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Abstract

Once, our math teacher raised to us a question regarding the reproduction of the
worms. The question arouses our interest to discuss about the question further.
Therefore, we start with probing into what pattern the reproduction of the worms is, and
how many worms exist after a specific period of time. Then, we apply the results to the
“Lead All The Way” problem. We first limit the original problem to a finite range and
make it more viable to count the possibilities of the ballot path! Furthermore, we not
only intend to solve the original problem, but also expand its dimension into
3-dimension, or even n-dimension! By expanding the dimension, we can increase as
many candidates as necessary! We strive to solve the ballot path problem in the

n-dimensional setting!

Seeing that Motzkin series correspond to that of “Lead All the Way” with only
three candidates and the fixed total of ballots, we aim to draw a bijection between the
Motzkin path and the ballot path! In terms of the bijection we have drawn, we construct
five 3-dimensional vectors to build “solid Motzkin”, whose possibilities of the path are
equal to that of “Lead All the Way” with 5 candidates. However, when the vector (1,0,0)
exists on the x-y dimension, the true is the same of “Lead All the Way” with 4
candidates. When we are searching for the related information on the Internet, we find
that there’s a lattice path pattern whose possibilities of paths are the same as
four-candidate “Lead All The Way”. Thus, we also draw a bijestion between these two,
and we discover that solving this problem is not only helpful in Math but Physics!
Above all, we considerthat the n-dimensional Motzkin does exist, and it is related to

(2n-1)-candidate “Lead All The Way”!!

We consider our approach to solving the problems may be useful to many math

problems,especially to the lattice path and ballot path problems!!
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#include<stdio.h>
#include<string.h>
char last[256];
struct character{
char c;
int bottom;
char original_char;
int original_count;
bool used;
bi
void copy (character from[],character to[],int len,bool clean=true) {
for(int i=0;i<len;i++) {
tol[i]=from([i];
if (clean)to[i] .used=0;

}
void stepl_go(char c,int x,character by[],int pos[]) {
while (x>=0) {
if (!by[x].used&&by[x].c==c) {
by [x] .used=1;
pos[by[x].c-'a'+l]=
if(last([c])
stepl_go(last[c]l,x-1,by,pos);
break;
pr——;

}
void stepl (character ans|[],int len) {
int pos[5],bottom_id=0;
char tmp;
for (tmp="d"';tmp=="4d"' | |tmp=="c';tmp—-)
for (int i=len-1;i>=0;i--)
if(!ans[i] .usedé&& (ans[i].c==tmp)) {
pos[0O]=ans[i].c-"a'+1l;
stepl_go(ans[i].c,i,ans,pos);
for (int j=1; j<=pos[0];Jj++)

ans[pos[j]].bottom=bottom_id,
ans[pos[j]].original_char=ans([pos[j]].c
ans[pos[j]].original_count=pos[0];

ans[pos[l]].c='E';

ans[pos[2]].c='N'";

ans[pos[3]].c='S'";

if (pos[0]==4)
ans[pos[4]].c="'W'";

bottom_id++;

}
bool chk (character str[],int mlen) {
int 1i,x=0,y=0;
for (i=0;i<mlen;i++) {
if(str[i].c=="'N")
else if(str[i].c=='S'")y——;
else if(str[i].c=="E')x++;
else if(str[i].c=="W")x——;
if (x<y)break;

yH+;

}
return i==mlen;
}
void step2(character ans[],int len) {
int flag=1;
int i, j,k,s;
for (i=0;i<len;i++)
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if(!ans[i].used) {
ans[i].original_count=-2;
if(ans[i].c=='a")
ans([i].c="E';
else if(ans[i].c=='b")
ans[i].c="W';

}
void step3(character ans[],int len) {
int i, j=-1,%k,m,n, YesW, Epos;
for (k=len-1;k>=0;k——) {
i=k;
go:
if(ans[i].c=='S'&&'!ans[i] .used)
for (j=i+1;j<len; j++)
if(ans[j].c=='W'&&!ans[j] .used)
if(ans[j].original_char!='d"){
character tmp=ans[i];
ans[i]=ans[j];
ans[jl=tmp;
int E_count=0,W_count=0;
for (int ew=0;ew<i;ew++)
if (ans[ew] .original_count==-2)
if (ans[ew] .c=='E")
E_count++;
else if(ans[ew].c=="W")
W_count++;
if (!chk (ans, len) | |E_count<=W_count) {
ans[jl=ans([i];
ans[i]=tmp;
for (m=i+1;m<len;m++)
if (ans[m].c=="E'&&ans[m].original_count==-2)
break;
ans[m].c="'N";
ans[j]l.c='S";
}
i=3;
goto go;
} else {
ans[j].used=1;
break;

}
main() {
int i, j,k,len;
char s[101],ans[101];
character step[4][101];
last['d']="c',last['c']="b";
last['b']='a',last['a'"]l="\0";
while(scanf("%s",s)==1){
len=strlen(s);
for (i=0;i<4;i++)
for (§=0; j<101; j++)
step[i] [j]l=(character){0,0,0,-1,0};
for (i=0;i<len;i++)
step[0] [1].c=s[i];
copy (step[0],step[1],len);
stepl (step[l],1len);
copy (step[l],step[2],1len,0);
step2 (step[2],len);
copy(step[2],step(3
step3 (step[3], len);
printf("%s ",s);
for (i=0;i<len;i++)
putchar (step[3][1].c);
putchar ('\n'");

1,1en);

’
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#include<stdio.h>
#include<string.h>
main () {
int i,4,k,r,a,b,len;
char sl101],ans[101],0rig[101];
bool usedl101], flag;
int bottom[101],bottom_id, count[101],SbyN[101];
while (scanf ("%$s",s)==1){
len=strlen(s);
strcpy(ans,s);
strcpy(orig, s);
for (i=0;i<len;i++) {
bottom[i]=-1;
SbyN[i]=-1;

bottom_id=0;
for (i=0;i<len; 1++){
if( [1]*7'E &&bottom[l] -1){
ans[l]— a';
count [bottom_id]=
bottom[i]=bottom 1d++,
} else if(s[i]=="N") {
for(j i+1; ]<len,j +) {

f(s[g}——'s &&bottom[j]==-1) {
SbyN[i]=3;
for (k=0;k<i; k++)
if(s[k ]::'E &&count [bottom[k] ]==1)
break
if (k<i){
ans[i]='b';
ans[jl='c';
ans[k]l="'a';
count [bottom_id]=3
bottom[i] bottom[j] =bottom[k]=bottom_id++;
} else {
ans[il='a"';
ans[il="'b';

count [bottom_id]=2
bottom[i] bottom[j] =bottom_id++;
}
break;
}

}
} else if(s[i]=="W") {
0

a=p=0;
for (=0; j<i; j++){
if(s[j]l=="N'&&count [bottom[]]]==2) {
if (SbyN[j]>1){
at++;
}
} else if(s[j]l=='S'&&count [bottom[j]]==
b++;
}
if (a<b) {

ans[i]="'d"';
for(r=i-1;r>=0;r—-)
if(s[r]=='S'&&count[bottom[r]]==3) //ENS ¥p/b W «e
break;
bottom[i]=bottom[r];
count [bottom[r]]=4;
} else if(a==b) {
ans[i]="b"';
for(r=i-1;r>=0;r—-)

if(s[r]=="E'&&count [bottom[r]]==
break;
bottom[i]=bottom([r];
count [bottom[r]]=2;
}
}
}
for (i=0;i<len;i++)
used[1]=0;
for (i=0;i<len;i++) {
k=1;
flag=1;
while (flag) {
flag=0;
if(ans[k]=='c")
for (j=k-1;3>=0;3--)
if(ans[jl=="b'&&!used[j]) {
if(s[j]==" 'IIS[' :='S')ﬁ
s[k]*=s[j]l"=s[k]"=s[]];
ans[k]A—ans[j]A—ans[k]Azans[j];
used[k]"=used[j]"=used[k]"=used[]];
k=3;
flag=1l;
} else
used[jl=1;
reak;

}
}

printf("%$s %s\n",orig,ans);
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#include<stdio.h>
#include<string.h>
char last([256];
struct character(
char c;
int bottom;
char original_char;
int original_count;
bool used;
bi
void copy (character from[],character to[],int len,bool clean=true) {
for (int i=0;i<len;i++){
tol[i]=from[i];
if (clean)to[i] .used=0;
}
}
void stepl_go(char c,int x,character by[],int pos[]) {
while (x>=0) {
if (!by[x].used&&by[x].c==c) {
by [x] .used=1;
pos[by[x].c-"a'+1]=x;
if(last([c]){
stepl_go(last([c],x-1,by,pos);
}
break;

X==y
}
}
void stepl (character ans|[],int len) {
int pos[5],bottom_id=0;
for (char ch='d';ch>='a';ch--){
for(int i=len-1;i>=0;i--){
if('ans[i].used&&(ans[i].c==ch)) {
pos[0]=ch-'a'+1l;
stepl_go(ch, i, ans,pos);
for (int j=1;j<=pos[0];j++){
ans[pos[j]].bottom=bottom_id;
ans[pos[jl].original_char=ans([pos[j]].c;
ans[pos[j]l].original_count=pos|[0];

}

if (pos[0]==1){

ans[pos[1l]].c='5";

} else if(pos[0]==2){
ans[pos[1l]].c="'1";
ans[pos[2]].c="'4";
else if(pos[0]==3){
ans[pos[1l]].c="'1";
ans[pos[2]].c='5";
ans[pos[3]].c="'4";
else if (pos[0]==4) {

ans[pos[1l]].c="'1";
ans[pos([2]].c='2";
ans[pos[3]].c="'3";
ans[pos[4]].c="'4";

}
bottom_id++;
}
}
}
}
void step2(character ans[],int len) {
int i,j,k,a,b,c,n,m;
bool three_dimensional_pair[101];
character temp;
st:
for(i=len-1;i>=0;i--){
if(ans[i].original_count==4&&ans[i].c=='4"'&&!ans[i].used) {
for (j=0; j<i; j++){
if (ans[i].bottom==ans[j].bottom&&ans[j].c=="3"'&&'ans[Jj] .used) {
ir=jr=ir=g;
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for (k=0;k<len;k++) {
if(ans[k].c=='2"&&ans[j].bottom==ans[k].bottom) {
break;
}
}
for (a=0;a<len;a++) {
three_dimensional_pair[a]=0;
}
three_dimensional_pair [k]=three_dimensional_pair[i]=1;
goto Laj;

}
}
return;
La:
ans[i].used=ans[j] .used=1;
for (k=1i+1;k<j;k++){
if (ans([k].c=='4"&&ans[k] .original_char!='d") {
goto Lb;
}
}
goto Least;
Lb:
n=m=0;
for (a=0;a<ij;a++) {
if(ans[a].original_count!=4) {
if(ansf[a]l.c=="1"){
n++;
} else if(ans[al.c=="4") {
m++;
}
}
}
if (n>m) {
for (a=i+l;a<len;a++) {
if(ans[a].c=='4'&&ans[a].original_char!="d") {
break;
}
}
temp=ans([a];
ans[al=ans[i];
ans[i]=temp;
if (three_dimensional_pair([a]!=three_dimensional_pair[i]){
three_dimensional_pair[a]=!three_dimensional_pair([al;
three_dimensional_pair[i]=!three_dimensional_pair([i];
}
i=a;
goto Laj;
else if(n==m) {
for (a=i+l;a<j;a++){
if (ans[a].c=='l"'&&ans[a].original_count!=4) {
break;
}

}
for (b=1i+1;b<j;b++) {

if (ans[b].c=='4"'&&ans[b].original_count!=4) {

break;

}
}
if (a==7j| |b==j)goto Least;
ans[al.c="'2";
ans([b].c='3";
three_dimensional_pair[a]=three_dimensional_pair[b]=1;

i=b;
goto La;
}
Least:
for (a=len-1;a>=0;a--) {
if (ans[a].c=='3"&&three_dimensional_pair[a]) {

three_dimensional_pair[a]=0;
for (b=a-1;b>=0;b—-) {
if (ans[b].c=='2"&&three_dimensional_pair[b]) {
three_dimensional_pair[b]=0;

upStep:
for (k=b;k<=a;k++) {
if (ans[k].c=='5"){
if (ans[k].original_char=='a"'){

temp=ans [k];
ans [k]=ans[b];
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ans [b]l=temp;

if (three_dimensional_pair[b] !=three_dimensional_pair[k]) {
three_dimensional_pair[b]=!three_dimensional_pair([b];
three_dimensional_pair[k]=!three_dimensional_pair([k];

}

b=k;

goto upStep;

} else {
break;

i++;
goto st;
}
main(int argc) {
int 1i,3,k;
int len;
char s[101];
char ans[101];
character step[4][101];

last['d']="c";
last['c']="b';
last['b']="a"';
last['a']="\0";

while (scanf ("%$s",s)==1) {

len=strlen(s);

for (i=0;i<4;1i++){
for (j=0;3j<101;j++){

step[i] [j]=(character){0,0,0,-1,0};

}

}

for (i=0;i<len;i++) {
step[0] [1].c=s[i];

}

copy (step[0],step[1],1len);

stepl (step[l],len);

copy (step[1l],step[2],1len);

step2 (step[2],1len);

printf("%s ",s);

for (i=0;i<len;i++) {
putchar (step[2] [i].c);

}

putchar ('\n'");
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#include<stdio.h>
#include<string.h>
#include<conio.h>
struct Pos{
int x,y,z;
}pos[101];
void makePOS (char s[],int len) {
int x=0,y=0,2z=0;
for(int i=0;i<len;i++){

if(s[i]=="1")x++,y++;

else if(s[i]=="2")x++,y——,2++;
else if(s[i]=="3")x++,y++,2——;
else if(s[i] ='4 )x++ v——;
else if(s[i]=="' ) X++;
pos[i]=(Pos) {x ,y,Z),

}
}
main() {
int ii,i,j,k,n,m,a,b,c,e,f,g,h,st,ed, len;
int can_use[101],up_num,din, last_same;
int countl, count?2, count;
int special_pair[101], special_pair_count;
char s[101],ans[1017];
char abcd_1,abcd_2,n_1,n_2;
bool note[101],used[101],special[101];
while(scanf ("%$s",s)==1) {
din=0;
len=strlen(s);
ans[len]=0;
makePOS (s, len) ;
for (i=0;i<=len;i++) {
ans[1]1="\0";
used[1]=0;
special [i1]=0;
can_use[1i]=2;
}

for(i=0;i<len;i++) {

s[il=="1"){
ans[i]="a';
} else if(s[i]=='5"&&pos[i].y==0&&pos[i].z==0) {
ans(i]='a';
} else if(s[i]=="5"|[|s[i]=="2"]|s[i]=="3"|[s[i]=="4"){
if(s[i]=="5"||s[i]=="2"){
abcd_1='a';
abcd_2="'b';
n_1='2";
n_2='5";
} else {
abcd_1="'b";
abcd_2="'c';
n_1='3";
n_2="'4"';
}
last_same=i+1;
while(s[last_same-1l]==s[last_same]) {

last_same++;
}
int total_same=last_same-1;
st=-999;
for (j=i-1;
if(ans[]j
st=3j+1;
break;
}
if(s[j]l=="1"&&(j=
st=3;
break;
}
}
if(s[i]=="2"||s[1]=="3"){
special_pair_count=0;
for (j=0; j<len; j++) {
used[j1=0;
}

for(ii=0;ii<last_same;ii++) {

3>=0;3--){
]==abcd_1&&(

=01 |pos[j-1].y==0&&pos[j-1]
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if(s[ii]=="1"&&!used[ii]) {
for (j=ii+1; j<last_same; j++) {
if(s[j]l=='2"&&!used[7j]){
for (k=j+1;k<last_same;k++) {
if(s[k]=="'3'&&!used[k]) {
for (m=k+1;m<last_same;m++) {
if(s[m]=="'4"'&&!used[m] &&ans[m]=="d") {
used[ii]=used[jl=used[k]=used[m]=1;
goto st;
}
}
if (m==last_same) {
used[ii]=used[jl=used[k]=1;
goto st;
}
}
}
if (k==last_same) {
used[ii]=used[j]l=1;

goto st;
}
} else if(s[jl=="5"&&!used[]]) {
for (k=j+1;k<last_same;k++) {
if(s[k]=='2'&&!used[k]) {
for (m=k+1;m<last_same;m++) {
if(s[m]=="'3"'&&!used[m]) {
for (n=m+1;n<last_same;n++) {
if(s[n]=='4'&&!used[n]&&ans[n]=="d") {
used[ii]=used[j]=used[k]=used[m]=used[n]=1;
goto st;

}
}
if (n==last_same) {
used[ii]=used[j]l=used[k]=used[m]=1;
goto st;
}
}
}
if (m==last_same) {
used[ii]=used[j]l=used[k]=1;

goto st;
}
}
if(s[k]=="4"'&&!used[k]) {
used[ii]=used[j]l=used[k]=1;
goto st;

}

}
if (k==last_same) {
used[ii]=used[j]=1;

goto st;
}
} else if(s[jl=="4"&&'!used[]]) {
used[ii]=used[]]=1;
goto st;

for(ii=0;ii<last_same;ii++) {
if(s[ii]=="2"&&!used[ii]&&special[ii]==1){
for (j=ii+1; j<last_same; j++) {
if(s[j]l=="'3"&&!used[j]) {
used[ii]=used[]]l=1;
special_pair|[special_pair_count++]=7j;

goto st;
}
}
}
}
if(s[i]=="2"){
for (last_same-—;last_same>=i&&!used[last_same];last_same—-) {
ans[last_same]='a"';

special[last_same]=1;
}
} else {
m=0;
for (j=0; j<special_pair_count; j++) {
if (special_pair[j]l>=i&&special_pair[jl<last_same) {

m++;
}
}
for (last_same-—;last_same>=i&&m; last_same—-) {
ans|[last_same]='b"';
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special[last_same]=1;
m-—;
}
}
last_same++;
}
if(s[i]=="4"){
for (m=0;m<i;m++) {
if(can_use[m]==1) {
can_use[m]=2;
}
}
din=0;
st
if (din>=last_same-i)goto s_end;
for(a=0;a<ija++){

if(s[a]l=="1l"&&can_usela]l==2) {
for (b=a+1;b<i;b++){
if(s[b]l=="2"&&can_use[b]==2&&special [b]==0) {
for (c=b+1;c<ij;c++) {
if(s[c]l=='3'&&can_use[c]==2&&special[c]==0) {
int flag=2;
k=c;

while (++k<i) {
if (flag==2&&s[k]=="2"'&&special [k]==1&&can_use[k]==2) {

flag=3;
can_use[k]=4;

} else if(flag==3&&s[k]=="3"&&special [k]==1&&can_use[k]==2) {
flag=2;

can_use[k]=4;
}

}

if(flag==2) {
din++;
can_use[al=can_use[b]l=can_use[c]=0;
for (m=0;m<i;m++) {

if (can_use[m]==4) {
can_use [m]=0;
}
}

} else {
can_use[a]=can_use[b]l=can_use[c]=1;
for (m=0;m<i;m++) {

if (can_use[m]==4) {
can_use[m]=1;
}
}
}

goto s;
}
}
}
}
}
}
s_end:
if(din) {
ans[i]='d"';
din——;

for (j=i+1;j<len&&s[jl==s[j-11;J++){
if (!din)break;
din—--;
ans[j]="d"';

}

if(s[j]l!=s[]J-11){
i=5-1;
continue;
} else {
i=3j;
}
}
}
countl=count2=0;
for (j=st;j<i;j++){
if (ans[jl==abcd_lé&&special[j]!=1){
countl++;
} else if(ans[jl==abcd_2&&speciallj]!=1){
count2++;
}
}
count=countl-count2;
for (j=1i; j<last_same; j++) {
if (count>0) {
ans[jl=abcd_2;
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count-—;
} else {
ans[jl=abcd_1;
}
}
i=total_same;
}
}

printf("%s %$s\n",s,ans);
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Abstract

Suppose n candidates A(1),...,A(n) are running for office and a fixed number of
votes are cast. In how many ways can the ballots be counted (called the ballot sequences)

such that during the counting candidate A(j) is never ahead of the candidate A(i) if i <j?

The closed formulae for this very hard and famous enumerative problem (called the
Generalized Ballot Problem) are only known for n<6 and remain open for others.
Recently a bijection between Motzkin paths and the ballot sequences with three
candidates is established. Based on this bijection, we propose in this project the notion
of "n-dimensional Motzkin path". This notion will eventually establish the bijection
between the higher-dimensional Motzkin paths and the ballot sequences with n
candidates for any n. We are happy to announce that in this project the complete proof

of the bijective relations has been given for n =4, 5, 6.

At this stage of investigation, we have strong evidence that the method for attacking
the cases n = 4 and 6 can be extended to solving all even cases. A slight modification of

the above method will also lead to solving all odd cases.
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Introduction

1. Motivation
Suppose two candidates, A and B, are running for office and a hundred ballots are
cast. Question: How many ways can the ballots be counted one by one so that candidate
B is never ahead of candidate A? Such problem is the famous ballot problem with two
candidates [3]. Recently, a bijection between Motzkin paths (a kind of two dimensional
paths) and ballot sequences with three candidates was established [1]. As a result, we
considered whether higher dimensional paths relating to ballot sequences with more
candidates exist.
2. Jargons
2.1. Motzkin path: A Motzkin path is a route from coordinate (0, 0) to coordinate
(n, 0) on n steps allowed to move only to the right (up, down or straight) at
each step but forbidden from dipping below the x-axis.
2.2. Ballot problem: Suppose candidates A are running for office and a fixed

number of ballots are cast. Question: How many ways can the ballots be

counted one by one so that candidate A, is never ahead of candidate A ?
2.3. Ballot sequence: Let C be the set of candidates. A ballot sequence is a
sequence of elements of C following the order of counting. In this project,

all ballot sequences are assumed to satisfy the condition of the ballot problem.

a|b|a|b|

— = = 7t - 1t - — 1=

Fig. 1 and Fig. 2 Motzkin paths and ballot sequences
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3. Definition and Notations
3.1. Steps: Let{e,,---,e, } denote the standard basis of [ ". Definev, =e,,
v,=e +e,,V,=e —8e,,V, ,=e —e +¢e,,,andv, ,=e +e —e
for3<i<n,ieN.
3.2.Ballots: We define the votes for Candidate A(A), Candidate B(A,),
Candidate C(A,),...etc.asa, b, c,.. .etc..
3.3. n-dimensional Motzkin Paths:
LetS ={v,|0<i<2n-2}denote the set of all allowed steps. A path p,p,-- p,
in[] "is a sequence of (r +1) elements of(] " with non-negative integral
coordinates such that:
(1). p, is the origin
2. p, =(r,0,---,0),r>0
(3)- P —P1 €S
In case n=2, this reduces to the paths originally studied in 1977 [4].
4. Goals
4.1. Formulate the notion of higher dimensional paths to deal with more candidates.
4.2. Establish the bijections between higher dimensional paths and ballot
sequences.

4.3. Explore the mathematical structure of the set of all bijections defined above.

raa aa b bceccabdbd

A P Y T U U DU DU [ AP

Fig. 3 A higher dimensional path and a ballot sequence
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Materials

1. Equipments

1.1. PC, papers and pens

1.2. Models

1.3. Poker cards
2. Softwares

2.1. Microsoft Word 2003

2.2. Cabri 3D

2.3. Dev C++4.9.9.2

2.4. Maple 12
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Methods and Results

1. Exploration of higher dimensional Motzkin paths and

conjectures

1.1.

1.2.

According to [1], the following results are known:

Lemma 1.1. For two candidates: Ballot sequences with two candidates
have a one to one correspondence with Motzkin paths with the restriction
that the level steps (v, ) appear only on axis y=0.

Lemma 1.2. For three candidates: Ballot sequences with three candidates
have a one to one correspondence with Motzkin paths.

Based on Motzkin paths, we add two extra stepsv, = (L, -11),v, = (L1 -1)
to construct 3-dimensional Motzkin paths. Through the computer programs,
we have the following sequences:

Seql. Ballot sequences with four candidates (number sequence with
length k):

1,2, 4,10, 25, 70, 196, 588, 1764, 5544, 17424, 56628, 184041, 613470...
Seqg2. 3-dim. Motzkin paths with the restriction that the level steps (v,)
appear only on plane z=0 (number sequence with length k):

1,2,4,10, 25, 70, 196, 588, 1764, 5544, 17424, 56628, 184041, 613470...
Seq3. Ballot sequences with five candidates (number sequence with
length Kk):

1,2, 4,10, 26, 75, 225, 715, 2347, 7990, 27908, 99991, 365587, 1362310...
Seqg4. 3-dim. Motzkin paths (number sequence with length k)

1,2, 4,10, 26, 75, 225, 715, 2347, 7990, 27908, 99991, 365587, 1362310...
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1.3.

Surprisingly, we notice that Seql. is equal to Seg2., and Seq3. is equal to
Seq4.. This leads to our conjectures:

Conjecture 1.1. Ballot sequences with four candidates have a one to one
correspondence with 3-dim. Motzkin paths with the restriction that the level
steps (v,) appear only on plane z=0.

Conjecture 1.2. Ballot sequences with five candidates have a one to one
correspondence with 3-dim. Motzkin paths.

Based on 3-dim. Motzkin paths, we add two extra stepsv, =(1,0,-1,1),

Vv, =(1,0,1,-1) to construct 4-dim. Motzkin paths. Through the computer
programs, we have the following sequences:

Segb. Ballot sequences with six candidates (number sequence with
length k):

1, 2, 4, 10, 26, 76, 231, 756, 2556, 9096, 33231, 126060, 488488...

Seq6. 4-dim. Motzkin paths with the restriction that the level steps (v,)
appear only on hyperplane u=0 (humber sequence with length k):

1, 2, 4,10, 26, 76, 231, 756, 2556, 9096, 33231, 126060, 488488...

Seq7. Ballot sequences with seven candidates (number sequence with
length k):

1,2, 4,10, 26, 76, 232, 763, 2611, 9415, 35135, 136335, 544623...

Seq8. 4-dim. Motzkin paths (number sequence with length k)
1,2,4,10, 26, 76, 232, 763, 2611, 9415, 35135, 136335, 544623...
Surprisingly, we notice that Seg>b. is equal to Seg6. and Seq7. is equal to
Seq8.. This leads to our conjectures:

Conjecture 1.3. Ballot sequences with six candidates have a one to one
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1.4.

correspondence with 4-dim. Motzkin paths with the restriction that the

level steps (v, ) appear only on hyperplane u=0.

Conjecture 1.4. Ballot sequences with seven candidates have a one to
one correspondence with 4-dim. Motzkin paths.

Through the computer programs and the former conjectures, we give out the
following conjectures for general cases:

Conjecture 1.5. Let{e,,---,e,} denote the standard basis of [ " . Ballot
sequences with 2n-2 candidates have a one to one correspondence with
n-dim. Motzkin paths with the restriction that the level steps (v,) appear
only on the hyperplane spanned by {e,e,,---.e,,} .

Conjecture 1.6. Ballot sequences with 2n-1 candidates have a one to one

correspondence with n-dim. Motzkin paths.
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2. Alteration of the algorithms introduced in [1]

2.1. Examples: the bijective relationship between ballot sequences with three

candidates and Motzkin paths.

Fig. 4.8
2.2. The bijection between the set of all ballot sequences with three candidates and

the set of all Motzkin paths:
¢ . Ballot sequences to Motzkin paths
Stepl: From right to left, map each a tov,.
Step2: From right to left, map each b tov, and change the
nearestv,on its left tov, .
Step3: From right to left, map each c tov, and change the
nearestv,on its left tov,.
¢~ :Motzkin paths to ballot sequences
Stepl: From left to right, change each v, whose starting point is
not on the x-axis tov,, and map the nearestv, on its right
to c.
Step2: From left to right, change eachv, tov,, and map the
nearestv, on its right to b.

Step3: Map eachy,to a.
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Example:

¢
abcabababcabab (T

¢ ¢
abcabababcabab
4
alblcla|blal|blal|b|c|al|bl|al|b — —
—b|lcr—br—br—blcr—br—b c —
—b|lct—br—br—blcr—b c c
—b|lcr—br—br—b|c —bhlc c
—b|lcr—br—b c — h|ct—tbh c
—b|lct—b c —b|ct—b—b c
—b|c c —b|lcr—bl—bl—b|c
c c —b|lcr—bt—br—blc—b
c — —blctr—br—b—blc—brF—b
— — al|blcla|bla|bla|b|c|al|b|lal|b
4 4
a b c a b a b,a b c a b ab,
abcabababcabab

Fig. 5 An example of the mapping (three candidates)
2.3. Through our algorithms, we prove:

Lemma 1.1. Ballot sequences with two candidates have a one to one
correspondence with Motzkin paths with the restriction that the
level steps (v,) appear only on axis y=0.

Lemma 1.2. Ballot sequences with three candidates have a one to one

correspondence with Motzkin paths.

2.4. By our algorithms, we have the important relationship:

Motzkin paths retain those paths whose level steps ~  Motzkin paths
(3 candidates) only lie on axis y=0 “ (2 candidates)
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3. Bijective relationship between 3-dim. Motzkin paths and

ballot sequences with four and five candidates

3.1. Examples: The bijective relationship between ballot sequences with four
candidates and 3-dim. Motzkin paths (We project the stepsv, = (1, -11),

v, =(L1,-1) on x-y plane in red color)

Fig. 6.3

a b a c aa b d

aaabbccabdbd

PR PR RN T O i

Fig. 6.7 Fig. 6.8
3.2. The bijection between the set of all ballot sequences with four candidates and

3-dim. Motzkin paths with the restriction that the level steps (v,) appear only
on plane z=0:

¢ :Ballot sequences to 3-dim. Motzkin paths

Without considering o, map the rest abc string to Adotzkin Path.

v

— Map d on the very right to V', .Consider this d.

v

Search for V,on its left, and give the nearest one a note. Consider V{4

v

| Search for the nearest vV, on its left.

v

Yes Is v, found previous to vV, whose starting point i on y=0?
|
Yes 3 No

Switch this v, to V; and the Switch this Vi to \& and the

noted v, to v, . Frase the note [
2V Vg
noted v, to v, . Erase the note. and c2nsider the new v, .
¥

Is there any d which hasn't been mapped to V,?
+ No

The mapping is over.
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¢ :3-dim. Motzkin paths to ballot sequences

—» From the very left, search for V; and the nearest ¥V, on its right side.

v
Switch V5 to v,and v, to v, Consider the new v, .
Search for the nearest V, on its right side. -
Is v, found previous to V, whose starting point is on y=07
Yes 2 p 3 I gp Y
Yes ¢ y NO
Search for the nearest V4 on the
. right side of V3 .Switch V3 to | |
Map this v, to d Viand V,to V, . Consider the
new V,.
— Is there any V5 or V, left?
¢ No
Map the rest path to abe string. Then the mapping 15 over.
Example:

abcabdababcdabab &——

¢

—1

¢: p:
abcabdababcdabab
1
alblclalb|d|a|blal|blc|d|alb|lalb
— d Nl d
— d — —
— ”‘ —
— — d
[ - d —
- — d Nl d
alb|clalbld|a|bla|b|c|d|alblalb
4 4
abcabdababcedabab,
S O A B abcabdababcdabab

Fig. 7 An example of the mapping (four candidates)
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3.3. Examples: the bijective relationship between ballot sequences with five

candidates and 3-dim. Motzkin paths (We project the stepsv, = (1, -11),

v, =(L1,-1) on x-y plane in red color)

Fig. 8.1 Fig. 8.2 ] Fig. 8.3

abacadbacbhede

T S PO R
|
|
|
I

Fig. 8.4

| | | | | | | | | | |
i s o el Sl Bt St i) et e B S

Fig. 8.5
3.4. The bijection between the set of all ballot sequences with five candidates and

3-dim. Motzkin paths:

¢ :Ballot sequences to 3-dim. Motzkin paths

Without considering e, map the rest abcd string to 3-D Path.

v

Map e on the very right to V,.Consider this e.

v

Search for ¥V, on its left, and give the nearest one a note. Consider V.
| Search for the nearest v, on its left.

v

Is V, found previous to V, whose starting point is on y=0?

Yes § '

i

3 No

Switch this v, to v, and the Switch this Vi to Vs and the
noted v to v | Erase the note noted Vs to::n.v4 . Brase the note p—
2 4 ' and consider the new v, .
¥

Is there any e which hasn't been mapped to V', ?
+ No

The mapping is over.
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¢ :3-dim. Motzkin paths to ballot sequences

From the very left, search for V; whose starting point is not on z=0
and the nearest V, on its right side.

v

Switch this V,to vV, and V, to V;.Consider the new v, .

v
Search for the nearest V, on its right side. nE
Yes Is V, found previous to V; whose starting pomt is on y=0?
I
Yes §

+N0

Search for the nearest V, on the
. ; ! V. Swi
Map this v, toe right side of V; .Switch V; to

vV, and v, to V, .Consider the B
new V, .

Is there any v, whose starting point is not on z=0 left?

lNo

Map the rest path to abed string. Then the mapping is over.

Example:

abcabdabeabcdabab <—_§i>

abcabdabeabcdabab
J

alblcla|b|d|alble|a

e

e
alb|clal|b|d|a|ble|al|b

J
abcabdabeabcdabab

cld|alb|a|b

4

Fig. 9 An example of the mapping (five candidates)
3.5. By our algorithms, we have the important relationship:
3-dim. Motzkin paths

retain those paths whose level steps
(5 candidates)

only lie on plane z=0

« 3-dim. Motzkin paths
“ (4 candidates)
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4. Bijective relationship between 4-dim. Motzkin paths and

ballot sequences with six and seven candidates

4.1. Examples: The bijective relationship between ballot sequences with six
candidates and 4-dim. Motzkin paths (We project the stepsv, =(1,0,-11),

Vv, =(1,0,1,-1) on x-y plane in purple color. Arrowhead—right: v, left:v;)

ta bicdef, abedabef
Fig. 10.1 Fig. 10.4
ta byc,dea b f, aab bcadbceabf
Fig. 10.5 Fig. 10.7

4.2. The bijection between the set of all ballot sequences with six candidates and
4-dim. Motzkin paths with the restriction that the level steps (v, ) appear only
on hyperplane u=0. Bijections are omitted.

4.3. Examples: The bijective relationship between ballot sequences with seven
candidates and 4-dim. Motzkin paths (We project the stepsv, =(1,0,-11),

v, =(1,0,1,-1) on x-y plane in purple color. Arrowhead—right: v, left:v;)

a\b\c\d\e\f\a\b\g\

Fig. 11.3

Fig. 11.1
q‘fbf‘fcifi‘fe—‘faf‘fbf‘figl— cb,b,‘,c,‘EJLe,‘,a,‘,bJ,cljng,L, a\b\a\c\d\b\c\e\f\d\g\
Fig. 11.4 Fig. 11.5 Fig. 11.6

4.4. The bijection between the set of all ballot sequences with seven
candidates and 4-dim. Motzkin paths. Bijections are omitted.

4.5. By our algorithms, we have the important relationship:

4-dim. Motzkin paths  retain those paths whose level steps 4-dim. Motzkin paths

(7 candidates) only lie hyperplane u=0 i (6 candidates)
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5. Bijective relationship between n-dim. Motzkin paths and
ballot sequences with 2n-2 and 2n-1 candidates

5.1. By the above bijections, we can categorize the cases into two main situations:
the cases with even number of candidates and the cases with odd number of
candidates.

5.2. Let (x,X%,,---,X,)€ll"and let{e,,---,e,} denote the standard basis of ] " .We
establish the bijection between the set of all ballot sequences with 2n-2
candidates (a,a,---a,, ,) and the set of n-dim. Motzkin paths with the
restriction that the level steps (v, ) appear only on the hyperplane spanned
by{e,.e,,---.e,} . Bijections are omitted.

5.3. Let(x,, X,, -+, X,) €[] " .We establish the bijection between the set of all ballot
sequences with 2n-1 candidates (aa,---a,, , ) and the set of all n-dim.
Motzkin paths.

5.4. By our algorithms, we have the important relationship:

n-dim. Motzkin paths retain those paths whose level steps only lie on' _ n-dim. Motzkin paths
(2n-1 candidates)  the hyperplane which the last coordinate=0 ” (2n-2 candidates)

6. The mathematical structure of the set of all bijections

Let M, denote the set of all k-dimensional paths and letT, be the bijective image of

k -candidate ballot sequences. To explore the structure of the bijections, we fix a nested
embeddings of the vector spacesl! , ], c---cll , <l ., <--- byidentifying the

vector v in[] "with the vector (v,0) inJ "™ In this way, M. can be regarded as a subset

of M,,,. Inaddition, T, is in fact a proper subset of all M, and this fact can be extended
to higher dimensions: T, , is a proper subset of M which is exactly T, ,. Therefore, we
have T,cT,c---cT, T, <---. Inthis sense, we have established a nested

n+1

embedding of the set of all ballot sequences into the set of all generalized Motzkin
paths.
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Applications

1. By using the paths, we can apply it to counting the winning probability that

candidate A , is never ahead of A during the rest votes counting process.

e.g. Regev’s Conjecture and its generalized problem for more candidates.
Regev’s Conjecture: Given u = (,ul ,uz,,us) a partition of at most three parts,
let| | = 4 + 11, + p;and T, ( ;= | 1) be the set of SYTs withn—| | entries in
the “skew strip”T, /. Regev conjectured that for 2 = (2,1, O) ,

‘T3 ((2,1,0);n —3)‘ =m_,-m _,,
a difference of two Motzkin numbers.

2. By the concept of higher dimensional paths and our algorithms, we can apply them
to solving the problem for ballot-lattice paths and other related questions. The
following question is a typical one among them:

Count the number of underdiagonal lattice paths in the first quadrant, going from

(0,0) to a point on the x-axis and consisting of n steps from {E=(1,0), W=(-1,0),

N=(0,1), S=(0,-1)}.

It’s related to the cases with four candidates, and the bijection between paths and

ballot sequences is omitted.
3. Playing cards can be used as our analog computer, being able to demonstrate the
process of the algorithms.
(1) Use Spade, Heart, Diamond, Club, to indicate Candidate A, B, C, D.
(2) By flipping the playing cards, we use the backside of the playing cards to

illustrate the paths, and use the other side to illustrate ballot sequences.
We can use our “analog computer” to demonstrate our algorithms, and we notice
that the process of mapping from ballot sequences to paths and the process of
mapping from paths to ballot sequences are inverse through our analog computer.
The processes of the mappings are given in the paper previously.
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Future works

. Use the notion of nested embeddings and try to figure out the close formulae for the

cases with more than five candidates.

. Observe the relations between each model which counts the number of ballot

sequences with a fixed number of candidates.
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