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ABSTRACT

Simson Circle

Given a triangle ABC and a point P which lies on the circumcircle of AABC, the

feet of the perpendiculars from P to three sides AB, BC,CA are all on a line, known as

the Simson Line.

What if the point P is not on the circumcircle of AABC, but inside or outside it?
That’s what | want to find out. In a plane with AABC and a point P, we draw the
circumcircle of the feet of the perpendiculars from P to three sides AB, BC, CA. | define
the circle “the Simson Circle.” While there are plenty of interesting propositions of
Simson Line, | also discovered many impressive specialties about Simson circle. Most

of them are mainly about concurrent, circles, and similar figures.

This research is proceeding in an orderly way. The results afterward are based on

the knowledge in the front.

During the process of studying, I also find out another proof of some famous

theorems, such as Feuerbach’s Theorem.
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Abstract

Given a point and a triangle, the pedal circle is the unique circle determined by the

perpendicular feet from the point to three sides.

By using the dynamic geometry software GSP, we have discovered chains of

infinitely many theorems of the pedal circle:

Chain 1: For a point and a quadrilateral, the four pedal circles, formed by omitting
each vertex in turn, are concurrent in a point, named the pedal point. For a point and a
pentagon, the five pedal points similarly formed, are concyclic, named the pedal circle.

This process can be extended repeatedly.

Chain 2: Given a point and a cyclic quadrilateral, the centers of the four pedal
circles so formed, lie on a circle CP(3; 4). Given a point and a cyclic pentagon, the five
centers of the corresponding circles CP(3; 4), formed by omitting each vertex in turn,

lie on a circle CP(3;5). This process can be extended repeatedly.

Chain 3: Given a point and a cyclic hexagon, the centers of the six pedal circles
(with respect to pentagon) so formed, lie on a circle CP(5; 6). Given a point and a
cyclic heptagon, the seven centers of the corresponding circles CP(5; 6), lie on a

circle CP(3; 7). This process can be extended repeatedly.

Chain n: Established by repeating the process above by starting with cyclic
(2n)-polygon.

il



Notations

. PC(n): The pedal circle of a point with respect to an n-polygon. (n is odd and

n = 3)
. PP(n): The pedal point of a point with respect to an n-polygon.
(n isevenand n > 4)

. PC(P; A4, A,, ..., A,): The pedal circle of point P with respect to the
n-polygon 4,4, ... A,.
. PP(P; A4, A,, ..., A,): The pedal point of point P with respect to the

n-polygon 4,4, ... A,.

CP(m;n): The pedal circle started from the pedal circle of m-polygon, of a point

with respect to a cyclic n-polygon.



Main Results

Chain 1: The Chain of Pedal Circles and Pedal Points (Fig. 1)

First, let “PC(3)” denotes the pedal circle of a point with respect to a triangle.
Let P be a given point in the plane.

Considered P and a quadrilateral, then the four corresponding circles PC(3),
formed by omitting each vertex in turn, are concurrent in a single point PP(4) (named

the pedal point).

Considered P and a pentagon, then the five corresponding point PP(4) of P are

concyclic on a circle PC(5) (named the pedal circle).

In general, when a 2n-polygon is given, then the 2n corresponding circles

PC(2n — 1) of P are concurrent in a single point PP (2n).

When a (2n + 1)-polygon is given, then the 2n + 1 corresponding PP(2n) of P

are concyclic on a circle PC(2n + 1).

Fig. 1 Chain 1

Chain 2: Pedal Circles Started From a Triangle (Fig. 2)

Let P be a given point in the plane.

Considered P and a cyclic quadrilateral, the centers of the four corresponding

circles PC(3) of P are concyclic on a circle CP(3,4).

Considered P and a cyclic pentagon, the centers of the five corresponding circles

CP(3,4) of P are concyclic on a circle CP(3,5).



In general, given a cyclic n-polygon (n = 5), then the n corresponding circles

CP(3,n—1) of P are concyclic on a circle CP(3,n).

Fig. 2 Chain 2

Chain 3: Pedal Circles Started From a Pentagon (Fig. 3)

Considered a point P and a cyclic hexagon, the centers of the six corresponding

circles PC (5) of P are concyclic on a circle CP(5,6).

Considered P and a cyclic heptagon, the centers of the seven corresponding

circles CP(5,6) of P are concyclic on a circle CP(5,7).

In general, given a cyclic n-polygon (n = 7), then the n corresponding circles

CP(5,n—1) of P are concyclic on a circle CP(5,n).

Fig. 3 Chain 3

Chain M: Pedal Circles Started From a M-polygon
Let P be a given point in the plane.

Considered P and a cyclic 2M-polygon, the centers of the 2M corresponding
circles PC(2M — 1) of P are concyclic on a circle PC(2M — 1,2M).

In general, given a cyclic n-polygon (n = 2M + 1), then the n corresponding

3



circles PC(2M — 1,n — 1) are concyclic in a circle PC(2M — 1,n).

Triangle | PC(3) * * * * * * *
4-polygon | CP(3,4) | PP(4) * * * * * *
5-polygon | CP(3,5) * PC(5) * * * * *
6-polygon | CP(3,6) * CP(5,6) | PP(6) * * * *
7-polygon | CP(3,7) * CP(5,7) * PC(7) * * *
8-polygon | CP(3,8) * CP(5,8) * CP(7,8) | PP(8) * *
9-polygon | CP(3,9) * CP(5,9) * CP(7,9) * PC9) | *

: : * : * : * :

Fig. 4 Chain of chains *=Undifined



Sketch of Proof

I. Chainl

Let a point P and a quadrilateral ABCD be given in the plane. Construct four
circles with diameters PA, PB, PC, PD respectively. Updating the perspective, let us
rename the circles to be Cy, €3, C3, C4. Let point H;; be the intersection of C; and C;

other than P.

Now the circle PC(3) is the circumcircle of H;, Hjy, Hy;. For example,

j
PC(P; A, B, C) is the circumcircle of Hy,, Hy3, H34. (Fig. 5)

Fig.5

Fix a circle k with the center P. Take the inversion with respect to k. Then
circles PC(P; A,B,C),PC(P;B,C,D),PC(P;C,D,A),PC(P; D, A, B) are transformed
to circle to circles IC(P;A,B,C),IC(P;B,C,D),IC(P;C,D,A),

IC(P; D, A, B) respectively, and circle C; is transformed to line L;. (Fig. 5)

Since IC(P;A,B,C),IC(P;B,C,D),IC (P;C,D,A),IC (P;D,A,B) are the
circumcircle of the triangle enclosed by L4, L, L3, L,, formed by omitting each line in
turn, it follows from the Clifford Chain Theorem [4] that they concur at the
point IP(P; A, B, C, D). (Fig. 6)



Fig. 6

Let apoint P and a pentagon ABCDE be given, we similarly invert the five
corresponding points PP(4) of P into five points IP(P; A, B, C, D),
IP(P;E,B,C,D),IP(P;A,E,C,D),IP(P;A,B,E,D),IP(P; A, B, C,E). Base on Clifford
Chain Theorems [4], the five points are concyclic, so are the five corresponding

points PP(4).
Dictionary

We have discovered a dictionary to translate Clifford’s results into our results!

We are standing on the shoulder of a giant, William Kingdom Clifford. This

dictionary is engineered by inversion.
Il. Chain of Chains

Lemmal: The radius of the pedal circle is equal to:

PAXPBXPCLo,

(R is the radius of the circumcircle and d is the distant between P and the circumcenter.)

Lemma2: Given a quadrilateral ABCD and a point P, let the centers of pedal
circles of P with respect to the triangles ABC and DBC be Cy4, Cp, and the
perpendicular foot from P to side BC be H.We have that:

2APD = £C,HC)p.

Lemma3: The pedal triangle of P with respect to triangle ABC is similar to the
triangle formed by the intersections, other than A4, B, C, of line AP, BP, CP with respect



to the circumcircle.
First step

To prove the chain of chains, we first need to show that the centers of circles

PC(2n + 1) are concyclic. (n € N)

Consider a point P and a circle with some given points Aq, 4,, ... on the
circumference. Let A, A5, ... be other points on the circle such that A;, P, A’; are

collinear. For any other points By, B,, ..., B;, belong to the circle, we have that:
n € N.
Consider the cyclic 2n-polygon A4, ... Aap:

The polygon formed by PP(P; A4, A,, ..., Ay,) and the centers of
PC(P; A4, A,, ..., Ay, B;) is similar to the polygon formed by P and B;.

(When n=1, let PP(P;A;,A,) be the perpendicular foot from P to A;A,)
Consider the cyclic (2n+1)-polygon A, A, ... Ayp41, We have:

The polygon formed by PP(P; A4, Ay, ..., Aypyq, B;) is similar to the
polygon BB, ... By,.

Consider the cyclic (2n+2)-polygon A1 A4, ... Aypio:

The polygon formed by PP(P; Ay, A,, ..., Azns2) and the corresponding centers
of PC(2n + 1) is similar to polygon PA'1A'; ... A' 5 45.

Consider the cyclic (2n+3)-polygon A4 A4, ... Ay, 43, We have:

The polygon formed by the corresponding points PP(2n + 2) is similar to the
polygon A"1 A", ... A' 5 43.



Proof

Fig. 7

(1) n=1:

(a) (Fig. 7)Let Q be the perpendicular foot from P to A;A,,and B; be
the center of PC(P; A4, A;, B;). We want to show that:

QB lB 2 ...B m "~ PBlBZ ...Bm.

Consider two points B;, B;. Since PC(P; A1, A, B;) and
PC(P; A4, A3, Bj) both pass through Q, by lemmal and lemma2, we can

easily obtain that:
AQB ;B ~ APB;B;.
Therefore, PB.B,..By ~ QB 1B, ...B .
(b) (Fig. 8)Let:
® B, bethe point PP(P; Ay, A;, A3, B;);
® (; be the center of PC(P;A,,A,, B));
® R be the center of PC(P; Ay, A, A3);
® () be the perpendicular foot from P to A, 4,.
We are now to show that:
BiB,..B,, ~ BB, ..By,.
Consider two points B;, B;, we have:

GR 1 BQ;
8



CiR 1 B Q.
Therefore:
4B QB =180 — £(;QC;.
By (a) we have:
AC;QC; ~ AB;A3B;.
Hence, we have that the conferential angle of B ;, B ; with respect to

PC(P; A1, A3, A3) is equal to that of By, B; with respect to the original

circle, which indicates that result:

B 1B 2 ...B m "~ Ble ...Bm.

(¢) (Fig. 9)Let:

® (; be the center of PC(3) formed by omitting the vertex A;;
® R bethe point PP(P; Ay, A,, A3, AL);
® () be the perpendicular foot from P to A{A4;;

We want to show that:

ARC1C2C3C4 ~ APA 1A ZA 3A 40



Since R and Q are the two common points of PC(P; Ay, A,, A3)
and PC(P; A4, A5, A,), we can see that R is the reflection of Q with

respect to line C;C,. Thus:
ARC;C, = AQC5C,.
On the other hand, from (a) we have:
AQC3C, ~ APALA;.
But,
APA4A3; ~ APA ;A 4.
Thus ARC;C, ~ APA 3A 4, therefore, similarly we have:

ARC1C2C3C4 ~ APA 1A ZA 3A 40

Fig. 9

(d) (Fig. 10)Let C; be the PP(4) formed by omitting the vertex A;. We
are going to show that:
C162C3C4_C5 ~ A 1A 2A 3A 4_A 5.
Let D; (i = 3,4,5) be the center of PC(P; Ay, A,, A;), and Q be the

perpendicular foot from P to A, A4,.

Since Q and Cg are two common points of PC(P; Aq,A,, A3)
and PC(P; Ay, A,, A,), therefore:
10



® (: is the reflection of Q with respect to the line D3D,.
Similarly,
® (, isthe reflection of Q with respect to the line D3Ds.
® (5 is the reflection of Q with respect to the line D, Ds.
On the other hand, from (a) we have:
QD3D4Ds ~ PA3ALAs.

By lemma3, we can see that the triangle C3C,Cs is similar to
triangle A ;A 4A 5. Therefore,
C1C2C3C4_C5 ~ A 1A 2A 3A 4A 5.

Fig. 10

(2)  Suppose when n <k, (a), (b), (¢), (d) are correct. Then we are going prove that

when n=k+1, they are also correct.

(a) Let:
® ( be the point PP(P; A4, ... Azk12);
® R be the center of PC(P; A14;5 ... A2k41);

® B, bethe center of PC(P; Ay, Ay, ..., Azk42,B));

11



® (O be the center of the center of original circle.
We want to show that:
PByB, ..By, ~ QB B, ..B .
Consider a point B;. Let T be the point PP(P; A4, Ay, ..., Aok+1, Bi).
Since PC(P; A4, Ay, ..., Azk42,B;) and PC(P; A4, A, ..., Az 1) meet at

Q and T, we have:

1

4B RQ = %ATRQ;
On the other hand, by (b) and (d), we have:
£TB ;Q = 24B;PA, — £B;0A,;
£TRQ = £B;0A,.

Thus:

1
LRBQ =5 £TBQ = £BiPA, — LBiA Ay = PBA 4;

1
LB RQ =5 LTRQ = £BiA 44,

Hence:
AzB ;RQ ~ AB;A ,P(AA).
Similarly for other point B;:
AzB jRQ ~ AB;A ,P(AA).
Therefore we have:
AsB QB ; ~ AB;PB;.

It indicates our result:

(b) Let:
® B bethe point PP(P; Ay, Ay, ..., Ask43, Bi);

12



® (; be the center of PC(P; A4, A, ..., Ask12,Bi);
® R be the center of PC(P;A;, Az, ..., Azks3);
® (Q bethe PP(P; A, Ay, ..., Aziyr).
We are now to show that:
BB, ..By ~ BB, ..By.

Consider two points B;, B;, we have:

CiR 1 B ;Q;
CiR 1 B Q.
Therefore:
4B QB ; =180 — £C;QC;.
By (a) we have:

AC;QCj ~ AB;Azk+3B;.
Hence, we have that the conferential angle of B ;, B ; with respect to

PC(P; A1, Ay, ..., Azi43) is equal to that of B;, B; with respect to the original

circle, which indicates that result:
BiB,..By ~ BB, ...By.
(c) Let:
® (; be the center of PC(2k + 3) formed by omitting the vertex A;;
® R bethe point PP(P; Ay, Ay, ..., Azk14);
® () be the point PP(P; A4, Az, ..., Azki2);
We want to show that:
ARC;Cy ...Coppq ~ APA (A5 ... A 5p 44
Since R and Q are the two common points of circles

PC(P; A4, A, ..., Ayky3) and PC(P; A4, Ay, ..., Aykys), We can see that R

is the reflection of @ with respect to line C3C,. Thus:

ARC143C5k 44 = AQCox13Cok44-

13



On the other hand, from (a) we have:
AQCok+3Cok+4 ~ AP A 4Adk 43
But,
APAjg Aoy ~ APA 35434 2k44-
Thus ARCyj43Cox s ~ APA 5434 2544, therefore, similarly we have:
ARC;Cy ...Coppq ~ APA 1A 5 ... A 5ps4.

(d) Let C; be the PP(2k + 4) formed by omitting the vertex A;. We are
going to show that:

C1C2 CZk+5 ~ A 1A 2 A 2k+5-

Let D; (i = 2k + 3,2k + 4,2k + 5) be the center of
PC(P, AllAZ "'A2k+2’Ai)’ and Q be the pOint PP(P, Al'AZ "'A2k+2)'

Since Q and C,j,5 are two common points of circle

PC(P; Ay, A,, ...,Ask43) and PC(P; A4, A,, ..., Ay ta), therefore:
® (.5 isthereflection of Q with respect to line D,y 43Dk 4.
Similarly,
® (5.4 isthereflection of Q with respect to line D,y y3Dop 4 5.
® (.3 isthereflection of Q with respect to line DyjysDopys-
On the other hand, from (a) we have:

QD2k+3D2k+4D2k+5 ~ PA2k+3A2k+4-A2k+5-

By lemma3, we can see that the triangle C,;43C2k4+4Cok45 18 similar to
triangle A 55434 21444 21+5- Therefore,

C]_CZ CZk+5 ~ A 1A 2 A 2k+5"

(3) By mathematical induction, our results have been proved.

So now, by (b), we have:

The polygon formed by PP(P; A4, A,, ..., Asnt2) and the corresponding centers
of PC(2n + 1) is similar to polygon PA A, ...A 5542.

14



Since A 4,4 ,,...,A 242 lie on a circle, we can easily deduct that the
corresponding centers of PC(2n + 1) are also concyclic (on the circle CP(2n +

1,2n + 2)).
Second Step

We are now going to show that for any positive integer t = 2n + 1, the centers of
the corresponding circle CP(2n + 1,t) are concylic. (Let CP(2n+ 1,2n + 1) be the
circle PC(2n + 1)).

Consider a point P and a circle with points A4, 4,, ..., A¢4, on the circumference.
LetA{,A,,...A 4, be other points on the circle such that A;, P, A ; are collinear. We

have that:
I.  The polygon formed by the centers of the corresponding circles
CP(2n + 1,t) is similar to the polygon A 1A, ...A t41.

II.  The centers of the corresponding circles CP(2n + 1,t) are concyclic on the

circle CP(2n+ 1,t + 1).
III. The corresponding circles CP(2n + 1,t + 1) are concurrent at a point.
Proof
() t=2n+1
L. By (b), we have:

The polygon formed by the corresponding centers of PC(2n + 1) is

similar to polygon 4 14 5 ... A 542-

II. Since A 4,45, ...,A 242 lie on a circle, we can easily deduct that the
corresponding centers of PC(2n + 1) are also concyclic (on the

circle CP(2n + 1,2n + 2)).

II1. The corresponding circles PC(2n + 1) have on point in common,

the PP(2n + 2).

(2) Suppose when t < k, I, II ,and III are correct, we are going to show that

when t = k + 1, they are also correct.

Considered polygon Ay, A,, ..., Ay 4o, let:

15



® B, be the center of the circle CP(2n+ 1,k + 1) formed by omitting
the vertex A4;;

® (;; be the center of the circle CP(2n + 1,k) formed by omitting the

vertice 4;, Aj;
® () be the common point of the corresponding circles CP(2n + 1,k +
D
L. We want to show that:
BiBy ...Byiy ~A1A 5 . A o
Considered any three points B;, B}, By, since:
BBy, L QCin;
BiBy, L QCjy;
hence,
£BiByyBj = £CiQCim.
On the other hand, due to I. because £, QCjy, 1s the circumferential
angle, we have:
LCimQCim = LAGA RAj.
Similarly,
LBy BiBj = LA A Aj.
LBy BiB; = LA A jA ;.
Therefore the triangle B;B,B; is similar to A ;A ;A j, which indicate
our result:
BiBy ...Byiy ~A1A 5 ... A jyo.

II. Since A 4,45, ...,A 242 lie on a circle, we can easily deduct that the
corresponding centers of CP(2n + 1,k + 1) are also concyclic on the
circle CP(2n+ 1,k + 2).

I11. Considered Ay, Ay, ..., Agys, let D;; bethe CP(2n+ 1,k + 1)

formed by omitting the vertices A;A4;. Let @ be the common point of the

16



two circles CP(2n + 1, k + 2), formed by omitting the vertices A;, A3

respectively. By 1., we have:
£D1,QD33 = £D1,QDq3 + £D13QD23 = £A 1A A 5.

Therefore, the circle CP(2n + 1,k + 2) formed by omitting the vertex
A, also passes through Q. Hence Q is the common point of the

corresponding circles CP(2n + 1,k + 2).

(3) By mathematical induction, the chain of chains has been proved.
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Application
Suppose five people share a secret locked in a box. The box will open when five

passwords are correctly entered.

Now here, each password takes the form of a point. The box will be unlocked

when the key circle PC(5) is computed from the coordinate five passwords points.

As shown with the GSP experiment, if one of the five password is incorrect, then

the PC(5) so constructed will not be able to unlock the box.

As the number of people gets larger, based on the new discovered chains, the secret

can also be locked in the box.
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Literature Review

a. The Simson Line:
William Wallace discovered in 1799 that if a point belongs to the circumcircle of
a given triangle, then the three perpendicular feet from the point to three sides are

concyclic. This line is commonly known as, however, the Simson line.

On the other words, when a point lies on the circumcircle, then its pedal circle

becomes a right line, i.e. the Simson line.

b. The Clifford Chain:

Given four straight lines in a plane, the circumcircles of the four triangles, formed

by omitting each vertex in turn, are concurrent in a point Py.

Given five straight lines in a plane, we obtained (formed by omitting each vertex

in turn) five corresponding points P,, and these lie on a circle Cs.

Given six straight lines in a plane, we obtained (formed by omitting each vertex

in turn) six corresponding circles Cs, and these are concurrent in a point Py.
Generally:

Given n coplanar lines in a plane (n even and greater than 3), we obtained n

corresponding circles C,,_4, and these are concurrent in a point P,, and

Given n coplanar lines in a plane (n odd and greater than 3), we obtained n

corresponding points P, _4 , and these lie on a circle C,,.
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