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Abstract

Extending gift-wrapping problems in our daily lives, we further explore the
extrema of the area of any given derivative picture as well as the possible arrangements

of fixed circles. Our findings are as follows:

1. By means of reproduction and addition, we can get more complicated derivative
pictures using a minimum number of fixed circles.

2. With three and five fixed circles respectively, the maximum area is obtained when,
formed by the two lines connecting the centers of the three adjacent fixed circles,
the angle is not a special angel such as 30°, 45°, or 60°.

3. Using methods of direct proof, combination comparison, and approximation, we can
pinpoint the arrangements of fixed circles where the maximum areas of the
derivative pictures can be obtained.

4. With the derived unit formed by three fixed circles, we are able to find the
maximum areas of derivative pictures with a various number of fixed circles by
arranging the unit in a wave shape or into a polygon.

5. The polygon arrangement is available up to an octagon. Hence, when the number of
the fixed circle is larger than 25, only the wave-shape arrangement can be used to
find out the maximum area of a derivative picture.

6. When arranging a large number of fixed circles into a wave shape, we find that the
derivative picture approximates a rectangle whose height and width are quite
different in terms of their length. Cutting it without changing the area, we can

rearrange the derivative picture into a rectangle approximating a square.



7. Through the discussion of different numbers and layers, we have the following
findings: when the number of the fixed circle is above 20, the equilateral triangle
arrangement obtains an area smaller than the linear arrangement does; when the
number is below 10, the linear arrangement forms an area smaller than that formed
through the equilateral triangle arrangement; when the number is between 11and 19,
however, the result is far from definite. The two arrangements may derive maximum
areas with different numbers of fixed circles. This result is different from what we
have thought : that the equilateral triangle arrangement may always lead to an  area

small than the linear arrangement does.
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1. [Fleip fic 80 ficip pre
% b=a-1 > Al A(x, a,, bl):(x+2)(a, N4-x +2a1): a, -(.vc+2)(~.r‘4-x2 +2)

% be<a:-1 A A(x, a, bz)z(x+2)( L -V4-x* +2b, +2)
" [E #48 [F) C.artbhi=aztb:= 2ai-1=a:z+h:

3% a:-b:=2k+1 = 2a1-1=2a:-2k-1 = ai=a:-k
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(x+2)=((a,m+2al)+k(\/4-_3-2))

NA-@ =2 o (WA-x-2) <0

= A(x, ai, b ) >A(x, az, b2) QED
2. Fenip Bl Heip B

# bi=a-2 » Bl A(x,as,bs)= (x - 2)(03 N4-x* +2a, - 2)
2 bi<ar2 > B Alx,anbo)=(x + 2)(04 Nd-x* +2b, + 2)

B #A8 ) C.astbi=adb: = 2a-2=a+bs

R’ a-b=2k: = 2a-2=2a-2k: = a=at(l-ke)
S AGanb)=(x+2)\a, -Va-x* +2b, + 2)
=(c+2)(a +k -1)VA-2* +2a; ~ 4k, +2)
= (e +2)(a; VA2 +2ay) + k(WA -4)+2)
4.3 <2 Ck-(WA-x -4y <k

k>1 Sok-(WA-xP-4) <2k<-2
= A,a5bs) > A (x,a4,b1) QED
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1. [l i B 08 i pe
“TAX,aLb) > A(x,az,b2)
SOROARE G B bi=a-] B B A(xjaLb)=gq, ‘(x+2 V4-x? +2)

a(x+2) 2ax _alxg(x+2)

= A"(x,a,b)=- \/4-x3 _J4-x3 (\/ﬁy

o O<a 0<x<J§

a(x+2) 2a,x a,x (x+2)

SA"(xanb) =—— =" —
\/4-x‘ J4-x (124 X )’
% A'(xa,b)=0 8 - HRFKARMA

: 2)
= A '(x,a1,b)=a,- [\-‘4-x' —X(L+2] =0
V4-x?

Va,#0

c(@-)-x(x+2)+2v4-x* =0

—(x+2)x-2)-x(x+2)=-2{-(x+2)x-2)

= (x+2)2x-2)=2-(x+2)x-2)
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f(1.9206,1.3008) = 46.58994173936912
f(0.05698,1.41308) = 24.0425634826188

BH o RSBt AT Bl o ff Bt £=24.0425634826188
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46



Squeeze! Don t Move!

Tight Configuration of Disks and their Circum-rectangle

Hao-Wen Dong and Chen-Chieh Ping
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Abstract

In this project, we study the “tight configurations” for n disks of the same size in
their circum-rectangles and find the biggest and smallest such rectangles when n <6.
We also find the smallest rectangle for arbitrary n of certain configurations and
discover several methods for generating interesting tight configurations of any

number of disks based on simple ones.
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Introduction

In figure 1, several disks of the same size form a tight configuration in their “circum-rectangle”.

By “tight”, we mean the disks are not able to move.

Our motivation is “How to make the biggest or smallest circum-rectangle for a given number of
disks?” We partially answer this question and find several ways to construct tight configurations

of any given number of disks.

N /|

Figure 1. Tight configuration

Definitions

1. Tight configuration: A configuration is said to be tight if the disks are not able to move when

given any direction of force.
2. Circum-rectangle: The rectangle which the disks remain tight in.

3. Free configuration: A configuration is said to be free if the disks move when given forces.

Equipments

Geometer’s Sketchpad, WxMaxima, Graphmatica, Excel, paper, pens, coins.

Goals

1. Find the circum-rectangles with extreme areas of a few disks.
2. Compare the areas of circum-rectangles in linear and equilateral triangle configuration.

3. Construct tight configurations with a large number of disks.
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Procedure

Section 1- Find the circum-rectangles with extreme areas of a few disks.

Limits of tight configuration:

The arcs formed by adjacent tangent points have to be smaller than180°.

rotate together to keep the disks tight.

Figure2.

Two disks

DiskO is tight.

20

Figure 3. DiskO is free.

Also, the disks can not

oL
Q‘

Figure 4. Free configuration.

First, we find out all the possible tight configurations of 2 disks and get the approximation

extreme areas of their circum-rectangles by using dynamic geometry mathematical software

Geometer 5 Sketchpad. Then we get the extreme value of their area functions by Calculus.

More disks

Y —

These are similar to two disks.

We compare them and find the circum-rectangles with the extreme area as shown:

-
) — I
N\

2. )

The maximal area = (2+\/§)2z 16.65

Number of disks 2 3 4 5 6
The maximal areas of 2 32 J6Y 2
2142 [2+__ _J 2+242+\6

circum-rectangle ( ) 16.65 2 2 3551 ( )
C.orrespondmg ~11.66 ~ 2858 <5297
circum-rectangle
The minimal areas of

8 12 16 20 24

circum-rectangle

Corresponding
circum-rectangle

ox

Table 1. The circum-rectangle with extreme areas of 2~6 disks which have radius 1.
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Section 2- Compare the areas of circum-rectangles in linear and equilateral triangular

configuration.

Linear and equilateral triangular configuration

Our result in Section 1 contradicts the popular belief that an equilateral triangular configuration
can always results in a smaller area than a linear configuration does. A configuration is said to

be equilateral triangular if the configuration can be divided into parallel layers and two adjacent

layers are connected in the ways of (A) or (B) :*:*:*: (with at least an (A)).

Linear configuration Equilateral triangular configuration

= | SO

Table 2.The linear configuration and the equilateral triangular configuration.

Two and three layers in the equilateral triangular configuration

Case 1 (2k disks)

Suppose there are n disks in each layer (2n disks)
Let the equilateral triangular configuration be smaller: (2+ \/§)(2n+1) > 2%x2n
When there are 2n (n > 7) disks, the equilateral triangular configuration results in a smaller area

than the linear configuration does.

Y,
' 2n+1 '

z[ (X))

Figure 5. The equilateral triangular configuration. Figure 6. The linear configuration.

Other Cases (two and three layers)

These are similar to Case 1.

Therefore, the equilateral triangular configuration results in a smaller area than the linear
configuration does when there are more than 14 disks.
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Four layers and more in the equilateral trianqular configuration

To avoid duplications, we compare the two configurations by their height and the largest number

of disks. Here is an example of four layers: there are two possible configurations as shown.

Height = 6++/3 Height = 4+243

Area= 6(2+33)~43.18 Area= 6(4+2+/3)~44.78

Area of liner configuration = 40 Area of liner configuration = 40

Results

1. The linear configuration results in a smaller area than the equilateral triangular

configuration does when there are 2~10, 12, or 13 disks.

2. The equilateral triangular configuration results in a smaller area than that of the linear

configuration when there are 11, 14 disks or more.

Section 3 - Construct tight configurations with a large number of disks.

Basic configurations:

A configuration is said to be basic that if it satisfies the following features:

1. The two curves formed by the most outside disks are absolute value function. One is

increasing function, f'(x) >1. The other one is decreasing function, 1> f'(x) >0.

\_ /

Figure 7. A basic configuration. Figure 3. Placing basic configurations.

Basic configurations can be placed in a simpler configuration and construct a tight configuration
with more disks. However, only wave and ring configurations are possible: Wave configurations

can be unlimited extending. Ring configurations have at most eight basic configurations.

Figure 5. Wave configurations Figure 6. Ring configurations
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Here are the results of placing the basic configurations formed by three disks in wave and ring

configurations:

Number of disks 7 8 9

Constructed from a
ring configuration

Constructed from a
wave configuration

Number of disks

Constructed from a
ring configuration

Constructed from a
wave configuration

Number of disks

Constructed from a
ring configuration

Constructed from a
wave configuration

Number of disks

Constructed from a
ring configuration

Constructed from a
wave configuration




Number of disks 19 20 21

Constructed from a
ring configuration

Constructed from a
wave configuration

Number of disks

Constructed from a
ring configuration

Constructed from a
wave configuration

Basic configuration decomposition method:

Series of basic numbers

When denoting a basic configuration by the number of the disks it contains, called a “basic
number ”, a configuration constructed from a wave configuration can be represented by a series

of basic numbers and the number of the overlapping-disks (negative). Here is an example:

0% a2
o) (/L)

3+3+3_1 3+3+3+3 3+3+3-1+3+3+3+3

o

Figure 8. The series and the corresponding tight configuration.

Different tight configurations of 12 disks:

1+1+1+1+1+1+1+1+141+141 3+3+3+3
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Construct tight configurations of any number of disks:

Given n = 3(2k)-s or 3(2k+1)-s (k>3,keN,s=0, 1, 2).

1. If n = 3(2k)-s:

In this way, we can construct tight configurations of any number of disks.

Also, we can construct more tight configurations by using different basic configurations.

Rearrangement:

However, the length of the adjacent sides of the circum-rectangle of a configuration constructed
from a wave configuration can be quite different. We can reduce the length/width ratio by
rearranging appropriate subconfigurations. There are two ways to rearrange basic
configurations:

1. If the number of basic configurations is 2n (n is an even number).

Rearrangement

(Without changing the area)

Rearrangement
(Reducing the area)
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Extension:

rectangle by reflections

we can also extend a circum

To increase the area of a circum-rectangle,

with respect to the edges and get larger tight configurations with beautiful patterns.
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Conclusions

1. We find the circum-rectangles that achieve the maximal and minimal areas when there are 2~6

disks as follow:

Number of disks 2 3 4 5 6

The maximal areas of 2 ? 2
_ o | (2+42) | 16.65 £2+ﬂ+£j 35.51 (2+2v2+6)

circum-rectangle (cm?) 2 2

Corresponding .
circum-rectangle :

The minimal areas of

. 2 8.00 12.00 16.00 20.00 24.00
circum-rectangle (cm°®)

Corresponding m

circum-rectangle

2. The linear configuration results in a smaller area than that of the equilateral triangle
configuration with 2~10, 12, and 13 disks.

3. By using the basic configuration decomposition method, we can construct tight configurations

of number of disks.

4. For the application, our work may be applied to pattern design, or optimal arrangements of the

pipes in a filter or an optical fiber.
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