pi/4.

1 .~ 1 ~ 1 4*P(1)=4
2 3 4*P(2)=3.333...
le N1 1¥ 4*P(3)=3.212...
3 7 N 13 4*P(4)=3.176...
) ¥ N ANy YT 4+p(9)=3.144...

] ] 1
4 138 575 2114 183 #4P)—x
Fig.1 Full Binary Tree

We are to show how such a tree can be applied to form an approximation scheme for Pi

through rational numbers.
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2. Geometric Justification

2.1 Fundamental Lemma (Asymmetric Cut)

OABC is a kite with and ~OCB =90°. (Fig.2) D is a point on AB . Let A’ be the

reflection of A across AB, and extend DA' to meet BC atE.

Then:

1) OABC is a kite. (since AB, BC, DE are tangent to the unit circle.)

2)If AB=aand AD=b,then A'E :%. (Tangent Sum Formula)
+a

3) If AB=L and_D:i, thenﬁzé.(puta:
m m+1 m(m+1)+1

1 b= L in 2)
m m+1
Throughout this work, the process of replacing kite OABC with the two smaller kites

OADA’ and OA’EC is called Asymmetric Cut.

C E B
A

D

0 4

Fig.2 Construction of Asymmetric Cut
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2.2 Assembly of Kites
Step 1. Construct an unit square. (Fig.3a)
Step 2. Apply the Fundamental Lemma to obtain the total area 1/2+1/3. (Fig.3b)

Step 3. Apply the Fundamental Lemma to obtain a polygon of total area

1/3+1/7+1/4+1/13. (Fig.3c)
In general, suppose Step n-1 has been completed. Then

Step n. Apply the Asymmetric Cut to each of the kites forming the polygon remained
from Step n-1 with total area the sum of the reciprocal of the numbers in the nth row of

the number pattern in Fig.1.

1/4

Fig.3a
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2.3 Convergence

Since kites forming the nth generation are non-overlapping, covers the unit circle and

all lie within a circle of radius 1+ 1/n, the sum area of all such kites converges tp pi/4.

Q¢

Fig.4

(Fig.4)

2.4 Discussions

1) Taking the arc-length is a discontinuous process (cannot justify easily), so we

calculate the total area of kites without using side lengths.

2) The binary tree is generated directly by the Fundamental Lemma.

3) All of the kites have rational areas, therefore we can calculate the total
area with rational numbers computed from the sum of the reciprocals

of the numbers in the same row to approximate Pi/4.
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3. Flexibility of Multiple Dissections

3.1 Theorems:
Theorem 1: (Multicut Formula)

If a kite formed in an unit circle with its central angle 26 is divided into n parts, each
with central angle 26, (k=1,2...n), then the total area of the n kites is
tang +tand, +...+tand,. If 6 =6,=...=6, , > 6, , then the total area is

(n-1tan g +tan(6—-(n-1)4).
Theorem 2 : Regarding to Theorem 1,

If a kite with the area 1/m is cut into 3 parts with 2 bigger kites and 1 smaller kites, to

+ m .
2m+1 2m*+2m? +2m+1

make the smaller kite—0, then the total area is 2x

Theorem 3 : Regarding to Theorem 1,

If cutting it into four parts, then the total area will be 3x

+
3m+1

om® —2m-2
27(m* +m® +m?) +16m+2

Theorem 4 : Regarding to Theorem 1, if main angle r iscutinto n parts, and the

offsprings are named as r,, s=1..n, then

Sum of each 7, - Sum of products of each three 7; +...

1- Sum of products of each two 7, + Sum of products of each four 7,- ...
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3.2 Cutting Procedure:

Step 1: Construct an unit square. (Fig. 3a)

Step 2: Apply the Multi-cut Formula to obtain the total area 2x§+% , Which is the

two bigger kites with the area 1/3 and one smaller kite with the area 1/7 (Fig. 5a)

Step 3: Apply the Multi-cut Formula to obtain the total area 5x % +2x 7—3; . The two

kites with the area 1/3 are replaced by four bigger Kites with the area = 1 and
2x3+1 7
. . 3 3 .
two smaller kite with area - > =— so the total area is
2x3+2x3 +2x3+1 79
1 3,1 1 3 :
22x=+—)+==5x=+2x—. (Fig. 5b
( 7 79) 7 7 79 (Fig. 5b)
. 11 Fig. 5b 5xt+2x—
Flg. 5a 2X§+7 7 79
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3.3 Calculations:

In order to reduce the number of cuttings, we

(1) only replace the biggest kites with smaller kites in each generation

(2) the other smaller kites, will remain after several generations without being cut.

The calculation can be transformed into lines:

a) Replace one kite with three:

1> 2><1+1—>5x1+2xi—>10xi+5xl+2x——>
3 7 7 79 799

15

7

15
3

20x —+10x——+5x—+2x—

b) Replace one kite with four:

7231

4

799

1
13

29"

l—>3x1+£—>9x—+3xﬁ+i—>
99 9138 99

27 x —+
40

3
79

1493

134

X +3x +——
835239 9138 99

We can compare the efficiency of these algorithms (Table 1) with this formula:

7T —> 4 X sum of the rational numbers in the same step

The red numbers are the accurate digits of approximation.

The smaller the kites are, the quicker the approximation is. (Fig. 4)

Table. 1 (The left is without replacement, the right is after replacement.)

n 1—2 1—3 1—4 n 1—2 1—3 1—4

1 |4 4 4 1 |4 4 4

2 3.333333 | 3.238095 | 3.202020 2 3.333333 | 2.238095 | 32.202020
3 3.212454 | 3.157888 | 3.147066 3 3.238095 | 2.160940 | 32.147219
4 3.175916 | 3.144961 | 3.142158 4 3.186813 | 2.145683 | 3.142209
H 3.161107 | 3.142360 | 3.141653 o) 3.167765 | 2.142582 | 3.141661
3] 3.153898 | 3.141776 | 3.141599 3] 3.159163 | 2.141832 | 3.141600
7 3.149941 | 3.141637 3.141593 T 3.154734 | 2.141653 3.141593
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3.4 Discussions

1) From Fig. 4, we can see that if we quickly dissect the kites, the calculation will be

more efficient. (Table 1)

2) Theorem 4 allows the flexibility to design the number of kites in each step of the

dissection, therefore lots of algorithms of Pi can be developed
Ex: Replace each kite with 5, 6, or more...

3) If we still dissect each kite with 4 smaller ones, there will be 4° =4096 kites in the
sixth step. In order to reduce the number of kites, we only cut the kite with the

maximum area (cause the most error) at that moment.

4) Theorem 4 is a general formula for multicut, and can generalize all kinds of

Machin-like formulas.
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4. Relation to Machin-like Formulas

All of the Machin-like Formulas are historically developed by calculus.

However, by taking advantage of Multi-cuts formula, we can reduplicate other
different combinations of the Machin-like Formula and proof them geometrically.
This is the geometric proof of the Machin’s Formula:

L —4r—6r°r, +4r° +r'r . :
- 3 ° which replacing
1+4rr —6r° —4r’r, +r

From the Theorem 4, we can develop r, = a1

one kite with the area r, with 5 smaller ones consist of four bigger kites with the area
r and one smaller with the area r,. Given r =1, r=1/5, and then we can get

1 . . T 1 1 .
r. = ———,which can be written by 2 =4arctan 5 arctan 239 (Machin’s formula).
(Table 2)
Because of the flexibility of the Multicut formula, we can design many formulas which

replace each kite with more smaller ones. Therefore all of Machin-like formulas can be

derived by our Multicut formula. (Table 2)

Table 2
. The formulas based on ]
EX Arctan expantions ) Derived from
Multicut Formula
1 % =arctanl 1 The first step
T 1 1 1 1
2 — =4arctan = —arctan — 4x——— 1->5, the second ste
4 5 239 5 239 P
3 z:5arctan1+2arctani 5><1+2><i 1->3, the third step
4 7 79 7 79

105




A(0,2) E(1,2) B(2,2)

V4 1 1

— =4arctan = —arctan ——
n(8/5,9/5) 4 5

1 1
m(9/5,8/5) 4x————
5 239

P(0,1)
o(1.1)
/ )
€(0,0) F(1,0) D(2.0) . )
: : ZMOF 1 Fig.7 Machin’s Formula
area(PON) = area(MOF) = 7 %

~——— = £LMEF = e\r(-mn§

1

sa( POM) = area(NOF) = arctan 5 . . .
s e =, The geometric meaning (Fig.6) of
area( POF) =

= arctan ; + arctan g

7 = orctang +arctang
area(MON) = “r(.m,,% Machin-like formula is not general.

1
arctan ; = arctan ; + arctan g

2 3 7 The Asymmetrical Cut can show

Fig.6 One of Machin-like Formula in Wiki much more correlation to geometry.

(Fig.7)

We can design a totally different formula similar to the Egyptian Fraction.

Theorem 5: Given a rational number 0< g <1. Find a integer n which satisfies
p

P n, < P 1. Then the value of % in the formula arctan d = arctan 1+arctan S

q q Py p n Py

can be found. Throughout this kind of procedure, we can further get

q 1 1 .
arctan — = arctan — +arctan — +... +arctan —, where n,n,,...n, are all positive

p nl nZ nk

integers.

Multicut Formula can also lead to Leibniz formula and one of Taylor’s series

expansions.
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5. Weighted Average

5.1 Weighted Average

Theorem 6: OABC is a kite with its side length OA=1, AB=r,

Z0AB =~/0CB=90°. OAD'F' and OF'E'C are the kites formed in OABC

with AD'=r/2. (Fig. 8) Then C
EI
r B
1) the area of AOAC = —
1+r
DI
. r . 2re
2) the red area is ——, the green area is ————.
4+2r 445r°+r o A

3)if r—0, then the ratio of the two areas will be —1/2.  Fig.8 Weighted average

From the Fundamental Lemma, we’ll get r —>£+ and the ratio of the red and

+r2’

the green area in Fig.8is (1+r*)(4+r%):2(4+2r%) . Assume that the side length of a

smaller kite in the second step is r, = f(r), then the ratio of the red and the green area

after the second cutis (1+r,°)(4+r,%):2(4+2r?).

It can be seen that if the area of the kite r is close to 0, then the ratio between the red
and green area is close to 1:2, as same as those in the second and more steps.

Therefore:
1) The ratio of the two areas (outside-sector):(sector-inside) —»1:2.

2) No matter we apply each Asymmetric Cut to this method, when the area of kites

shrink to 0, the error ratio will be close to 1:2.
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Theorem 7: Apply Asymmetric Cut to Weighted Average, when replacing each Kite

with 2 smaller ones in each step, the value of 7 in volume k is

+5r2
7 =4x ) (k, n)
Z:(12+9r(k mt )

(k n)

5.2 Asymmetrical Cut plus Weighted Average

We summarize all of the algorithm of 7 in this research applying to the weighted
average and make the comparison of these formulas (replacing each kite with 4 smaller
ones): (Table 3)

4kfl

®4x) r (total area of kites)

4k1

®4><

area of inscribed polygon)

4kl

= (2®+®) 4xz 2+

) (constant ratio = )

4k1
@4 Z( 12r +5r° —————) (accurate ratio)

12+9r +r
The computation shows that our method is indeed correct and efficient.

Table 3

@

@

©)

@

4.0

2

3.334552845537

3.0909090909091

3.2020202

3.025035

3.143025341274

3.1412331721449

3.1470660

3.130684

3.141605475929

3.1415894468782

3.1421583

3.140461

3.141592794126

3.1415926184543

3.1416539

3.141469

3.141592655256

3.1415926531733

3.1415994

3.141579

3.141592653610

3.1415926535847

~N | o | o WIS

3.1415934

3.141591

3.141592653590
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5.3 Discussions

1) At the last part, we only discuss the area of the circumscribed polygon. In this part,
we construct similar inscribed polygon which has the rational number as their area and

develop the best weighted average to converge the area of the unit circle =.
2) “The simple average”is came from the constant ratio 1/2, which is
“The average of the sum”. The best average is the sum of each average.

3) From Table 3, we can indeed see that 7.7022x107°:1.5045x10°° is close to 1:2.

,
2+r?2

4) In Theorem 6, we develop the Weighted Average with r —>£+

Indeed each kind of cutting method can lead to one Weighted Average method,

therefore we can further design many kinds of Weighted Average methods.
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6. Characteristics

1) The algorithms are based on both rational numbers and geometric meaning which
are seemed to be rare in literature, therefore it can be implemented without truncation

error and can be understood visually.

2) The idea in this research allows the flexibility to design the number of kites in each
step of the dissection, so lots of algorithms of Pi (including many kinds of

Asymmetric Cut and Weighted Average) can be developed.

3) We found the general solution and the geometrical proof of the Machin-like

formula which were historically based on calculus.
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