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Analysis of knockout tournament
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Abstract

This paper discusses some myths in the knockout tournament. A knockout
tournament satisfies the property that each game has a winner and a loser ; a loser of a

game is not involved in any further game.

In the first part, we discusses the influence of the variation in contestant's strength
on winning probability. By using the conception of“Imaginary Contestant,”we can judge
the threat which caused by the contestant who we may encounter in the game. Through
“Threshold of Threat,”we can learn the advantages and disadvantages of the variation in
contestant's strength. By applying“Formula of Winning Probability,”we can calculate
the winning probability of contestant. Furthermore, by observing the tournament from

various angles, we can know the strength of the individual and the group.

In the second part, we discusses the influence of the scheme of contestants on
winning probability. By evaluating“Ratio of Winning Probability to Contestant's
Strength,”we can know whether the scheme is fair to every contestant or not. By
calculating*“Rate of Winning Probability at Normal Scheme to Optimum Scheme,” we

can realize the influence of the scheme of contestants on winning probability.

At the lemma, we make some examples to expect you, after reading this paper, to

understand and enjoy the astonishment of knockout tournament.
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+5ng?al+5¢9°h*al+glaP+3rh?a®+3Pg?a*+12¢°h*a?+4 g a?
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0.019234

0.005159

T1.25.3

0.225415

0.179449

0.264582

0.148873

0.102953

0.055514

0.018645

0.00457

T1.26.1

0.230999

0.184451

0.203957

0.182004

0.094699

0.072246

0.027681

0.003964

T1.26.2

0.228622

0.182366

0.210432

0.179442

0.118374

0.052486

0.024424

0.003854

T1.26.3

0.227099

0.181048

0.228932

0.177877

0.103577

0.055573

0.022098

0.003796

T1.34.1

0.237649

0.190016

0.21512

0.156925

0.095914

0.050928

0.045761

0.007687

T1.34.2

0.229214

0.182555

0.224899

0.198221

0.090387

0.047452

0.022508

0.004764

T1.34.3

0.228047

0.181554

0.259821

0.166364

0.089743

0.047077

0.022801

0.004593
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T1.35.1

0.242092

0.193894

0.195326

0.140819

0.10988

0.089956

0.022203

0.005829

T1.35.2

0.236026

0.18856

0.199667

0.194981

0.105596

0.049653

0.021002

0.004515

T1.35.3

0.234131

0.186928

0.253924

0.145462

0.104403

0.05016

0.020703

0.00429

T1.36.1

0.243451

0.195238

0.189698

0.136023

0.132869

0.071014

0.02717

0.004538

T1.36.2

0.238894

0.191232

0.200022

0.165433

0.129036

0.049197

0.021869

0.004317

T1.36.3

0.238119

0.190562

0.220186

0.147051

0.12844

0.050397

0.020957

0.004288

T145.1

0.252287

0.202726

0.180379

0.129018

0.138667

0.06675

0.025307

0.004867

T1.45.2

0.249102

0.199931

0.181961

0.191572

0.083111

0.065292

0.024658

0.004373

T1.45.3

0.246647

0.197805

0.24789

0.131252

0.08381

0.064272

0.02422

0.004105

T1.46.1

0.258164

0.208089

0.178544

0.127334

0.114447

0.084609

0.023451

0.005361

T1.46.2

0.255819

0.206025

0.182469

0.162766

0.083006

0.083282

0.021392

0.005242

T1.46.3

0.25442

0.204806

0.215169

0.13287

0.084735

0.082547

0.020273

0.00518

T1.56.1

0.278543

0.226207

0.172428

0.122533

0.098407

0.052485

0.042377

0.00702

T1.56.2

0.276755

0.224626

0.178306

0.14247

0.080665

0.048422

0.041842

0.006914

T1.56.3

0.276093

0.224044

0.191006

0.13084

0.083267

0.046215

0.041656

0.006878

T2.121

0.237425

0.204809

0.143364

0.109468

0.152587

0.086693

0.055949

0.009705

T2.12.2

0.234489

0.201996

0.141149

0.107537

0.157355

0.113367

0.036072

0.008036

T2.12.3

0.233013

0.200604

0.140075

0.106623

0.183104

0.092028

0.037103

0.007451

T2.13.1

0.233106

0.21323

0.140484

0.203853

0.072056

0.076822

0.051597

0.008851

T2.13.3

0.229906

0.209975

0.138069

0.209218

0.070401

0.103836

0.031407

0.007188

T2.13.3

0.227228

0.207306

0.136139

0.238187

0.069171

0.082731

0.032902

0.006336

T2.141

0.231843

0.228951

0.13975

0.181368

0.120151

0.041279

0.04846

0.008198

T2.14.2

0.226143

0.222714

0.135481

0.189005

0.15448

0.039299

0.027071

0.005808

T2.14.3

0.224856

0.221339

0.134568

0.219551

0.127661

0.038932

0.027572

0.005521

T2.15.1

0.22877

0.250041

0.137663

0.161368

0.105175

0.093631

0.017246

0.006106

T2.15.2

0.225889

0.246574

0.13554

0.163851

0.148201

0.057856

0.016763

0.005327

T2.15.3

0.223904

0.244222

0.134125

0.209247

0.108362

0.058694

0.01648

0.004966

T2.16.1

0.224083

0.282692

0.134538

0.154488

0.099799

0.073057

0.027975

0.003369

T2.16.2

0.222133

0.27999

0.133112

0.160055

0.12085

0.05561

0.02496

0.00329

T2.16.3

0.221346

0.27891

0.132548

0.175961

0.106927

0.057479

0.023565

0.003262

T2.23.1

0.233171

0.305321

0.140624

0.123117

0.077763

0.065549

0.04655

0.007906

T2.23.2

0.229579

0.311428

0.1379

0.120383

0.075741

0.092441

0.026278

0.00625

T2.23.3

0.225007

0.344402

0.134639

0.117241

0.073535

0.071852

0.028155

0.005169

T2.24.1

0.2376

0.279036

0.143826

0.136253

0.104902

0.04577

0.045045

0.007568

T2.24.2

0.23108

0.287965

0.138899

0.130927

0.13987

0.043283

0.022869

0.005108

T2.24.3

0.227651

0.323681

0.136484

0.128438

0.113098

0.042271

0.023822

0.004556
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T2.25.1

0.239681

0.255333

0.145347

0.153531

0.092475

0.088267

0.019661

0.005704

T2.25.2

0.236328

0.258337

0.142841

0.150537

0.137872

0.050183

0.019031

0.00487

T2.25.3

0.230848

0.313266

0.138955

0.146051

0.096679

0.05182

0.018234

0.004147

T2.26.1

0.23842

0.248372

0.14471

0.180365

0.088323

0.069385

0.026485

0.003939

T2.26.2

0.235664

0.255418

0.142671

0.177513

0.113164

0.048596

0.023157

0.003817

T2.26.3

0.233451

0.275549

0.141091

0.175351

0.098137

0.052407

0.020276

0.003739

T2.34.1

0.245469

0.260393

0.149375

0.147519

0.095123

0.050521

0.044206

0.007394

T2.34.2

0.236365

0.270809

0.142501

0.188928

0.089364

0.046892

0.020692

0.004449

T2.34.3

0.23411

0.308008

0.140924

0.157225

0.088187

0.04621

0.021162

0.004174

T2.35.1

0.250847

0.238868

0.153285

0.132503

0.109437

0.087293

0.022152

0.005616

T2.35.2

0.244289

0.243552

0.148391

0.187542

0.104951

0.046117

0.020884

0.004274

T2.35.3

0.24059

0.302098

0.14578

0.137599

0.102749

0.04694

0.02034

0.003904

T2.36.1

0.25234

0.23287

0.154697

0.127965

0.132406

0.068901

0.02628

0.004541

T2.36.2

0.247048

0.244195

0.15076

0.159091

0.128125

0.045687

0.020801

0.004294

T2.36.3

0.245528

0.266315

0.149678

0.140261

0.127019

0.047668

0.019291

0.00424

T2.45.1

0.262233

0.222504

0.161454

0.121681

0.135252

0.066809

0.025363

0.004704

T2.45.2

0.258772

0.224228

0.158883

0.186042

0.077942

0.065267

0.024673

0.004193

T2.45.3

0.253943

0.296096

0.15543

0.124447

0.079088

0.063379

0.023869

0.003748

T2.46.1

0.268273

0.220745

0.166347

0.120138

0.111678

0.084668

0.022767

0.005385

T2.46.2

0.26555

0.225095

0.164314

0.158126

0.077877

0.083178

0.02061

0.00525

T2.46.3

0.262794

0.261342

0.162318

0.127102

0.080761

0.081815

0.018731

0.005137

T2.56.1

0.289729

0.214366

0.182699

0.115962

0.09635

0.05129

0.042539

0.007065

T2.56.2

0.287463

0.220973

0.180991

0.138833

0.075937

0.046979

0.041888

0.006936

T2.56.3

0.286162

0.235248

0.18003

0.126575

0.080346

0.043226

0.041544

0.00687

T3.121

0.248207

0.194415

0.147247

0.105816

0.152301

0.086514

0.05582

0.00968

T3.12.2

0.245137

0.191744

0.144972

0.103949

0.157061

0.113133

0.03599

0.008015

T3.12.3

0.243594

0.190423

0.143869

0.103065

0.182761

0.091838

0.037018

0.007432

T3.13.1

0.239818

0.208777

0.253392

0.101695

0.07033

0.069614

0.048174

0.008201

T3.13.2

0.236295

0.205363

0.259151

0.099548

0.068593

0.096388

0.028101

0.00656

T3.13.3

0.232481

0.201757

0.290249

0.097426

0.066956

0.075734

0.029822

0.005576

T3.141

0.239966

0.225625

0.228269

0.101963

0.110066

0.040613

0.045801

0.007696

T3.14.2

0.23367

0.219058

0.23657

0.098166

0.144462

0.038517

0.024248

0.005308

T3.14.3

0.23119

0.216544

0.269773

0.09682

0.117928

0.037862

0.025018

0.004865

T3.15.1

0.237744

0.247479

0.205728

0.100854

0.096367

0.089007

0.017084

0.005736

T3.15.2

0.234557

0.24382

0.208471

0.098978

0.140171

0.052491

0.016567

0.004945

T3.15.3

0.230687

0.239466

0.25863

0.09686

0.100122

0.053795

0.016059

0.00438
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T3.16.1

0.23299

0.279951

0.198029

0.098545

0.091345

0.06937

0.026421

0.003349

T3.16.2

0.230593

0.276786

0.204315

0.097158

0.114181

0.050397

0.023313

0.003257

T3.16.3

0.229057

0.274785

0.222277

0.096311

0.099908

0.053362

0.021093

0.003208

T3.23.1

0.239833

0.303302

0.163639

0.101757

0.072726

0.064907

0.046032

0.007804

T3.23.2

0.236138

0.309368

0.16047

0.099497

0.070835

0.091536

0.025986

0.00617

T3.23.3

0.231435

0.342124

0.156675

0.0969

0.068772

0.071149

0.027842

0.005103

T3.24.1

0.242656

0.27663

0.179286

0.103421

0.103693

0.042504

0.044374

0.007436

T3.24.2

0.235997

0.285482

0.173144

0.099378

0.138257

0.040195

0.022529

0.005019

T3.24.3

0.232495

0.32089

0.170134

0.097489

0.111794

0.039255

0.023467

0.004477

T3.25.1

0.242834

0.252548

0.199447

0.103587

0.091114

0.086796

0.0181

0.005574

T3.25.2

0.239438

0.255519

0.196008

0.101567

0.135843

0.049347

0.01752

0.004759

T3.25.3

0.233885

0.309848

0.190675

0.098541

0.095256

0.050956

0.016786

0.004053

T3.26.1

0.239595

0.24489

0.229407

0.102135

0.086655

0.067901

0.025831

0.003587

T3.26.2

0.236825

0.251837

0.226174

0.100519

0.111026

0.047556

0.022586

0.003476

T3.26.3

0.234601

0.271686

0.223669

0.099295

0.096283

0.051286

0.019776

0.003404

T3.34.1

0.257758

0.244566

0.189865

0.111558

0.095347

0.050699

0.043044

0.007164

T3.34.2

0.246171

0.255746

0.235893

0.104547

0.088439

0.046363

0.018895

0.003947

T3.34.3

0.245053

0.293479

0.200653

0.103955

0.087894

0.04605

0.019076

0.00384

T3.35.1

0.264144

0.224539

0.172703

0.115214

0.110141

0.085425

0.022383

0.005451

T3.35.2

0.254479

0.2302

0.234876

0.109495

0.103935

0.042564

0.020652

0.003799

T3.35.3

0.252621

0.29058

0.17846

0.108497

0.102902

0.042886

0.020401

0.003653

T3.36.1

0.265807

0.218868

0.167669

0.116654

0.133337

0.067423

0.025631

0.004611

T3.36.2

0.258154

0.232839

0.203598

0.112122

0.127476

0.042756

0.018781

0.004275

T3.36.3

0.257385

0.256122

0.181863

0.111703

0.126954

0.043548

0.018175

0.004251

T3.45.1

0.276871

0.209593

0.160193

0.122341

0.133059

0.06762

0.025741

0.004582

T3.45.2

0.269939

0.212378

0.233775

0.118278

0.072679

0.064744

0.024466

0.00374

T3.45.3

0.267488

0.287581

0.163355

0.116932

0.073134

0.063857

0.024092

0.003562

T3.46.1

0.283199

0.20801

0.158679

0.126711

0.109929

0.085687

0.022297

0.005488

T3.46.2

0.277825

0.215183

0.203065

0.12352

0.073555

0.082926

0.018685

0.005242

T3.46.3

0.276422

0.253915

0.166816

0.122733

0.074723

0.082283

0.017918

0.005189

T3.56.1

0.306112

0.202559

0.154139

0.140936

0.095199

0.050591

0.043249

0.007215

T3.56.2

0.301686

0.213659

0.181315

0.138255

0.072799

0.043262

0.042046

0.006978

T3.56.3

0.301025

0.229197

0.166751

0.13787

0.074619

0.041707

0.041885

0.006947

T4.12.1

0.257513

0.189782

0.143555

0.203099

0.06943

0.076479

0.05134

0.008802

T4.12.2

0.253978

0.186885

0.141087

0.208444

0.067836

0.103373

0.03125

0.007147

T4.12.3

0.251019

0.18451

0.139115

0.237306

0.066651

0.082362

0.032738

0.0063
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T4.13.1

0.253419

0.195754

0.252918

0.104138

0.06811

0.069444

0.048042

0.008175

T4.13.3

0.249696

0.192553

0.258666

0.101939

0.066428

0.096153

0.028025

0.00654

T4.13.3

0.245666

0.189172

0.289706

0.099766

0.064842

0.075548

0.029741

0.005559

T4.141

0.253691

0.224722

0.209219

0.152178

0.068589

0.040548

0.04376

0.007292

T4.14.2

0.244686

0.215898

0.218729

0.192225

0.064637

0.03778

0.021524

0.004519

T4.14.3

0.24344

0.214714

0.252694

0.161332

0.064177

0.037481

0.021804

0.004358

T4.15.1

0.252179

0.247382

0.188601

0.135455

0.068143

0.0856

0.0172

0.00544

T4.15.2

0.245861

0.240576

0.192792

0.187553

0.065486

0.047249

0.016269

0.004214

T4.15.3

0.243886

0.238494

0.245181

0.13992

0.064746

0.047731

0.016037

0.004004

T4.16.1

0.247255

0.279992

0.181402

0.129443

0.066627

0.06665

0.025236

0.003394

T4.16.2

0.242627

0.274247

0.191274

0.157431

0.064706

0.046174

0.020312

0.003229

T4.16.3

0.241839

0.273286

0.210556

0.139939

0.064407

0.0473

0.019465

0.003207

T4.23.1

0.252097

0.302209

0.152592

0.107295

0.067717

0.064573

0.045766

0.007753

T4.23.2

0.248213

0.308253

0.149637

0.104912

0.065957

0.091064

0.025835

0.006129

T4.23.3

0.24327

0.340892

0.146098

0.102174

0.064036

0.070781

0.027681

0.005069

T4.24.1

0.257742

0.255693

0.179551

0.144298

0.07009

0.042711

0.042798

0.007116

T4.24.2

0.248183

0.265921

0.171289

0.184803

0.065847

0.039643

0.020033

0.004281

T4.24.3

0.245816

0.302448

0.169393

0.153791

0.06498

0.039067

0.020488

0.004017

T4.25.1

0.258685

0.233513

0.20045

0.128879

0.070558

0.084232

0.018341

0.005342

T4.25.2

0.251923

0.238092

0.194049

0.182414

0.067666

0.0445

0.017291

0.004065

T4.25.3

0.248109

0.295326

0.190636

0.133836

0.066246

0.045295

0.01684

0.003713

T4.26.1

0.255344

0.226302

0.230688

0.123553

0.069687

0.065846

0.024919

0.00366

T4.26.2

0.249989

0.237307

0.224818

0.153607

0.067434

0.043661

0.019723

0.003461

T4.26.3

0.248451

0.258803

0.223204

0.135426

0.066852

0.045554

0.018292

0.003417

T4.34.1

0.265008

0.242168

0.187824

0.136769

0.072774

0.046155

0.042288

0.007014

T4.34.2

0.253094

0.253239

0.233357

0.128173

0.067502

0.042208

0.018563

0.003865

T4.34.3

0.251945

0.290602

0.198495

0.127448

0.067086

0.041922

0.018741

0.00376

T4.35.1

0.268861

0.221837

0.170411

0.155288

0.074381

0.083789

0.020131

0.005303

T4.35.2

0.259023

0.227429

0.231759

0.14758

0.07019

0.041749

0.018574

0.003696

T4.35.3

0.257132

0.287083

0.176091

0.146235

0.069492

0.042065

0.018348

0.003554

T4.36.1

0.267653

0.215604

0.164905

0.18264

0.074413

0.0658

0.024903

0.004082

T4.36.2

0.259946

0.229366

0.200242

0.175545

0.071142

0.041727

0.018247

0.003785

T4.36.3

0.259172

0.252303

0.178865

0.174888

0.070851

0.0425

0.017658

0.003763

T4.45.1

0.293176

0.196347

0.149225

0.18032

0.083828

0.067465

0.025688

0.003952

T4.45.2

0.289519

0.197426

0.230326

0.105633

0.082309

0.066084

0.025084

0.003619

T4.45.3

0.286543

0.282163

0.150847

0.106195

0.081142

0.065048

0.024643

0.003419
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T4.46.1

0.300573

0.197262

0.149826

0.153427

0.087828

0.085884

0.01968

0.00552

T4.46.2

0.297786

0.200121

0.20017

0.10709

0.08664

0.084569

0.018219

0.005405

T4.46.3

0.295832

0.249242

0.154122

0.108577

0.085847

0.083709

0.017338

0.005334

T4.56.1

0.325726

0.194745

0.147734

0.135647

0.099569

0.04558

0.043683

0.007317

T4.56.2

0.323467

0.199274

0.179302

0.106515

0.098568

0.042554

0.043116

0.007205

T4.56.3

0.322211

0.225624

0.154553

0.108882

0.098032

0.040729

0.042821

0.007149

T5.12.1

0.27482

0.187753

0.141992

0.180271

0.119356

0.039622

0.048065

0.008122

T5.12.2

0.268063

0.182638

0.137655

0.187861

0.153458

0.037722

0.02685

0.005754

T5.12.3

0.266538

0.181511

0.136727

0.218222

0.126816

0.037369

0.027347

0.00547

T5.13.1

0.272092

0.194918

0.227324

0.103777

0.109528

0.039191

0.045526

0.007644

T5.13.2

0.264954

0.189245

0.235591

0.099913

0.143755

0.037169

0.024102

0.005271

T5.13.3

0.262142

0.187073

0.268656

0.098542

0.117351

0.036536

0.024867

0.004832

T5.14.1

0.272217

0.207054

0.208732

0.151795

0.069958

0.039368

0.043613

0.007264

T5.14.2

0.262554

0.198923

0.218219

0.191741

0.065927

0.036681

0.021452

0.004502

T5.14.3

0.261218

0.197833

0.252104

0.160925

0.065457

0.036391

0.021731

0.004341

T5.15.1

0.269538

0.245075

0.172034

0.122367

0.130598

0.038973

0.017012

0.004404

T5.15.2

0.266135

0.241696

0.173543

0.181697

0.078275

0.038122

0.016575

0.003958

T5.15.3

0.263512

0.239126

0.236421

0.124486

0.078933

0.037526

0.016281

0.003715

T5.16.1

0.264958

0.278194

0.168403

0.119259

0.106232

0.038397

0.02116

0.003396

T5.16.2

0.262551

0.275435

0.172104

0.152444

0.077048

0.037795

0.019302

0.003321

T5.16.3

0.261115

0.273805

0.202947

0.124444

0.078653

0.037462

0.018293

0.003281

T5.23.1

0.272068

0.27443

0.152878

0.1076

0.10263

0.039257

0.043808

0.007328

T5.23.2

0.264602

0.283212

0.147641

0.103393

0.13684

0.037124

0.022241

0.004946

T5.23.3

0.260676

0.318339

0.145074

0.101428

0.110648

0.036256

0.023168

0.004411

T5.24.1

0.274925

0.254545

0.164189

0.143538

0.073276

0.039978

0.042492

0.007058

T5.24.2

0.264728

0.264726

0.156633

0.18383

0.06884

0.037106

0.01989

0.004246

T5.24.3

0.262203

0.30109

0.1549

0.152981

0.067934

0.036566

0.020342

0.003984

T5.25.1

0.277362

0.214887

0.199196

0.116544

0.128789

0.040666

0.018223

0.004332

T5.25.2

0.273702

0.216553

0.196024

0.178188

0.074217

0.039727

0.017727

0.003861

T5.25.3

0.268593

0.285961

0.191764

0.119193

0.075309

0.038578

0.017149

0.003452

T5.26.1

0.274324

0.211606

0.229861

0.113961

0.105148

0.040493

0.020931

0.003676

T5.26.2

0.27154

0.215776

0.227053

0.149996

0.073323

0.039781

0.018947

0.003584

T5.26.3

0.268722

0.250522

0.224295

0.120568

0.076039

0.039129

0.01722

0.003507

T5.34.1

0.28067

0.24049

0.186412

0.123934

0.078536

0.041231

0.041805

0.006922

T5.34.2

0.268053

0.251483

0.231602

0.116145

0.072846

0.037705

0.018351

0.003814

T5.34.3

0.266835

0.288588

0.197003

0.115488

0.072397

0.037451

0.018527

0.003711
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T5.35.1

0.289041

0.20435

0.155759

0.154805

0.128378

0.043267

0.02009

0.004311

T5.35.2

0.281804

0.207066

0.227303

0.149663

0.070122

0.041427

0.019094

0.003519

T5.35.3

0.279246

0.280388

0.158833

0.147961

0.07056

0.040859

0.018802

0.003351

T5.36.1

0.288168

0.201838

0.153441

0.182535

0.105253

0.043684

0.020966

0.004115

T5.36.2

0.282699

0.208798

0.196362

0.177939

0.070427

0.042276

0.01757

0.00393

T5.36.3

0.281271

0.246382

0.16131

0.176804

0.071544

0.041948

0.016849

0.003891

T5.45.1

0.300693

0.193628

0.146934

0.177211

0.109547

0.045876

0.022292

0.003819

T5.45.2

0.296943

0.194692

0.226789

0.103812

0.107562

0.044937

0.021767

0.003497

T5.45.3

0.29389

0.278256

0.148531

0.104364

0.106038

0.044233

0.021384

0.003303

T5.46.1

0.303737

0.194117

0.147155

0.150328

0.133557

0.047408

0.019023

0.004675

T5.46.2

0.30092

0.19693

0.196602

0.104927

0.13175

0.046682

0.017611

0.004578

T5.46.3

0.298946

0.245268

0.151375

0.106384

0.130544

0.046207

0.016759

0.004517

T5.56.1

0.353382

0.189901

0.143724

0.121913

0.076977

0.061796

0.044737

0.00757

T5.56.2

0.351638

0.195801

0.162836

0.10424

0.072355

0.061306

0.044333

0.007491

T5.56.3

0.351019

0.206662

0.15262

0.107334

0.069568

0.061138

0.044196

0.007464

T6.12.1

0.297753

0.184051

0.139006

0.159922

0.104147

0.092623

0.016476

0.006022

T6.12.2

0.294003

0.181499

0.136863

0.162383

0.146752

0.057233

0.016014

0.005254

T6.12.3

0.29142

0.179767

0.135434

0.207372

0.107303

0.058062

0.015744

0.004899

T6.13.1

0.295992

0.191904

0.204288

0.101959

0.095573

0.088201

0.016413

0.005671

T6.13.2

0.292023

0.189067

0.207011

0.100063

0.139015

0.052016

0.015915

0.004888

T6.13.3

0.287206

0.185691

0.256819

0.097922

0.099297

0.053308

0.015428

0.00433

T6.14.1

0.297113

0.204592

0.187592

0.134673

0.068995

0.085012

0.016631

0.005394

T6.14.2

0.289669

0.198963

0.19176

0.18647

0.066305

0.046924

0.015731

0.004178

T6.14.3

0.287343

0.197241

0.243869

0.139112

0.065555

0.047403

0.015507

0.003969

T6.15.1

0.295952

0.219979

0.171496

0.121955

0.130121

0.03954

0.016574

0.004383

T6.15.2

0.292216

0.216946

0.173001

0.181085

0.077989

0.038676

0.016149

0.003938

T6.15.3

0.289336

0.214639

0.235682

0.124067

0.078645

0.038072

0.015862

0.003697

T6.16.1

0.290978

0.276878

0.161149

0.113469

0.090031

0.047226

0.016787

0.003482

T6.16.2

0.28911

0.274942

0.166643

0.131931

0.0738

0.04357

0.016575

0.00343

T6.16.3

0.288419

0.27423

0.178512

0.121161

0.07618

0.041584

0.016501

0.003412

T6.23.1

0.29702

0.249155

0.150974

0.106177

0.089545

0.085143

0.016548

0.005438

T6.23.2

0.292866

0.252086

0.148371

0.104106

0.133503

0.048407

0.016018

0.004643

T6.23.3

0.286074

0.305686

0.144334

0.101004

0.093615

0.049986

0.015347

0.003954

T6.24.1

0.301016

0.231105

0.162718

0.127327

0.072574

0.08301

0.017007

0.005243

T6.24.2

0.293147

0.235636

0.157522

0.180217

0.069599

0.043855

0.016034

0.00399

T6.24.3

0.288708

0.29228

0.154751

0.132225

0.068139

0.044638

0.015616

0.003644
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T6.25.1

0.302576

0.213584

0.17683

0.115722

0.127799

0.042022

0.017182

0.004286

T6.25.2

0.298584

0.215239

0.174014

0.17693

0.073647

0.041052

0.016714

0.00382

T6.25.3

0.293011

0.284226

0.170233

0.118352

0.07473

0.039864

0.016169

0.003415

T6.26.1

0.301555

0.203366

0.229204

0.108415

0.089111

0.046734

0.017839

0.003776

T6.26.2

0.299196

0.209634

0.227062

0.129797

0.070231

0.042806

0.017566

0.003708

T6.26.3

0.297842

0.223177

0.225855

0.118337

0.074309

0.039386

0.017422

0.003672

T6.34.1

0.308168

0.218315

0.167483

0.123228

0.0781

0.08187

0.017691

0.005145

T6.34.2

0.296892

0.223819

0.227777

0.117112

0.0737

0.040793

0.016323

0.003586

T6.34.3

0.294724

0.282525

0.173066

0.116044

0.072967

0.041102

0.016124

0.003448

T6.35.1

0.312811

0.202432

0.154179

0.135567

0.126823

0.045799

0.018152

0.004236

T6.35.2

0.304979

0.205122

0.224998

0.131064

0.069273

0.043852

0.017253

0.003458

T6.35.3

0.30221

0.277756

0.157222

0.129573

0.069706

0.043251

0.016989

0.003293

T6.36.1

0.317045

0.19396

0.1468

0.182475

0.08922

0.046815

0.019448

0.004236

T6.36.2

0.312461

0.204588

0.172682

0.179004

0.068227

0.040034

0.018907

0.004097

T6.36.3

0.311775

0.219467

0.158811

0.178506

0.069933

0.038594

0.018835

0.004078

T6.45.1

0.322171

0.191165

0.144901

0.174524

0.094306

0.050194

0.019016

0.003723

T6.45.2

0.318153

0.192215

0.223652

0.102238

0.092597

0.049167

0.018569

0.003409

T6.45.3

0.314882

0.274716

0.146476

0.102782

0.091285

0.048396

0.018242

0.00322

T6.46.1

0.335032

0.188604

0.142494

0.13015

0.134418

0.043006

0.021444

0.004852

T6.46.2

0.332709

0.19299

0.172941

0.102198

0.133067

0.040151

0.021166

0.004778

T6.46.3

0.331417

0.21851

0.14907

0.104469

0.132343

0.038429

0.021021

0.004741

T6.56.1

0.359693

0.186522

0.140836

0.119103

0.074897

0.088416

0.024605

0.005928

T6.56.2

0.357917

0.192317

0.159565

0.101837

0.0704

0.087715

0.024383

0.005866

T6.56.3

0.357287

0.202985

0.149554

0.10486

0.067688

0.087474

0.024308

0.005845

T7.12.1

0.332367

0.179071

0.135021

0.152502

0.098404

0.071937

0.027499

0.003199

T7.12.2

0.329475

0.177359

0.133589

0.157997

0.119161

0.054758

0.024536

0.003124

T7.12.3

0.328308

0.176675

0.133023

0.173699

0.105433

0.056599

0.023164

0.003098

T7.131

0.330567

0.186816

0.19587

0.098951

0.09018

0.068403

0.026014

0.003199

T7.13.2

0.327166

0.184704

0.202088

0.097557

0.112726

0.049695

0.022954

0.003111

T7.13.3

0.324986

0.183369

0.219854

0.096707

0.098635

0.052618

0.020768

0.003064

T7.14.1

0.331978

0.199274

0.179675

0.128117

0.066949

0.065843

0.024899

0.003264

T7.14.2

0.325764

0.195185

0.189453

0.155818

0.065018

0.045615

0.020041

0.003106

T7.14.3

0.324707

0.194501

0.208551

0.138505

0.064718

0.046728

0.019206

0.003084

T7.15.1

0.331538

0.214889

0.167131

0.118291

0.1053

0.038622

0.020938

0.003292

T7.15.2

0.328526

0.212758

0.170804

0.151206

0.076371

0.038016

0.0191

0.003219

T7.15.3

0.326728

0.211499

0.201414

0.123434

0.077962

0.037681

0.018101

0.003181
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T7.16.1

0.331599

0.238272

0.160405

0.112905

0.089548

0.046951

0.016911

0.003409

T7.16.2

0.32947

0.236606

0.165873

0.131276

0.073404

0.043316

0.016697

0.003357

T7.16.3

0.328683

0.235994

0.177687

0.12056

0.075772

0.041342

0.016623

0.00334

T7.23.1

0.331845

0.239757

0.146807

0.1031

0.084349

0.065914

0.02499

0.003236

T7.23.2

0.328009

0.246559

0.144739

0.10147

0.108073

0.046165

0.02185

0.003136

T7.23.3

0.324929

0.265992

0.143135

0.100234

0.093722

0.049785

0.019131

0.003071

T7.24.1

0.336453

0.22213

0.158315

0.120909

0.070462

0.064165

0.024213

0.003352

T7.24.2

0.329397

0.232933

0.154287

0.15032

0.068183

0.042546

0.019165

0.003169

T7.24.3

0.327371

0.254032

0.153179

0.132528

0.067595

0.044391

0.017774

0.00313

T7.25.1

0.338871

0.208484

0.172508

0.112014

0.103196

0.041039

0.020462

0.003427

T7.25.2

0.335432

0.212592

0.1704

0.147433

0.071963

0.040316

0.018523

0.003341

T7.25.3

0.33195

0.246826

0.16833

0.118507

0.074628

0.039656

0.016834

0.003269

T7.26.1

0.341467

0.201511

0.193772

0.10727

0.08809

0.04615

0.018144

0.003597

T7.26.2

0.338795

0.207722

0.19196

0.128427

0.069427

0.042271

0.017866

0.003531

T7.26.3

0.337262

0.221141

0.19094

0.117088

0.073458

0.038893

0.01772

0.003497

T7.34.1

0.344565

0.209479

0.15985

0.119796

0.075872

0.063149

0.023779

0.003509

T7.34.2

0.334644

0.22285

0.194103

0.115142

0.072537

0.040046

0.017424

0.003254

T7.34.3

0.333647

0.245135

0.173382

0.114712

0.07224

0.040788

0.016862

0.003235

T7.35.1

0.350273

0.197207

0.149646

0.132126

0.102169

0.044724

0.020211

0.003644

T7.35.2

0.343626

0.204007

0.191505

0.128799

0.068363

0.043282

0.016937

0.00348

T7.35.3

0.34189

0.240728

0.15732

0.127978

0.069448

0.042947

0.016243

0.003445

T7.36.1

0.35609

0.191172

0.144526

0.150826

0.087586

0.045872

0.020038

0.00389

T7.36.2

0.350941

0.201647

0.170008

0.147957

0.066978

0.039227

0.01948

0.003762

T7.36.3

0.350171

0.216312

0.156351

0.147545

0.068652

0.037817

0.019406

0.003746

T7.45.1

0.361592

0.188054

0.142173

0.14477

0.092264

0.04924

0.018048

0.00386

T7.45.2

0.358238

0.190779

0.189946

0.101048

0.091015

0.048486

0.016708

0.00378

T7.45.3

0.355888

0.237606

0.146249

0.102451

0.090183

0.047993

0.0159

0.00373

T7.46.1

0.372258

0.184853

0.139423

0.12709

0.107866

0.041771

0.022503

0.004236

T7.46.2

0.369676

0.189152

0.169214

0.099796

0.106782

0.038997

0.022211

0.004172

T7.46.3

0.368241

0.214163

0.145858

0.102013

0.106201

0.037325

0.022059

0.004139

T7.56.1

0.393769

0.181851

0.136985

0.115517

0.072388

0.068134

0.026558

0.004799

T7.56.2

0.391825

0.1875

0.155201

0.098771

0.068041

0.067594

0.026318

0.004748

T7.56.3

0.391136

0.197901

0.145464

0.101703

0.06542

0.067408

0.026237

0.004731
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Fo | A B C D E F G H
T1121| 273 | 280 | 191 | 221 10 28 1 1
T1122| 284 | 292 | 198 | 225 4 1 49 13
T112.3| 292 | 297 | 204 | 228 1 13 46 25
T1131| 288 | 290 | 166 13 198 55 4 4
T1132| 300 | 302 | 177 213 4 55 35
T1.133| 308 | 310 | 185 226 44 52 58
T1141| 286 | 288 | 126 31 56 205 8 8
T1.14.2| 307 | 308 | 140 21 7 239 73 69
T1143| 313 | 313 | 147 4 43 245 67 80
T1.151| 293 | 296 81 65 01 10 226 62
T1.152 | 304 | 304 88 62 13 107 | 244 92
T1.153| 310 | 311 96 7 79 106 | 252 | 117
T1.16.1| 305 | 305 30 79 114 61 62 243
T1.162| 312 | 312 36 67 55 114 93 251
T1.16.3| 315 | 315 39 46 83 109 | 120 | 254
T1.231| 287 | 289 13 172 | 180 68 7 7
T1.232| 301 | 303 183 | 193 7 61 55
T1.233| 314 | 314 196 | 204 56 58 76
T1.241| 270 | 279 33 127 70 176 13 16
T1.24.2| 297 | 301 23 139 15 202 | 101 87
T1.243| 306 | 307 4 148 58 211 90 118
T1.251| 266 | 274 69 83 120 16 190 67
T1.252| 280 | 283 67 94 18 120 | 201 | 111
T1.253| 296 | 299 7 103 | 109 | 118 | 220 | 144
T1.261| 272 | 278 79 36 137 63 70 197
T1.26.2| 283 | 286 70 44 62 126 | 112 | 211
T1.26.3| 291 | 295 43 50 107 | 117 | 146 | 218
T1.341| 241 | 256 66 80 131 | 134 18 21
T1.342| 279 | 285 54 16 148 | 160 | 137 | 132
T1.343| 285 | 291 9 61 152 | 166 | 133 | 141
T1.351| 228 | 242 | 104 | 119 78 20 144 72
T1.35.2 | 249 | 264 92 17 95 146 | 163 | 150
T1.353| 255 | 269 15 113 | 103 | 142 | 171 | 166
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T1.36.1| 222 233 120 132 35 67 75 147
T1.36.2 | 237 250 91 63 42 149 148 163
T1.36.3| 239 254 61 110 45 139 165 167
T1.451| 192 207 134 156 23 84 95 126
T1.452 | 201 217 129 20 173 92 107 158
T1.453 | 209 224 20 147 171 98 116 186
T1.46.1 | 174 189 142 166 65 39 126 96
T1.46.2 | 181 196 128 66 174 45 156 106
T1.46.3 | 184 200 65 140 168 50 182 109
T1.56.1 | 123 133 160 185 123 127 37 46
T1.56.2 | 127 138 145 117 178 153 42 52
T1.56.3| 129 141 114 151 172 178 44 53
T2.12.1| 243 199 273 233 11 30 2 2

T2.12.2 | 254 210 281 239 5 2 50 14
T2.123| 262 215 288 244 2 15 47 28
T2.13.1| 261 176 287 14 239 57 5 5

T2.133 | 277 182 295 10 249 5 56 39
T2.13.3| 290 192 303 2 267 49 53 59
T2.141 | 267 130 289 38 59 246 9 10
T2.142 | 294 145 305 22 8 274 76 73
T2.143 | 299 149 309 5 49 283 71 84
T2.15.1| 282 85 297 69 2l 11 262 65
T2.15.2| 295 92 304 64 14 111 279 99
T2.15.3| 303 100 311 9 84 108 292 120
T2.16.1| 302 34 310 85 117 62 66 278
T2.16.2 | 309 39 313 72 57 116 100 289
T2.16.3| 311 42 315 55 89 112 124 293
T2.23.1| 260 14 286 182 192 91 14 17
T2.23.2| 278 296 195 203 14 83 61
T2.23.3| 298 308 207 220 65 63 110
T2.241 | 242 41 270 131 102 190 20 24
T2242 | 271 27 294 150 21 212 132 114
T2.243 | 289 4 302 159 68 231 122 145
T2.251| 234 74 261 88 142 23 194 77
T2.25.2 | 246 68 275 98 25 141 208 125
T2.25.3 | 274 7 293 112 127 130 234 183
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T2.26.1| 238 88 266 40 159 72 79 202
T2.26.2| 251 73 276 51 67 151 130 215
T2.26.3| 259 49 282 57 125 128 181 228
T234.1| 215 66 242 108 136 137 24 31
T2.34.2 | 245 60 277 23 155 171 172 153
T2.343 | 256 12 284 78 160 179 159 181
T2.35.1| 198 112 228 142 82 27 145 79
T2.352 | 219 103 246 26 101 185 168 171
T2.353 | 230 18 2518 129 111 169 179 205
T2.36.1 | 191 124 221 164 36 74 82 146
T2.36.2| 208 101 236 74 47 191 169 165
T2.36.3| 214 61 238 120 51 158 200 174
T2.451| 163 146 195 190 28 83 94 137
T2.452 | 172 140 205 28 190 93 106 179
T2.453| 186 20 217 174 181 101 121 225
T2.46.1| 143 152 183 197 72 38 134 95
T2.46.2 | 152 136 187 75 191 46 174 104
T2.46.3 | 160 65 194 168 177 54 218 113
T2.56.1 | 102 172 127 215 129 131 35 44
T2.56.2 | 111 151 133 124 200 167 40 50

T2.56.3 | 115 121 135 171 179 217 45 54
T3.12.1| 204 239 250 249 12 31 3 3

T3.12.2 | 216 249 263 261 6 3 51 15

T3.123| 221 255 269 268 3 17 48 30

T3.13.1| 233 187 16 282 251 70 10 9

T3.13.2 | 247 197 10 295 272 8 64 56

T3.13.3| 265 212 2 309 291 59 59 81

T3.141| 231 134 44 276 76 256 16 20

T3.142 | 258 155 24 305 17 289 115 100
T3.143 | 269 161 5 313 63 295 98 127
T3.15.1 | 240 89 76 288 128 21 267 75

T3.15.2 | 253 102 74 299 20 125 289 122
T3.15.3| 275 110 12 312 115 121 302 157
T3.16.1| 263 40 97 302 144 73 80 282
T3.16.2 | 276 47 77 310 66 138 127 294
T3.16.3| 281 52 60 315 116 122 161 301
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T3.23.1| 232 15 189 280 231 95 15 18
T3.23.2 | 248 10 199 296 244 18 86 63
T3.23.3| 268 2 213 311 270 66 68 115
T3.24.1| 226 48 139 265 106 227 22 29
T3.24.2 | 250 31 153 297 24 260 136 119
T3.243 | 264 5 170 308 71 276 125 152
T3.25.1 | 225 79 93 264 146 29 241 82
T3.25.2 | 236 72 102 283 27 147 256 133
T3.25.3 | 257 9 116 304 134 133 278 191
T3.26.1 | 235 98 41 274 165 77 88 246
T3.26.2 | 244 82 51 289 73 159 135 261
T3.26.3| 252 59 57 298 130 132 191 275
T3.34.1| 176 99 119 231 133 135 32 40
T3.34.2| 210 70 26 254 158 177 213 201
T3.343| 217 22 86 260 162 186 207 212
T3.351| 158 139 157 219 75 35 139 89
T3.35.2 | 183 127 29 232 105 224 173 217
T3.35.3 | 190 25 144 236 110 220 177 240
T3.36.1 | 151 156 176 211 32 81 92 140
T3.36.2 | 175 125 80 227 50 222 216 170
T3.36.3 | 179 69 130 230 52 209 237 172
T3.45.1| 126 184 201 187 34 78 89 142
T3.45.2| 138 179 31 206 232 96 111 227
T3.453 | 147 28 190 210 225 100 119 249
T3.46.1| 117 190 208 170 77 33 140 86
T3.46.2 | 124 167 82 179 219 48 219 107
T3.46.3| 128 77 180 184 208 52 243 108
T3.56.1 66 208 225 118 135 136 30 37
T3.56.2 71 174 132 126 229 215 39 48
T3.56.3 73 129 181 128 210 241 41 49
T4.12.1 | 178 258 272 15 264 58 6 6
T4.12.2 | 185 270 283 11 282 6 57 42
T4.12.3 | 197 277 291 3 294 51 54 60
T4.13.1| 188 232 17 258 279 71 12 11
T4.13.3| 200 245 11 278 296 9 65 57
T4.13.3| 213 260 3 294 308 60 60 83
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T4.14.1| 187 137 71 93 273 257 27 34

T4.14.2 | 218 163 63 18 312 298 153 148
T4.143 | 223 170 18 70 314 303 150 159
T4.15.1| 193 90 122 135 277 34 264 90

T4.152 | 211 107 108 25 303 164 297 178
T4.15.3 | 220 113 21 122 309 157 303 193
T4.16.1 | 207 38 131 155 295 85 96 277
T4.16.2 | 227 58 113 77 311 181 180 298
T4.16.3 | 229 58 68 121 313 163 196 302
T4.23.1 | 194 17 232 241 283 97 17 19

T4.23.2 | 203 11 240 252 299 19 87 64

T4.23.3| 224 3 257 273 315 69 69 116
T4.241 | 177 71 137 115 255 223 34 43

T4.24.2 | 205 63 164 29 301 269 188 169
T4.243| 212 16 172 86 307 280 175 192
T4.25.1| 173 122 87 157 246 41 229 97

T4.25.2 | 196 115 106 35 285 199 260 190
T4.25.3 | 206 21 117 138 298 195 275 232
T4.26.1 | 182 132 37 178 259 88 102 239
T4.26.2 | 199 117 55 87 288 207 192 262
T4.26.3| 202 67 59 136 293 194 231 270
T4.34.1| 153 104 123 130 230 183 38 47

T4.34.2 | 189 78 32 161 287 232 223 208
T4.343| 195 24 95 165 289 236 217 224
T4.35.1| 140 148 167 82 212 42 184 101
T4352| 171 131 34 106 253 238 221 236
T4.353| 180 29 149 111 262 233 228 250
T4.36.1| 146 165 186 32 211 90 103 188
T4.36.2 | 169 128 89 56 242 240 232 219
T4.36.3 | 170 80 141 58 243 228 251 222
T4.45.1 94 230 243 41 170 80 91 200
T4.45.2 | 104 225 38 250 175 86 97 244
T4.453| 114 36 235 247 176 94 108 269
T4.46.1 77 226 237 89 163 32 193 85

T4.46.2 82 216 90 243 166 40 236 93

T4.46.3 90 86 226 235 167 43 259 98
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T4.56.1 52 236 248 133 118 193 28 33
T4.56.2 56 219 138 245 122 225 31 38
T4.56.3 57 135 222 234 126 254 33 41
T5.12.1| 131 266 280 42 60 270 11 12
T5.12.2 | 144 284 298 24 9 299 77 74
T5.12.3 | 149 293 301 6 54 306 74 88
T5.13.1| 135 235 46 263 81 278 19 22
T5.13.2 | 155 259 28 292 19 308 118 102
T5.13.3 | 165 268 6 303 64 313 105 129
T5.141 | 134 194 72 95 256 273 29 36
T5.14.2 | 161 221 64 19 300 311 154 151
T5.14.3 | 166 223 19 71 304 314 152 160
T5.15.1| 139 97 162 186 39 282 268 155
T5.15.2 | 150 105 151 37 186 292 286 198
T5.15.3| 159 111 25 173 182 302 296 231
T5.16.1 | 154 44 174 199 92 291 160 276
T5.16.2 | 162 50 161 92 194 297 199 285
T5.16.3 | 167 57 83 175 183 304 230 290
T5.23.1| 136 54 230 238 112 275 26 32
T5.23.2 | 157 33 249 266 26 309 142 121
T5.23.3| 168 6 262 285 74 315 128 154
T5.24.1| 130 75 188 116 224 264 36 45
T5.24.2 | 156 64 214 30 269 310 189 173
T5.24.3 | 164 19 219 90 281 312 178 195
T5.25.1| 125 169 94 212 44 255 235 161
T5.25.2 | 133 160 101 48 215 267 248 209
T5.25.3| 142 30 110 200 205 288 266 264
T5.26.1| 132 180 40 223 100 258 167 237
T5.26.2 | 137 164 49 101 223 266 211 248
T5.26.3 | 141 84 56 193 199 279 263 256
15341 121 108 125 177 185 247 43 o1
T5.34.2 | 145 83 35 213 228 300 227 216
T5.34.3 | 148 26 98 218 235 305 224 233
T5.35.1| 107 203 216 84 46 214 185 164
T5.35.2| 119 193 47 102 254 243 206 253
T5.35.3| 122 37 206 104 245 251 215 281
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T5.36.1| 110 211 227 33 98 206 164 185
T5.36.2| 118 186 100 49 248 229 254 204
T5.36.3| 120 94 196 54 241 235 274 206
T5.45.1 76 243 252 52 80 187 141 214
T5.45.2 86 237 50 262 87 196 151 257
T5.45.3 93 43 245 256 94 201 157 286
T5.46.1 68 240 251 99 30 161 209 138
T5.46.2 75 229 e 251 38 175 253 143
T5.46.3 79 95 233 246 40 180 280 149
T5.56.1 14 257 271 189 195 103 21 23
T5.56.2 15 231 192 257 237 104 23 26
T5.56.3 16 195 231 240 261 105 25 27
T6.12.1 83 281 292 73 104 12 293 66
T6.12.2 92 294 300 68 16 113 306 103
T6.12.3 | 100 298 306 12 88 110 310 123
T6.13.1 88 248 78 277 132 24 294 78
T6.13.2 99 262 75 291 22 129 307 124
T6.13.3| 113 273 14 306 119 123 314 162
T6.14.1 84 201 124 137 268 37 284 94
T6.14.2 | 103 220 111 27 297 170 311 180
T6.143 | 112 227 22 123 302 162 313 196
T6.15.1 89 153 163 188 41 271 288 156
T6.15.2 98 159 155 39 188 285 300 203
T6.15.3 | 105 171 27 176 184 293 309 235
T6.16.1 | 101 46 197 224 151 165 277 259
T6.16.2 | 106 Sil 182 145 216 208 287 267
T6.16.3 | 109 56 143 191 197 242 291 272
T6.23.1 85 87 234 248 154 36 290 91
T6.23.2 97 81 247 259 31 154 305 139
T6.23.3 | 116 13 268 287 140 143 315 199
T6.24.1 74 126 193 167 233 47 269 105
T6.24.2 95 120 210 43 260 203 304 194
T6.24.3 | 108 23 220 143 278 198 312 241
T6.25.1 69 175 148 216 48 234 265 168
T6.25.2 80 166 150 53 218 249 281 213
T6.25.3 96 32 169 203 207 265 299 271
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T6.26.1 72 205 42 237 157 173 246 221
T6.26.2 78 183 48 153 252 221 255 234
T6.26.3 81 143 52 204 214 272 258 238
T6.34.1 65 158 178 181 187 53 250 112
T6.34.2 87 142 45 208 217 252 295 247
T6.34.3 91 35 154 214 227 248 301 265
T6.35.1 62 209 224 134 53 189 238 175
T6.35.2 67 198 53 149 266 204 261 263
T6.35.3 70 45 212 154 258 216 270 287
T6.36.1 60 241 254 34 156 172 197 177
T6.36.2 63 202 158 45 275 263 212 187
T6.36.3 64 154 207 47 257 287 214 189
T6.45.1 58 252 264 59 138 140 210 230
T6.45.2 59 247 58 271 141 150 222 273
T6.45.3 61 53 255 269 145 155 233 299
T6.46.1 29 263 278 152 29 218 155 128
T6.46.2 32 244 156 272 33 261 158 131
T6.46.3 39 157 244 255 37 290 162 135
T6.56.1 8 272 285 201 206 22 109 68

T6.56.2 10 246 203 279 250 25 113 70

T6.56.3 11 206 241 253 284 26 114 71

T7.12.1 33 300 307 91 124 64 72 304
T7.12.2 41 306 312 76 61 119 110 309
T7.12.3 46 309 314 60 96 115 129 312
T7.13.1 40 271 103 300 150 75 85 303
T7.13.2 49 276 84 307 69 145 131 310
T7.13.3 53 282 62 314 121 124 170 315
T7.14.1 34 218 136 162 292 89 104 292
T7.14.2 51 234 121 81 306 192 186 311
T7.14.3 55 238 73 125 310 174 202 313
T7.15.1 38 168 179 205 97 286 166 288
T7.15.2 45 177 165 96 196 294 205 300
T7.15.3 50 181 85 180 189 301 240 305
T7.16.1 37 114 200 226 153 168 272 274
T7.16.2 42 118 184 146 222 210 283 279
T7.16.3 44 119 146 194 202 244 285 284
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T7.23.1 36 109 253 267 169 87 99 296
T7.23.2 47 93 265 284 85 182 149 307
T7.23.3 54 62 274 290 139 144 204 314
T7.24.1 27 147 209 192 247 99 117 280
T7.24.2 43 123 223 100 276 226 203 306
T7.24.3 48 76 229 141 286 200 247 308
T7.25.1 24 188 159 229 108 250 176 268
T7.25.2 28 178 168 109 240 259 225 283
T7.25.3 35 91 175 202 209 268 276 291
T7.26.1 23 214 107 242 161 184 Zele) 245
T7.26.2 25 191 109 160 265 230 245 252
T7.26.3 26 150 115 209 221 284 249 258
T7.34.1 20 185 202 198 201 102 123 255
T7.34.2 30 144 105 220 234 262 257 295
T7.34.3 31 96 152 222 238 253 273 297
T7.35.1 18 228 239 144 113 197 183 242
T7.35.2 21 204 112 158 274 213 271 260
T7.35.3 22 106 211 163 263 219 298 266
T7.36.1 12 251 267 97 164 188 187 207
T7.36.2 17 213 171 105 290 277 195 223
T7.36.3 19 162 215 107 271 296 198 226
T7.45.1 7 265 279 114 143 148 242 210
T7.45.2 9 253 118 286 147 152 282 220
T7.45.3 13 116 256 270 149 156 308 229
T7.46.1 4 275 290 169 86 237 138 176
T7.46.2 5 261 173 293 90 281 143 182
T7.46.3 6 173 258 275 93 307 147 184
T7.56.1 1 287 299 217 236 76 78 130
T7.56.2 2 267 218 301 280 79 81 134
T7.56.3 3 222 260 281 305 82 84 136
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T5.56.1

T1.34.1

N
N

T7.35.3

T3.34.3

T6.14.3

T2.14.2

T6.13.2

T6.56.1

T3.24.1

T5.13.1

N
w

T7.26.1

T6.24.3

T1.24.2

T2.34.2

T145.1

T2.25.1

T5.56.2

T5.56.1

N
~

T7.25.1

T4.34.3

T3.14.2

T5.12.2

T3.24.2

T6.13.1

T2.34.1

T2.24.1

N
o1

T7.26.2

T3.35.3

T5.15.3

T4.15.2

T2.25.2

T6.56.2

T5.56.3

T1.12.3

N
(op]

T7.26.3

T5.34.3

T3.34.2

T2.35.2

T5.23.2

T6.56.3

T5.23.1

T5.56.2

N
~

T7.24.1

T2.24.2

T6.15.3

T6.14.2

T3.25.2

T2.35.1

T4.14.1

T5.56.3

N
oo

T7.25.2

T3.45.3

T5.13.2

T2.45.2

T2.45.1

T1.12.1

T4.56.1

T2.12.3

N
©

T6.46.1

T4.35.3

T3.35.2

T4.24.2

T6.46.1

T3.25.1

T5.14.1

T3.24.1

w
o

T7.34.2

T5.25.3

T1.16.1

T5.24.2

T5.46.1

T2.12.1

T3.56.1

T3.12.3

w
=

T7.34.3

T3.24.2

T3.45.2

T1.14.1

T6.23.2

T3.12.1

T4.56.2

T2.34.1

w
N

T6.46.2

T6.25.3

T4.34.2

T4.36.1

T3.36.1

T4.46.1

T3.34.1

T5.23.1
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33

T7.12.1

T5.23.2

T1.24.1

T5.36.1

T6.46.2

T3.46.1

T4.56.3

T4.56.1

34

T7.14.1

T2.16.1

T4.35.2

T6.36.1

T3.45.1

T4.15.1

T4.24.1

T4.14.1

35

T7.25.3

T6.34.3

T5.34.2

T4.25.2

T1.36.1

T3.35.1

T2.56.1

T1.13.2

36

T7.23.1

T4.45.3

T1.16.2

T1.26.1

T2.36.1

T6.23.1

T5.24.1

T5.14.1

37

T7.16.1

T5.35.3

T4.26.1

T5.15.2

T6.46.3

T6.14.1

T1.56.1

T3.56.1

38

T7.15.1

T4.16.1

T4.45.2

T2.14.1

T5.46.2

T2.46.1

T4.34.1

T4.56.2

39

T6.46.3

T2.16.2

T1.16.3

T6.15.2

T5.15.1

T1.46.1

T3.56.2

T2.13.10

40

T7.13.1

T3.16.1

T5.26.1

T2.26.1

T5.46.3

T4.46.2

T2.56.2

T3.34.1

41

T7.12.2

T2.24.1

T3.26.1

T4.45.1

T6.15.1

T4.25.1

T3.56.3

T4.56.3

42

T7.16.2

T2.16.3

T6.26.1

T5.12.1

T1.36.2

T4.35.1

T1.56.2

T4.12.2

43

T7.24.2

T5.45.3

T1.26.3

T6.24.2

T1.14.3

T4.46.3

T5.34.1

T4.24.1

44

T7.16.3

T5.16.1

T3.14.1

T1.26.2

T5.25.1

T1.13.3

T1.56.3

T2.56.1

45

T7.15.2

T6.35.3

T6.34.2

T6.36.2

T1.36.3

T1.46.2

T2.56.3

T5.24.1

46

T7.12.3

T6.16.1

T5.13.1

T1.16.3

T5.35.1

T2.46.2

T1.12.3

T1.56.1

47

T7.23.2

T3.16.2

T5.35.2

T6.36.3

T2.36.2

T6.24.1

T2.12.3

T4.34.1

48

T7.24.3

T3.24.1

T6.26.2

T5.25.2

T6.25.1

T3.46.2

T3.12.3

T3.56.2

49

T7.13.2

T2.26.3

T5.26.2

T5.36.2

T2.14.3

T2.13.3

T1.12.2

T3.56.3

50

T7.15.3

T5.16.2

T5.45.2

T1.26.3

T3.36.2

T1.46.3

T2.12.2

T2.56.2

o1

T7.14.2

T6.16.2

T3.26.2

T2.26.2

T2.36.3

T4.12.3

T3.12.2

T5.34.1

52

T4.56.1

T3.16.3

T6.26.3

T5.45.1

T3.36.3

T3.46.3

T1.13.3

T1.56.2

53

T7.13.3

T6.45.3

T6.35.2

T6.25.2

T6.35.1

T6.34.1

T2.13.3

T1.56.3

54

T7.23.3

T5.23.1

T1.34.2

T5.36.3

T5.12.3

T2.46.3

T4.12.3

T2.56.3

55

T7.14.3

T4.16.2

T4.26.2

T2.16.3

T1.16.2

T1.13.1

T1.13.2

T1.23.2

56

T4.56.2

T6.16.3

T5.26.3

T4.36.2

T1.14.1

T1.23.3

T2.13.2

T3.13.2

57

T4.56.3

T5.16.3

T3.26.3

T2.26.3

T2.16.2

T2.13.1

T4.12.2

T4.13.2

58

T6.45.1

T4.16.3

T6.45.2

T4.36.3

T1.24.3

T4.12.1

T1.23.3

T1.13.3

59

T6.45.2

T3.26.3

T4.26.3

T6.45.1

T2.14.1

T3.13.3

T3.13.3

T2.13.3

60

T6.36.1

T2.34.2

T3.16.3

T7.12.3

T5.12.1

T4.13.3

T4.13.3

T4.12.3

61

T6.45.3

T2.36.3

T1.36.3

T1.34.3

T7.12.2

T1.16.1

T1.23.2

T2.23.2

62

T6.35.1

T7.23.3

T7.13.3

T1.15.2

T1.26.2

T2.16.1

T1.16.1

T1.15.1

63

T6.36.2

T4.24.2

T4.14.2

T1.36.2

T3.14.3

T1.26.1

T2.23.3

T3.23.2

64

T6.36.3

T5.24.2

T5.14.2

T2.15.2

T5.13.3

T7.12.1

T3.13.2

T4.23.2

65

T6.34.1

T2.46.3

T1.46.3

T1.15.1

T1.46.1

T2.23.3

T4.13.2

T2.15.1

66

T3.56.1

T2.34.1

T1.34.1

T1.46.2

T3.16.2

T3.23.3

T2.16.1

T6.12.1

67

T6.35.2

T4.26.3

T1.25.2

T1.16.2

T2.26.2

T1.36.1

T1.14.3

T1.25.1

68

T5.46.1

T2.25.2

T4.16.3

T6.12.2

T2.24.3

T1.23.1

T3.23.3

T6.56.1

75




69 | T76.25.1|T3.36.3 | T1.25.1 | T2.15.1 | T7.13.2 | T4.23.3 | T4.23.3 | T1.14.2
70 | T6.35.3|T13.34.2 | T1.26.2 | T4.14.3 | T1.24.1 | T3.13.1 | T1.26.1 | T6.56.2
71 | T3.56.2|T4.241|T4.14.1 | T5.14.3 | T3.24.3 | T4.13.1 | T2.14.3 | T6.56.3
72 | T6.26.1|T3.25.2 | T5.14.1 | T2.16.2 | T2.46.1 | T2.26.1 | T7.12.1 | T1.35.1
73 | T356.3|T2.26.2 | T/7.143|T6.12.1 | T3.26.2 | T3.16.1 | T1.14.2 | T2.14.2
74 | T6.24.1|T2.25.1|T3.152|T2.36.2 | T5.23.3 | T2.36.1 | T5.12.3 | T5.12.2
75 | T5.46.2|T524.1|7T6.13.2 | T2.46.2 | T3.351|T7.13.1 | T1.36.1 | T3.15.1
76 | T5451|T7.243|T3.151|T7.12.2|T3.141|T7.56.1 | T2.14.2 | T1.23.3
77 | T4.46.1 | T3.46.3 | T3.16.2 | T4.16.2 | T3.46.1 | T3.26.1 | T5.12.2 | T2.25.1
78 | T6.26.2|T4.34.2 | T6.13.1 | T2.34.3 | T1.35.1 | T3.45.1 | T7.56.1 | T6.13.1
79 | T5.46.3|T3.251|T1.26.1 | T1.16.1 | T1.15.3 | T7.56.2 | T2.26.1 | T2.35.1
80 | T6.25.2 | T4.36.3 | T3.36.2 | T1.34.1 | T5.45.1 | T4.45.1 | T3.16.1 | T1.14.3
81 | T6.26.3|T6.23.2 | T1.15.1 | T7.14.2 | T5.13.1 | T3.36.1 | T7.56.2 | T3.13.3
82 | T4.46.2|T3.26.2 | T3.46.2 | T4.35.1 | T2.35.1 | T7.56.3 | T2.36.1 | T3.25.1
83 | T6.12.1 | T15.34.2 | T5.16.3 | T1.25.1 | T1.16.3 | T2.45.1 | T2.23.2 | T4.13.3
84 | T6.14.1|T5.26.3 | T7.13.2 | T5.35.1 | T2.15.3 | T1.45.1 | T7.56.3 | T2.14.3
85 |T6.23.1|T2.15.1|T7.153|T2.16.1|T7.23.2|T4.16.1 | T7.13.1| T4.46.1
86 | T5.45.2|T4.46.3 | T3.34.3 | T4.24.3 | T7.46.1 | T4.45.2 | T3.23.2 | T3.46.1
87 |T6.34.2 | T6.23.1 | T4.25.1 | T4.26.2 | T5.45.2 | T7.23.1 | T4.23.2 | T1.24.2
88 |T6.13.1|T2.26.1 | T1.15.2 | T2.25.1 | T6.12.3 | T4.26.1 | T3.26.1 | T5.12.3
89 |T6.15.1|T3.15.1 | T4.36.2 | T4.46.1 | T2.16.3 | T7.14.1 | T3.45.1 | T3.35.1
90 | T4.46.3|T4.15.1 | T4.46.2 | T5.24.3 | T7.46.2 | T4.36.1 | T1.24.3 | T4.15.1
91 |T6.34.3|T7.253|T1.36.2|T7.12.1|T1.15.1|T2.23.1 | T4.45.1|T6.23.1
92 |T6.12.2 | T2.15.2 | T1.35.2 | T5.16.2 | T5.16.1 | T1.45.2 | T3.36.1 | T1.15.2
93 |T5453|T7.23.2|T3.251 | T4.14.1|T7.46.3 | T2.452 | T1.16.2 | T4.46.2
94 | T4.45.1|T5.36.3 | T5.25.1 | T1.25.2 | T5.45.3 | T4.45.3 | T2.45.1 | T6.14.1
95 | T6.24.2 | T5.46.3 | T4.34.3 | T5.14.1 | T1.35.2 | T3.23.1 | T1.45.1 | T2.46.1
96 | T6.25.3 | T7.34.3 | T1.153|T7.15.2 | T7.12.3 | T3.45.2 | T4.16.1 | T1.46.1
97 |T6.23.2|T5151|T3.16.1 | T7.36.1 | T7.15.1 | T4.23.1 | T4.45.2 | T4.25.1
98 |T6.15.2 | T3.26.1 | T5.34.3 | T2.25.2 | T5.36.1 | T1.45.3 | T3.14.3 | T4.46.3
99 |T6.13.2 | T3.34.1 | T5.46.2 | T5.46.1 | T2.15.1 | T7.24.1 | T7.23.1 | T2.15.2
100 | T6.12.3 | T2.15.3 | T5.36.2 | T7.24.2 | T5.26.1 | T3.45.3 | T2.16.2 | T3.14.2
101 | T6.16.1 | T2.36.2 | T5.25.2 | T5.26.2 | T2.35.2 | T2.45.3 | T1.24.2 | T4.35.1
102 | T2.56.1 | T3.15.2 | T3.25.2 | T5.35.2 | T2.24.1 | T7.34.1 | T4.26.1 | T5.13.2
103 | T6.14.2 | T2.35.2 | T7.13.1 | T1.25.3 | T1.35.3 | T5.56.1 | T4.36.1 | T6.12.2
104 | T4.45.2 | T4.34.1 | T1.35.1 | T5.35.3 | T6.12.1 | T5.56.2 | T7.14.1 | T2.46.2
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105

T6.15.3

T5.15.2

T7.34.2

T7.36.2

T3.35.2

T5.56.3

T5.13.3

T6.24.1

106

T6.16.2

T7.35.3

T4.25.2

T4.35.2

T3.24.1

T1.15.3

T2.45.2

T1.46.2

107

T5.35.1

T4.15.2

T7.26.1

T7.36.3

T1.26.3

T1.15.2

T1.45.2

T3.46.2

108

T6.24.3

T5.34.1

T4.15.2

T2.34.1

T7.25.1

T2.15.3

T4.45.3

T3.46.3

109

T6.16.3

T7.23.1

T7.26.2

T7.25.2

T1.25.3

T1.16.3

T6.56.1

T1.46.3

110

T5.36.1

T3.15.3

T5.25.3

T1.36.3

T3.35.3

T6.12.3

T7.12.2

T2.23.3

111

T2.56.2

T5.15.3

T6.14.2

T4.35.3

T2.35.3

T2.15.2

13.45.2

T1.25.2

112

T6.14.3

T2.35.1

T7.35.2

T2.25.3

T5.23.1

T2.16.3

T1.26.2

T6.34.1

113

T6.13.3

T4.15.3

T4.16.2

T1.35.3

T7.35.1

T6.12.2

T6.56.2

T2.46.3

114

T4.45.3

T7.16.1

T1.56.3

T7.45.1

T1.16.1

T1.16.2

T6.56.3

T2.24.2

115

T2.56.3

T4.25.2

T7.26.3

T4.24.1

T3.15.3

T7.12.3

T3.14.2

T3.23.3

116

T6.23.3

T7.45.3

T3.25.3

T5.24.1

T3.16.3

T2.16.2

T1.45.3

T4.23.3

117

T3.46.1

T4.26.2

T4.25.3

T1.56.2

T2.16.1

T1.26.3

T7.24.1

T1.15.3

118

T5.36.2

T7.16.2

T7.45.2

T3.56.1

T4.56.1

T1.25.3

T5.13.2

T1.24.3

119

T5.35.2

T7.16.3

T3.34.1

T1.35.1

T6.13.3

T7.12.2

T3.45.3

T3.24.2

120

T5.36.3

T6.24.2

T1.36.1

T2.36.3

T1.25.1

T1.25.2

T1.16.3

T2.15.3

121

T5.34.1

T2.56.3

T7.14.2

T4.16.3

T7.13.3

T3.15.3

T2.45.3

T15.23.2

122

T5.35.3

T4.25.1

T4.15.1

T4.15.3

T4.56.2

T3.16.3

T2.24.3

T3.15.2

123

T1.56.1

T7.24.2

T4.34.1

T6.14.3

T1.56.1

T6.13.3

T7.34.1

T6.12.3

124

T3.46.2

T2.36.1

T6.14.1

T2.56.2

T7.12.1

T7.13.3

T2.16.3

T6.13.2

125

T5.25.1

T3.36.2

T5.34.1

T7.14.3

T2.26.3

T3.15.2

T3.24.3

T2.25.2

126

T3.45.1

T6.24.1

T1.14.1

T3.56.2

T4.56.3

T1.26.2

T1.46.1

T1.45.1

127

T1.56.2

T3.35.2

T2.56.1

T1.24.1

T2.25.3

T1.56.1

T3.16.2

T3.14.3

128

T3.46.3

T4.36.2

T1.46.2

T3.56.3

T3.15.1

T2.26.3

T5.23.3

T6.46.1

129

T1.56.3

T3.56.3

T1.45.2

T2.35.3

T2.56.1

T6.13.2

T7.12.3

T5.13.3

130

T5.24.1

T2.14.1

T3.36.3

T4.34.1

T3.26.3

T2.25.3

T2.26.2

T7.56.1

131

T5.12.1

T4.35.2

T4.16.1

T2.24.1

T1.34.1

T2.56.1

T7.13.2

T6.46.2

132

T5.26.1

T4.26.1

T3.56.2

T1.36.1

T6.13.1

T3.26.3

T2.24.2

T1.34.2

133

T5.25.2

T1.56.1

T2.56.2

T4.56.1

T3.34.1

T3.25.3

T1.34.3

T3.25.2

134

T5.14.1

T3.14.1

T1.45.1

T6.35.1

T3.25.3

T1.34.1

T2.46.1

T7.56.2

135

T5.13.1

T4.56.3

T2.56.3

T4.15.1

T3.56.1

T3.34.1

T13.26.2

T6.46.3

136

T5.23.1

T2.46.2

T7.14.1

T4.26.3

T2.34.1

T3.56.1

T3.24.2

T7.56.3

137

T5.26.2

T4.14.1

T4.24.1

T6.14.1

T1.26.1

T2.34.1

T1.34.2

T2.45.1

138

T3.45.2

T1.56.2

T4.56.2

T4.25.3

T6.45.1

T3.16.2

T7.46.1

T5.46.1

139

T5.15.1

T3.35.1

T3.24.1

T1.24.2

T7.23.3

T1.36.3

T3.35.1

T6.23.2

140

T4.35.1

T2.45.2

T1.14.2

T1.46.3

T6.23.3

T6.45.1

T3.46.1

T3.36.1

77




141

T5.26.3

T1.56.3

T4.36.3

T7.24.3

T6.45.2

T2.25.2

T5.45.1

T1.34.3

142

T5.25.3

T6.34.2

T1.46.1

T2.35.1

T2.25.1

T1.35.3

T15.23.2

T3.45.1

143

T2.46.1

T6.26.3

T6.16.3

T6.24.3

T7.45.1

T6.23.3

T7.46.2

T5.46.2

144

T5.12.2

T7.34.2

T3.35.3

T7.35.1

T3.16.1

T7.23.3

T1.35.1

T1.25.3

145

T15.34.2

T2.14.2

T1.56.2

T6.16.2

T6.45.3

T7.13.2

T2.35.1

T2.24.3

146

T4.36.1

T2.45.1

T7.16.3

T7.16.2

T3.25.1

T1.35.2

T1.26.3

T2.36.1

147

T3.45.3

T7.24.1

T1.14.3

T1.45.3

T7.45.2

T3.25.2

T7.46.3

T1.36.1

148

T5.34.3

T4.35.1

T6.25.1

T1.24.3

T1.34.2

T7.45.1

T1.36.2

T4.14.2

149

T5.12.3

T2.14.3

T4.35.3

T6.35.2

T7.45.3

T1.36.2

T7.23.2

T5.46.3

150

T5.15.2

T7.26.3

T6.25.2

T2.24.2

T7.13.1

T6.45.2

T4.14.3

T1.35.2

151

T3.36.1

T2.56.2

T5.15.2

T1.56.3

T6.16.1

T2.26.2

T5.45.2

T5.14.2

152

T2.46.2

T2.46.1

T7.34.3

T6.46.1

T1.34.3

T7.45.2

T5.14.3

T3.24.3

153

T4.34.1

T6.15.1

T3.24.2

T6.26.2

T7.16.1

T1.56.2

T4.14.2

T2.34.2

154

T5.16.1

T6.36.3

T6.34.3

T6.35.3

T6.23.1

T6.23.2

T5.14.2

T5.23.3

155

T5.13.2

T3.14.2

T6.15.2

T4.16.1

T2.34.2

T6.45.3

T6.46.1

T5.15.1

156

T5.24.2

T3.36.1

T6.46.2

T145.1

T6.36.1

T7.45.3

T1.46.2

T6.15.1

157

15.23.2

T6.46.3

T3.35.1

T4.25.1

T6.26.1

T4.15.3

T5.45.3

T3.15.3

158

T3.35.1

T6.34.1

T6.36.2

T7.35.2

T3.34.2

T2.36.3

16.46.2

T1.45.2

159

T5.15.3

T6.15.2

T7.25.1

T2.24.3

T2.26.1

T3.26.2

T2.34.3

T4.14.3

160

T2.46.3

T5.25.2

T1.56.1

T7.26.2

T2.34.3

T1.34.2

T5.16.1

T5.14.3

161

T5.14.2

T3.14.3

T5.16.2

T4.34.2

T7.26.1

T5.46.1

T3.16.3

T5.25.1

162

T5.16.2

T7.36.3

T5.15.1

T7.14.1

T3.34.3

T6.14.3

T6.46.3

T6.13.3

163

T2.45.1

T4.14.2

T6.15.1

T7.35.3

T4.46.1

T4.16.3

T1.35.2

T1.36.2

164

T5.24.3

T5.26.2

T4.24.2

T2.36.1

T7.36.1

T4.15.2

T5.36.1

T5.35.1

165

T5.13.3

T4.36.1

T7.15.2

T4.34.3

T3.26.1

T6.16.1

T1.36.3

T2.36.2

166

T5.14.3

T6.25.2

T1.13.1

T1.46.1

T4.46.2

T1.34.3

T7.15.1

T1.35.3

167

T5.16.3

T3.46.2

T4.35.1

T6.24.1

T4.46.3

T2.56.2

T5.26.1

T1.36.3

168

T5.23.3

T7.15.1

T7.25.2

T2.46.3

T1.46.3

T7.16.1

T2.35.2

T6.25.1

169

T4.36.2

T5.25.1

T6.25.3

T7.46.1

T7.23.1

T2.35.3

T2.36.2

T4.24.2

170

T4.36.3

T4.14.3

T3.24.3

T3.46.1

T4.45.1

T6.14.2

T7.13.3

T3.36.2

171

T4.35.2

T6.15.3

T7.36.2

T2.56.3

T1.45.3

T2.34.2

T1.35.3

T2.35.2

172

T2.45.2

T2.56.1

T4.24.3

T1.23.1

T1.56.3

T6.36.1

T2.34.2

T3.36.3

173

T4.25.1

T7.46.3

T7.46.2

T5.15.3

T1.45.2

T6.26.1

T3.35.2

T5.24.2

174

T1.46.1

T3.56.2

T5.16.1

T2.45.3

T1.46.2

T7.14.3

T2.46.2

T2.36.3

175

T3.36.2

T6.25.1

T7.25.3

T5.16.3

T4.45.2

T5.46.2

T4.24.3

T6.35.1

176

T3.34.1

T2.13.1

T3.36.1

T6.15.3

T4.45.3

T1.24.1

T7.25.1

T7.46.1
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177

T4.24.1

T7.15.2

T1.13.2

T5.34.1

T2.46.3

T3.34.2

T3.35.3

T6.36.1

178

T4.12.1

T7.25.2

T6.34.1

T4.26.1

T1.56.2

T1.56.3

T5.24.3

T4.15.2

179

T3.36.3

T3.45.2

T7.15.1

T3.46.2

T2.56.3

T2.34.3

T2.35.3

T2.45.2

180

T4.35.3

T5.26.1

T3.46.3

T7.15.3

T1.23.1

T5.46.3

T4.16.2

T6.14.2

181

T1.46.2

T7.15.3

T3.56.3

T6.34.1

T2.45.3

T4.16.2

T2.26.3

T2.34.3

182

T4.26.1

T2.13.2

T6.16.2

T2.23.1

T5.15.3

T7.23.2

T1.46.3

T7.46.2

183

T3.35.2

T6.26.2

T2.46.1

T1.23.2

T5.16.3

T4.34.1

T7.35.1

T2.25.3

184

T1.46.3

T3.45.1

T7.16.2

T3.46.3

T6.15.3

T7.26.1

T4.35.1

T7.46.3

185

T4.12.2

T7.34.1

T1.13.3

T1.56.1

T5.34.1

T2.35.2

T5.35.1

T5.36.1

186

T2.45.3

T5.36.2

T4.36.1

T5.15.1

T5.15.2

T3.34.3

T7.14.2

T1.45.3

187

T4.14.1

T3.13.1

T2.46.2

T3.45.1

T6.34.1

T5.45.1

T7.36.1

T6.36.2

188

T4.13.1

T7.25.1

T5.24.1

T6.15.1

T6.15.2

T7.36.1

T4.24.2

T4.36.1

189

T4.34.2

T1.46.1

T3.23.1

T5.56.1

T7.15.3

T6.35.1

T5.24.2

T6.36.3

190

T3.35.3

T3.46.1

T3.45.3

T2.45.1

T2.45.2

T2.24.1

T1.25.1

T4.25.2

191

T2.36.1

T7.26.2

T1.12.1

T6.16.3

T2.46.2

T2.36.2

T3.26.3

T3.25.3

192

T145.1

T2.13.3

T5.56.2

T7.24.1

T2.23.1

T7.14.2

T4.26.2

T4.24.3

193

T4.15.1

T5.35.2

T6.24.1

T5.26.3

T1.23.2

T4.56.1

T4.46.1

T4.15.3

194

T4.23.1

T5.14.1

T2.46.3

T7.16.3

T5.16.2

T4.26.3

T2.25.1

T6.24.2

195

T4.34.3

T5.56.3

T2.45.1

T2.23.2

T5.56.1

T4.25.3

17.36.2

T15.24.3

196

T4.25.2

T1.46.2

T5.36.3

T1.23.3

T7.15.2

T5.45.2

T4.16.3

T6.14.3

197

T4.12.3

T3.13.2

T6.16.1

T2.46.1

T6.16.3

T7.35.1

T6.36.1

T1.26.1

198

T2.35.1

T6.35.2

T1.12.2

T7.34.1

T1.13.1

T6.24.3

T7.36.3

T5.15.2

199

T4.26.2

T2.12.1

T3.23.2

T5.16.1

T5.26.3

T4.25.2

T5.16.2

T6.23.3

200

T4.13.3

T1.46.3

T7.16.1

T5.25.3

T2.56.2

T7.24.3

T2.36.3

T4.45.1

201

T1.45.2

T6.14.1

T3.45.1

T6.56.1

T7.34.1

T5.45.3

T1.25.2

T3.34.2

202

T4.26.3

T6.36.2

T7.34.1

T7.25.3

T7.16.3

T1.24.2

T7.14.3

T2.26.1

203

T4.23.2

T5.35.1

T6.56.2

T6.25.3

T2.23.2

T6.24.2

T7.24.2

T6.15.2

204

T3.12.1

T7.35.2

T1.12.3

T6.26.3

T1.23.3

T6.35.2

T7.23.3

T5.36.2

205

T4.24.2

T6.26.1

T2.45.2

T7.15.1

T5.25.3

T1.14.1

T7.15.2

T2.35.3

206

T4.25.3

T6.56.3

T5.35.3

T3.45.2

T6.56.1

T5.36.1

T5.35.2

T5.36.3

207

T4.16.1

T1.45.1

T6.36.3

T2.23.3

T6.25.3

T4.26.2

T3.34.3

T7.36.1

208

T2.36.2

T3.56.1

T3.46.1

T6.34.2

T3.46.3

T6.16.2

T2.25.2

T4.34.2

209

T1.45.3

T6.35.1

T7.24.1

T7.26.3

T7.25.3

T3.36.3

T5.46.1

T5.25.2

210

T3.34.2

T2.12.2

T6.24.2

T3.45.3

T3.56.3

T7.16.2

T6.45.1

T7.45.1

211

T4.15.2

T5.36.1

T7.35.3

T3.36.1

T4.36.1

T1.24.3

T5.26.2

T1.26.2

212

T4.24.3

T3.13.3

T6.35.3

T5.25.1

T4.35.1

T2.24.2

T6.36.2

T3.34.3
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213

T4.13.3

T7.36.2

T3.23.3

T5.34.2

T1.13.2

T7.35.2

T3.34.2

T6.25.2

214

T2.36.3

T7.26.1

T5.24.2

T6.34.3

T6.26.3

T5.35.1

T6.36.3

T5.45.1

215

T2.34.1

T2.12.3

T7.36.3

T2.56.1

T5.25.2

T3.56.2

T5.35.3

T2.26.2

216

T3.12.2

T4.46.2

T5.35.1

T6.25.1

T6.16.2

T6.35.3

T3.36.2

T5.34.2

217

T3.34.3

T1.45.2

T2.45.3

T7.56.1

T6.34.2

T2.56.3

T4.34.3

T3.35.2

218

T4.14.2

T7.14.1

T7.56.2

T5.34.3

T6.25.2

T6.46.1

T2.46.3

T1.26.3

219

T2.35.2

T4.56.2

T5.24.3

T3.35.1

T3.46.2

T7.35.3

T13.46.2

T4.36.2

220

T4.15.3

T6.14.2

T6.24.3

T7.34.2

T2.23.3

T3.35.3

T1.25.3

T7.45.2

221

T3.12.3

T5.14.2

T2.36.1

T1.12.1

T7.26.3

T6.26.2

T4.35.2

T6.26.1

222

T1.36.1

T7.56.3

T4.56.3

T7.34.3

T7.16.2

T3.36.2

T6.45.2

T4.36.3

223

T4.14.3

T5.14.3

T7.24.2

T5.26.1

T5.26.2

T4.24.1

T4.34.2

T7.36.2

224

T4.23.3

T1.45.3

T6.35.1

T6.16.1

T5.24.1

T3.35.2

T5.34.3

T4.34.3

225

T3.25.1

T4.45.2

T3.56.1

T1.12.2

T3.45.3

T4.56.2

T7.25.2

T2.45.3

226

T3.24.1

T4.46.1

T4.46.3

T7.16.1

T1.13.3

T7.24.2

T1.15.1

T7.36.3

227

T4.16.2

T6.14.3

T5.36.1

T3.36.2

T6.34.3

T3.24.1

T15.34.2

T3.45.2

228

T1.35.1

T7.35.1

T2.35.1

T1.12.3

T5.34.2

T4.36.3

T4.35.3

T2.26.3

229

T4.16.3

T5.46.2

T7.24.3

T7.25.1

T3.56.2

T5.36.2

T4.25.1

T7.45.3

230

T2.35.3

T4.45.1

T5.23.1

T3.36.3

T4.34.1

T7.26.2

T5.16.3

T6.45.1

231

T3.14.1

T5.56.2

T5.56.3

T3.34.1

T3.23.1

T2.24.3

T4.26.3

T5.15.3

232

T3.23.1

T4.13.1

T4.23.1

T3.35.2

T3.45.2

T4.34.2

T4.36.2

T4.25.3

233

T3.13.1

T1.36.1

T5.46.3

T2.12.1

T6.24.1

T4.35.3

T6.45.3

T5.34.3

234

T2.25.1

T7.14.2

T6.23.1

T4.56.3

T7.34.2

T6.25.1

T2.25.3

T6.26.2

235

T3.26.1

T5.13.1

T4.45.3

T4.46.3

T5.34.3

T5.36.3

T5.25.1

T6.15.3

236

T3.25.2

T4.56.1

T2.36.2

T3.35.3

T7.56.1

T4.34.3

T4.46.2

T4.35.2

237

T1.36.2

T5.45.2

T4.46.1

T6.26.1

T5.56.2

T7.46.1

T3.36.3

T5.26.1

238

T2.26.1

T7.14.3

T2.36.3

T5.23.1

T7.34.3

T4.35.2

T6.35.1

T6.26.3

239

T1.36.3

T3.12.1

T7.35.1

T2.12.2

T2.13.1

T1.14.2

T7.26.1

T4.26.1

240

T3.15.1

T5.46.1

T4.23.2

T5.56.3

T7.25.2

T4.36.2

T7.15.3

T3.35.3

241

T1.34.1

T6.36.1

T6.56.3

T4.23.1

T5.36.3

T3.56.3

T3.25.1

T6.24.3

242

T2.24.1

T1.35.1

T2.34.1

T7.26.1

T4.36.2

T6.16.3

T7.45.1

T7.35.1

243

T2.12.1

T5.45.1

T4.45.1

T4.46.2

T4.36.3

T5.35.2

T13.46.3

T1.16.1

244

T3.26.2

T6.46.2

T6.46.3

T2.12.3

T3.23.2

T7.16.3

T1.15.2

T4.45.2

245

T2.34.2

T4.13.2

T5.45.3

T4.56.2

T5.35.3

T1.14.3

T7.26.2

T7.26.1

246

T2.25.2

T6.56.2

T2.35.2

T5.46.3

T4.25.1

T2.14.1

T6.26.1

T3.26.1

247

T3.13.2

T6.45.2

T6.23.2

T4.45.3

T7.24.1

T5.34.1

T7.24.3

T6.34.2

248

T3.23.2

T6.13.1

T4.56.1

T6.23.1

T5.36.2

T6.34.3

T5.25.2

T5.26.2
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249

T1.35.2

T3.12.2

T5.23.2

T3.12.1

T2.13.2

T6.25.2

T7.26.3

T3.45.3

250

T3.24.2

T1.36.2

T3.12.1

T4.45.2

T6.56.2

T7.25.1

T6.34.1

T4.35.3

251

T2.26.2

T7.36.1

T5.46.1

T5.46.2

T3.13.1

T5.35.3

T4.36.3

T1.16.2

252

T3.26.3

T6.45.1

T5.45.1

T4.23.2

T6.26.2

T6.34.2

T1.15.3

T7.26.2

253

T3.15.2

T7.45.2

T7.23.1

T6.56.3

T4.35.2

T7.34.3

T5.46.2

T5.35.2

254

T2.12.2

T1.36.3

T6.36.1

T3.34.2

T5.35.2

T4.56.3

T5.36.2

T1.16.3

255

T1.35.3

T3.12.3

T6.45.3

T6.46.3

T4.24.1

T5.25.1

T6.26.2

T7.34.1

256

T2.34.3

T1.34.1

T7.45.3

T5.45.3

T5.14.1

T3.14.1

T3.25.2

T5.26.3

257

T3.25.3

T5.56.1

T4.23.3

T5.56.2

T6.36.3

T4.14.1

T7.34.2

T5.45.2

258

T3.14.2

T4.12.1

T7.46.3

T4.13.1

T6.35.3

T5.26.1

T6.26.3

T7.26.3

259

T2.26.3

T5.13.2

T2.35.3

T6.23.2

T4.26.1

T7.25.2

T4.46.3

T6.16.1

260

T2.23.1

T4.13.3

T7.56.3

T3.34.3

T6.24.2

T3.24.2

T4.25.2

T7.35.2

261

T2.13.1

T7.46.2

T2.25.1

T3.12.2

T5.56.3

T6.46.2

T6.35.2

T3.26.2

262

T2.12.3

T6.13.2

T5.23.3

T5.45.2

T4.35.3

T7.34.2

T2.15.1

T4.26.2

263

T3.16.1

T6.46.1

T3.12.2

T5.13.1

T7.35.3

T6.36.2

T5.26.3

T6.35.2

264

T13.24.3

T1.35.2

T6.45.1

T3.25.1

T4.12.1

T5.24.1

T4.15.1

T5.25.3

265

T3.13.3

T7.45.1

T7.23.2

T3.24.1

T7.26.2

T6.25.3

T6.25.1

T6.34.3

266

T1.25.1

T5.12.1

T2.26.1

T5.23.2

T6.35.2

T5.26.2

T5.25.3

T7.35.3

267

T2.14.1

T7.56.2

T7.36.1

T7.23.1

T2.13.3

T5.25.2

T3.15.1

T6.16.2

268

T3.23.3

T5.13.3

T6.23.3

T3.12.3

T6.14.1

T7.25.3

T5.15.1

T7.25.1

269

T3.14.3

T1.35.3

T3.12.3

T6.45.3

T5.24.2

T4.24.2

T6.24.1

T4.45.3

270

T1.24.1

T4.12.2

T2.24.1

T7.45.3

T3.23.3

T5.12.1

T6.35.3

T4.26.3

271

T2.24.2

T7.13.1

T5.56.1

T6.45.2

T7.36.3

T6.15.1

T7.35.2

T6.25.3

272

T1.26.1

T6.56.1

T4.12.1

T6.46.2

T3.13.2

T6.26.3

T7.16.1

T6.16.3

273

T1.12.1

T6.13.3

T2.12.1

T4.23.3

T4.14.1

T5.14.1

T7.34.3

T6.45.2

274

T2.25.3

T1.25.1

T7.23.3

T3.26.1

T7.35.2

T2.14.2

T5.36.3

T7.16.1

275

T3.15.3

T7.46.1

T2.25.2

T7.46.3

T6.36.2

T5.23.1

T4.25.3

T3.26.3

276

T3.16.2

T7.13.2

T2.26.2

T3.14.1

T7.24.2

T3.24.3

T7.25.3

T5.16.1

277

T2.13.3

T4.12.3

T2.34.2

T6.13.1

T4.15.1

T7.36.2

T6.16.1

T4.16.1

278

T2.23.2

T1.26.1

T6.46.1

T4.13.2

T6.24.3

T5.13.1

T3.25.3

T2.16.1

279

T1.34.2

T1.24.1

T7.45.1

T6.56.2

T4.13.1

T5.26.3

T2.15.2

T7.16.2

280

T1.25.2

T1.12.1

T5.12.1

T3.23.1

T7.56.2

T4.24.3

T5.46.3

T7.24.1

281

T3.16.3

T6.12.1

T2.12.2

T7.56.3

T5.24.3

T7.46.2

T6.25.2

T5.35.3

282

T2.15.1

T7.13.3

T2.26.3

T3.13.1

T4.12.2

T5.15.1

T7.45.2

T3.16.1

283

T1.26.2

T1.25.2

T4.12.2

T3.25.2

T4.23.1

T2.14.3

T7.16.2

T7.25.2

284

T1.12.2

T5.12.2

T2.34.3

T7.23.2

T6.56.3

T7.26.3

T6.14.1

T7.16.3

81




285

T1.34.3

T1.34.2

T6.56.1

T5.23.3

T4.25.2

T6.15.2

T7.16.3

T5.16.2

286

T1.14.1

T1.26.2

T2.23.1

T7.45.2

T7.24.3

T7.15.1

T5.15.2

T5.45.3

287

T1.23.1

T7.56.1

T2.13.1

T6.23.3

T4.34.2

T6.36.3

T6.16.2

T6.35.3

288

T1.13.1

T1.14.1

T2.12.3

T3.15.1

T4.26.2

T5.25.3

T6.15.1

T7.15.1

289

T2.24.3

T1.23.1

T2.14.1

T3.26.2

T4.34.3

T3.14.2

T3.15.2

T2.16.2

290

T2.13.3

T1.13.1

T7.46.1

T7.23.3

T7.36.2

T6.46.3

T6.23.1

T5.16.3

291

T1.26.3

T1.34.3

T4.12.3

T6.13.2

T3.13.3

T5.16.1

T6.16.3

T7.25.3

292

T1.12.3

T1.12.2

T6.12.1

T5.13.2

T7.14.1

T5.15.2

T2.15.3

T7.14.1

293

T1.15.1

T5.12.3

T2.25.3

T7.46.2

T4.26.3

T6.15.3

T6.12.1

T2.16.3

294

T2.14.2

T6.12.2

T2.24.2

T4.13.3

T4.12.3

T7.15.2

T6.13.1

T3.16.2

295

T2.15.2

T1.26.3

T2.13.2

T3.13.2

T4.16.1

T3.14.3

T6.34.2

T7.34.2

296

T1.25.3

T1.15.1

T2.23.2

T3.23.2

T4.13.2

T7.36.3

T5.15.3

T7.23.1

297

T1.24.2

T1.12.3

T2.15.1

T3.24.2

T6.14.2

T5.16.2

T4.15.2

T7.34.3

298

T2.23.3

T6.12.3

T5.12.2

T3.26.3

T4.25.3

T4.14.2

T7.35.3

T4.16.2

299

T2.14.3

T1.25.3

T7.56.1

T3.15.2

T4.23.2

T5.12.2

T6.25.3

T6.45.3

300

T1.13.2

T7.12.1

T6.12.2

T7.13.1

T5.14.2

T5.34.2

T6.15.2

T7.15.2

301

T1.23.2

T1.24.2

T5.12.3

T7.56.2

T4.24.2

T7.15.3

T6.34.3

T3.16.3

302

T2.16.1

T1.13.2

T2.24.3

T3.16.1

T6.14.3

T5.15.3

T3.15.3

T4.16.3

303

T2.15.3

T1.23.2

T2.13.3

T5.13.3

T4.15.2

T4.14.3

T4.15.3

T7.13.1

304

T1.15.2

T1.15.2

T2.15.2

T3.25.3

T5.14.3

T5.16.3

T6.24.2

T7.12.1

305

T1.16.1

T1.16.1

T2.14.2

T3.14.2

T7.56.3

T5.34.3

T6.23.2

T7.15.3

306

T1.24.3

T7.12.2

T6.12.3

T6.13.3

T7.14.2

T5.12.3

T6.12.2

T7.24.2

307

T1.14.2

T1.24.3

T7.12.1

T7.13.2

T4.24.3

T7.46.3

T6.13.2

T7.23.2

308

T1.13.3

T1.14.2

T2.23.3

T3.24.3

T4.13.3

T5.13.2

T7.45.3

T7.24.3

309

T2.16.2

T7.12.3

T2.14.3

T3.13.3

T4.15.3

T5.23.2

T6.15.3

T7.12.2

310

T1.15.3

T1.13.3

T2.16.1

T3.16.2

T7.14.3

T5.24.2

T6.12.3

T7.13.2

311

T2.16.3

T1.15.3

T2.15.3

T3.23.3

T4.16.2

T5.14.2

T6.14.2

T7.14.2

312

T1.16.2

T1.16.2

T7.12.2

T3.15.3

T4.14.2

T5.24.3

T6.24.3

T7.12.3

313

T1.14.3

T1.14.3

T2.16.2

T3.14.3

T4.16.3

T5.13.3

T6.14.3

T7.14.3

314

T1.23.3

T1.23.3

T7.12.3

T7.13.3

T4.14.3

T5.14.3

T6.13.3

T7.23.3

315

T1.16.3

T1.16.3

T2.16.3

T3.16.3

T4.23.3

T5.23.3

T6.23.3

T7.13.3
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A

B

C

D

E

F

G

H

T1.12.1

58.64%

53.45%

55.46%

47.98%

83.33%

76.47%

100.00%

100.00%

T1.12.2

57.92%

52.71%

54.60%

47.14%

85.94%

100.00%

64.47%

82.80%

T1.12.3

57.55%

52.35%

54.18%

46.74%

100.00%

81.18%

66.32%

76.77%

T1.13.1

57.88%

52.72%

57.98%

85.59%

41.34%

67.94%

92.49%

91.51%

T1.13.2

57.09%

51.92%

56.98%

87.84%

40.39%

91.83%

56.30%

74.31%

T1.13.3

56.42%

51.26%

56.19%

100.00%

39.68%

73.16%

58.98%

65.50%

T1.14.1

57.91%

52.77%

62.72%

76.32%

65.94%

38.43%

87.16%

85.08%

T1.14.2

56.49%

51.33%

60.80%

79.53%

84.78%

36.59%

48.69%

60.28%

T1.14.3

56.17%

51.02%

60.39%

92.39%

70.06%

36.25%

49.59%

57.30%

T1.15.1

57.52%

52.39%

69.16%

68.09%

57.89%

83.33%

32.72%

63.67%

T1.15.2

56.79%

51.67%

68.10%

69.14%

81.58%

51.49%

31.81%

55.55%

T1.15.3

56.29%

51.17%

67.38%

88.29%

59.65%

52.23%

31.27%

51.79%

T1.16.1

56.70%

51.62%

79.46%

65.43%

55.15%

65.30%

50.76%

37.12%

T1.16.2

56.21%

51.13%

78.62%

67.78%

66.79%

49.71%

45.29%

36.25%

T1.16.3

56.01%

50.93%

78.29%

74.52%

59.09%

51.38%

42.76%

35.94%

T1.23.1

57.90%

52.74%

87.30%

52.38%

43.14%

62.16%

87.31%

85.88%

T1.23.2

57.05%

51.88%

89.29%

51.27%

42.07%

86.07%

50.93%

68.70%

T1.23.3

56.12%

50.97%

100.00%

50.18%

41.07%

67.63%

54.05%

58.40%

T1.24.1

58.69%

53.54%

78.98%

57.60%

61.10%

40.71%

83.60%

81.28%

T1.24.2

57.15%

51.98%

81.85%

55.46%

80.19%

38.61%

44.26%

56.06%

T1.24.3

56.55%

51.38%

93.34%

54.70%

65.46%

37.96%

45.67%

51.38%

T1.25.1

59.00%

53.85%

71.54%

64.63%

53.82%

80.53%

35.21%

61.19%

T1.25.2

58.21%

53.05%

72.49%

63.42%

78.29%

47.49%

34.15%

52.75%

T1.25.3

57.25%

52.10%

89.93%

62.07%

55.92%

48.67%

33.10%

46.72%

T1.26.1

58.66%

53.56%

69.33%

75.88%

51.44%

63.34%

49.14%

40.53%

T1.26.2

58.06%

52.95%

71.53%

74.81%

64.30%

46.02%

43.36%

39.41%

T1.26.3

57.67%

52.57%

77.82%

74.16%

56.26%

48.73%

39.23%

38.81%

T1.34.1

60.35%

55.17%

73.12%

65.42%

52.10%

44.65%

81.24%

78.59%

T1.34.2

58.21%

53.01%

76.44%

82.64%

49.10%

41.60%

39.96%

48.70%

T1.34.3

57.91%

52.72%

88.32%

69.36%

48.75%

41.28%

40.48%

46.97%

T1.35.1

61.48%

56.30%

66.39%

58.71%

59.68%

78.87%

39.42%

59.60%

T1.35.2

59.94%

54.75%

67.87%

81.29%

57.36%

43.53%

37.28%

46.17%

T1.35.3

59.46%

54.28%

86.31%

60.64%

56.71%

43.98%

36.75%

43.86%
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T1.36.1

61.83%

56.69%

64.48%

56.71%

72.17%

62.26%

48.23%

46.39%

T1.36.2

60.67%

55.53%

67.99%

68.97%

70.09%

43.13%

38.82%

44.14%

T1.36.3

60.47%

55.33%

74.84%

61.31%

69.76%

44.19%

37.20%

43.84%

T1.45.1

64.07%

58.86%

61.31%

53.79%

75.32%

58.52%

44.93%

49.76%

T1.45.2

63.26%

58.05%

61.85%

79.87%

45.14%

57.25%

43.77%

44.71%

T1.45.3

62.64%

57.43%

84.26%

54.72%

45.52%

56.35%

43.00%

41.97%

T1.46.1

65.56%

60.42%

60.69%

53.09%

62.16%

74.18%

41.63%

54.81%

T1.46.2

64.97%

59.82%

62.02%

67.86%

45.09%

73.02%

37.98%

53.59%

T1.46.3

64.61%

59.47%

73.14%

55.39%

46.03%

72.37%

35.99%

52.96%

T1.56.1

70.74%

65.68%

58.61%

51.08%

53.45%

46.02%

75.23%

71.77%

T1.56.2

70.28%

65.22%

60.61%

59.40%

43.81%

42.46%

74.28%

70.69%

T1.56.3

70.12%

65.05%

64.92%

54.55%

45.23%

40.52%

73.95%

70.32%

T2.12.1

60.30%

59.47%

48.73%

45.64%

82.88%

76.01%

99.32%

99.23%

T2.12.2

59.55%

58.65%

47.98%

44.83%

85.47%

99.40%

64.04%

82.16%

T2.12.3

59.18%

58.25%

47.61%

44.45%

99.46%

80.69%

65.87%

76.18%

T2.13.1

59.20%

61.91%

47.75%

84.99%

39.14%

67.36%

91.60%

90.50%

T2.13.3

58.39%

60.97%

46.93%

87.22%

38.24%

91.04%

55.76%

73.49%

T2.13.3

S57.71%

60.19%

46.27%

99.30%

37.57%

72.54%

58.41%

64.78%

T2.14.1

58.88%

66.48%

47.50%

75.61%

65.26%

36.19%

86.03%

83.81%

T2.14.2

57.43%

64.67%

46.05%

78.80%

83.91%

34.46%

48.06%

59.38%

T2.14.3

57.10%

64.27%

45.74%

91.53%

69.34%

34.13%

48.95%

56.45%

T2.15.1

58.10%

72.60%

46.79%

67.28%

57.13%

82.09%

30.62%

62.43%

T2.15.2

57.37%

71.59%

46.07%

68.31%

80.50%

50.73%

29.76%

54.46%

T2.15.3

56.86%

70.91%

45.59%

87.24%

58.86%

51.46%

29.26%

50.78%

T2.16.1

56.91%

82.08%

45.73%

64.41%

54.21%

64.05%

49.66%

34.44%

T2.16.2

56.41%

81.30%

45.25%

66.73%

65.64%

48.76%

44.31%

33.64%

T2.16.3

56.21%

80.98%

45.05%

73.36%

58.08%

50.40%

41.83%

33.36%

T2.23.1

59.22%

88.65%

47.80%

51.33%

42.24%

S571.47%

82.64%

80.83%

T2.23.2

58.30%

90.43%

46.87%

50.19%

41.14%

81.05%

46.65%

63.91%

T2.23.3

57.14%

100.00%

45.76%

48.88%

39.94%

63.00%

49.98%

52.85%

T2.24.1

60.34%

81.02%

48.89%

56.80%

56.98%

40.13%

79.97%

77.38%

T2.24.2

58.68%

83.61%

47.21%

54.58%

75.97%

37.95%

40.60%

52.23%

T2.24.3

57.81%

93.98%

46.39%

53.55%

61.43%

37.06%

42.29%

46.58%

T2.25.1

60.87%

74.14%

49.40%

64.01%

50.23%

77.39%

34.90%

58.32%

T2.25.2

60.02%

75.01%

48.55%

62.76%

74.89%

44.00%

33.79%

49.79%

T2.25.3

58.63%

90.96%

47.23%

60.89%

52.51%

45.43%

32.37%

42.40%
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T2.26.1

60.55%

72.12%

49.19%

75.20%

47.97%

60.83%

47.02%

40.28%

T2.26.2

59.85%

74.16%

48.50%

74.01%

61.47%

42.61%

41.11%

39.03%

T2.26.3

59.29%

80.01%

47.96%

73.10%

53.30%

45.95%

36.00%

38.23%

T2.34.1

62.34%

75.61%

50.77%

61.50%

51.67%

44.30%

78.48%

75.60%

T2.34.2

60.03%

78.63%

48.44%

78.77%

48.54%

41.11%

36.73%

45.49%

T2.34.3

59.45%

89.43%

47.90%

65.55%

47.90%

40.52%

37.57%

42.68%

T2.35.1

63.70%

69.36%

52.10%

55.24%

59.44%

76.54%

39.33%

57.42%

T2.35.2

62.04%

70.72%

50.44%

78.19%

57.01%

40.43%

37.07%

43.70%

T2.35.3

61.10%

87.72%

49.55%

57.37%

55.81%

41.16%

36.11%

39.92%

T2.36.1

64.08%

67.62%

52.58%

53.35%

71.92%

60.41%

46.65%

46.42%

T2.36.2

62.74%

70.90%

51.24%

66.33%

69.59%

40.06%

36.93%

43.90%

T2.36.3

62.35%

77.33%

50.88%

58.48%

68.99%

41.79%

34.25%

43.35%

T2.45.1

66.60%

64.61%

54.88%

50.73%

73.46%

58.58%

45.03%

48.09%

T2.45.2

65.72%

65.11%

54.01%

77.56%

42.34%

57.22%

43.80%

42.87%

T2.45.3

64.49%

85.97%

52.83%

51.88%

42.96%

55.57%

42.371%

38.32%

T2.46.1

68.13%

64.10%

56.54%

50.09%

60.66%

74.23%

40.42%

55.05%

T2.46.2

67.44%

65.36%

55.85%

65.92%

42.30%

72.93%

36.59%

53.68%

T2.46.3

66.74%

75.88%

55.17%

52.99%

43.87%

71.73%

33.25%

52.52%

T2.56.1

73.58%

62.24%

62.10%

48.35%

52.33%

44.97%

75.52%

72.23%

T2.56.2

73.00%

64.16%

61.52%

57.88%

41.25%

41.19%

74.36%

70.91%

T2.56.3

72.67%

68.31%

61.19%

52.77%

43.64%

37.90%

73.75%

70.24%

T3.12.1

63.03%

56.45%

50.05%

44.12%

82.72%

75.85%

99.10%

98.97%

T3.12.2

62.25%

55.67%

49.28%

43.34%

85.31%

99.19%

63.89%

81.95%

T3.12.3

61.86%

55.29%

48.90%

42.97%

99.27%

80.52%

65.72%

75.99%

T3.13.1

60.90%

60.62%

86.13%

42.40%

38.20%

61.04%

85.52%

83.85%

T3.13.2

60.01%

59.63%

88.09%

41.50%

37.26%

84.51%

49.89%

67.08%

T3.13.3

59.04%

58.58%

98.66%

40.62%

36.37%

66.40%

52.94%

57.02%

T3.14.1

60.94%

65.51%

77.59%

42.51%

59.78%

35.61%

81.31%

78.69%

T3.14.2

59.34%

63.61%

80.41%

40.93%

78.47%

33.77%

43.05%

54.27%

T3.14.3

58.71%

62.88%

91.70%

40.36%

64.05%

33.20%

44.41%

49.74%

T3.15.1

60.38%

71.86%

69.93%

42.05%

52.34%

78.04%

30.33%

58.65%

T3.15.2

59.57%

70.80%

70.86%

41.26%

76.14%

46.02%

29.41%

50.56%

T3.15.3

58.58%

69.53%

87.91%

40.38%

54.38%

47.17%

28.51%

44.78%

T3.16.1

59.17%

81.29%

67.31%

41.08%

49.62%

60.82%

46.90%

34.24%

T3.16.2

58.56%

80.37%

69.45%

40.51%

62.02%

44.19%

41.39%

33.30%

T3.16.3

58.17%

79.79%

75.55%

40.15%

54.27%

46.79%

37.44%

32.80%
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T3.23.1

60.91%

88.07%

55.62%

42.42%

39.50%

56.91%

81.72%

79.79%

T3.23.2

59.97%

89.83%

54.55%

41.48%

38.48%

80.26%

46.13%

63.08%

T3.23.3

58.77%

99.34%

53.26%

40.40%

37.35%

62.38%

49.43%

52.17%

T3.24.1

61.62%

80.32%

60.94%

43.12%

56.32%

37.27%

78.78%

76.03%

T3.24.2

59.93%

82.89%

58.85%

41.43%

75.10%

35.24%

39.99%

51.32%

T3.24.3

59.04%

93.17%

57.83%

40.64%

60.72%

34.42%

41.66%

45.77%

T3.25.1

61.67%

73.33%

67.79%

43.19%

49.49%

76.10%

32.13%

56.99%

T3.25.2

60.81%

74.19%

66.62%

42.34%

73.79%

43.27%

31.10%

48.66%

T3.25.3

59.40%

89.97%

64.81%

41.08%

91.74%

44.68%

29.80%

41.44%

T3.26.1

60.85%

71.11%

77.98%

42.58%

47.07%

59.53%

45.86%

36.67%

T3.26.2

60.14%

73.12%

76.88%

41.91%

60.31%

41.70%

40.10%

35.54%

T3.26.3

59.58%

78.89%

76.03%

41.40%

52.30%

44.97%

35.11%

34.80%

T3.34.1

65.46%

71.01%

64.54%

46.51%

51.79%

44.45%

76.41%

73.24%

T3.34.2

62.52%

74.26%

80.18%

43.59%

48.04%

40.65%

33.54%

40.36%

T3.34.3

62.23%

85.21%

68.20%

43.34%

47.74%

40.38%

33.87%

39.27%

T3.35.1

67.08%

65.20%

58.70%

48.03%

59.82%

74.90%

39.74%

55.74%

T3.35.2

64.63%

66.84%

79.84%

45.65%

56.45%

37.32%

36.66%

38.84%

T3.35.3

64.15%

84.37%

60.66%

45.23%

55.89%

37.60%

36.22%

37.35%

T3.36.1

67.50%

63.55%

56.99%

48.63%

72.42%

59.11%

45.50%

47.14%

T3.36.2

65.56%

67.61%

69.20%

46.74%

69.24%

37.49%

33.34%

43.71%

T3.36.3

65.36%

74.37%

61.82%

46.57%

68.96%

38.18%

32.27%

43.46%

T3.45.1

70.31%

60.86%

54.45%

51.00%

72.27%

59.29%

45.70%

46.85%

T3.45.2

68.55%

61.67%

79.46%

49.31%

39.48%

56.77%

43.43%

38.24%

T3.45.3

67.93%

83.50%

55.53%

48.75%

39.72%

55.99%

42.77%

36.42%

T3.46.1

71.92%

60.40%

53.94%

52.83%

59.71%

75.13%

39.58%

56.11%

T3.46.2

70.56%

62.48%

69.02%

51.50%

39.95%

72.71%

33.17%

53.59%

T3.46.3

70.20%

73.73%

56.70%

51.17%

40.59%

72.14%

31.81%

53.06%

T3.56.1

77.74%

58.81%

52.39%

58.76%

51.71%

44.36%

76.78%

73.77%

T3.56.2

76.62%

62.04%

61.63%

57.64%

39.54%

37.93%

74.64%

71.34%

T3.56.3

76.45%

66.55%

56.68%

57.48%

40.53%

36.57%

74.36%

71.03%

T4.12.1

65.40%

55.10%

48.80%

84.67%

37.71%

67.05%

91.14%

89.99%

T4.12.2

64.50%

54.26%

47.96%

86.90%

36.85%

90.63%

55.48%

73.07%

T4.12.3

63.75%

53.57%

47.29%

98.93%

36.20%

72.21%

58.12%

64.41%

T4.13.1

64.36%

56.84%

85.97%

43.42%

36.99%

60.89%

85.29%

83.59%

T4.13.3

63.41%

55.91%

87.92%

42.50%

36.08%

84.30%

49.75%

66.87%

T4.13.3

62.39%

54.93%

98.47%

41.59%

35.22%

66.24%

52.80%

56.84%
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T4.14.1

64.43%

65.25%

71.12%

63.44%

37.26%

35.55%

77.69%

74.56%

T4.14.2

62.14%

62.69%

74.35%

80.14%

35.11%

33.12%

38.21%

46.20%

T4.14.3

61.82%

62.34%

85.89%

67.26%

34.86%

32.86%

38.71%

44.55%

T4.15.1

64.04%

71.83%

64.11%

56.47%

37.01%

75.05%

30.53%

55.62%

T4.15.2

62.44%

69.85%

65.53%

78.19%

35.57%

41.43%

28.88%

43.09%

T4.15.3

61.94%

69.25%

83.34%

58.33%

35.17%

41.85%

28.47%

40.94%

T4.16.1

62.79%

81.30%

61.66%

53.97%

36.19%

58.44%

44.80%

34.70%

T4.16.2

61.62%

79.63%

65.02%

65.63%

35.15%

40.48%

36.06%

33.02%

T4.16.3

61.42%

79.35%

71.57%

58.34%

34.98%

41.47%

34.56%

32.79%

T4.23.1

64.02%

87.75%

51.87%

44.73%

36.78%

56.62%

81.25%

79.26%

T4.23.2

63.04%

89.50%

50.86%

43.74%

35.83%

79.84%

45.86%

62.67%

T4.23.3

61.78%

98.98%

49.66%

42.60%

34.78%

62.06%

49.14%

51.83%

T4.24.1

65.46%

74.24%

61.03%

60.16%

38.07%

37.45%

75.98%

72.76%

T4.24.2

63.03%

77.21%

58.22%

77.05%

35.77%

34.76%

35.56%

43.78%

T4.24.3

62.43%

87.82%

57.58%

64.12%

35.29%

34.25%

36.37%

41.07%

T4.25.1

65.69%

67.80%

68.13%

53.73%

38.32%

73.85%

32.56%

54.61%

T4.25.2

63.98%

69.13%

65.96%

76.05%

36.75%

39.02%

30.70%

41.56%

T4.25.3

63.01%

85.75%

64.80%

55.80%

35.98%

39.71%

29.90%

37.96%

T4.26.1

64.85%

65.71%

78.41%

51.51%

37.85%

57.73%

44.24%

37.42%

T4.26.2

63.49%

68.90%

76.42%

64.04%

36.63%

38.28%

35.01%

35.39%

T4.26.3

63.10%

75.15%

75.87%

56.46%

36.31%

39.94%

32.47%

34.94%

T4.34.1

67.30%

70.32%

63.84%

57.02%

39.53%

40.47%

75.07%

71.72%

T4.34.2

64.27%

73.53%

79.32%

53.44%

36.66%

37.01%

32.95%

39.51%

T4.34.3

63.98%

84.38%

67.47%

53.13%

36.44%

36.76%

33.27%

38.45%

T4.35.1

68.28%

64.41%

57.92%

64.74%

40.40%

73.46%

35.74%

54.22%

T4.35.2

65.78%

66.04%

78.78%

61.53%

38.12%

36.60%

32.97%

37.79%

T4.35.3

65.30%

83.36%

59.85%

60.97%

37.75%

36.88%

32.57%

36.33%

T4.36.1

67.97%

62.60%

56.05%

76.14%

40.42%

57.69%

44.21%

41.73%

T4.36.2

66.01%

66.60%

68.06%

73.19%

38.64%

36.59%

32.39%

38.70%

T4.36.3

65.82%

73.26%

60.80%

72.91%

38.48%

37.26%

31.35%

38.47%

T4.45.1

74.45%

57.01%

50.72%

75.18%

45.53%

59.15%

45.60%

40.41%

T4.45.2

73.53%

57.32%

78.29%

44.04%

44.71%

57.94%

44.53%

37.00%

T4.45.3

72.77%

81.93%

51.27%

44.27%

44.07%

57.03%

43.75%

34.95%

T4.46.1

76.33%

57.28%

50.93%

63.96%

47.71%

75.30%

34.94%

56.44%

T4.46.2

75.62%

58.11%

68.04%

44.65%

47.06%

74.15%

32.34%

55.26%

T4.46.3

75.13%

72.37%

52.39%

45.27%

46.63%

73.39%

30.78%

54.53%
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T4.56.1

82.72%

56.55%

50.22%

56.55%

54.08%

39.96%

77.55%

74.81%

T4.56.2

82.15%

57.86%

60.95%

44.41%

53.54%

37.31%

76.54%

73.67%

T4.56.3

81.83%

65.51%

52.53%

45.39%

53.25%

35.71%

76.02%

73.09%

T5.12.1

69.79%

54.52%

48.26%

75.16%

64.83%

34.74%

85.33%

83.04%

T5.12.2

68.08%

53.03%

46.79%

78.32%

83.35%

33.07%

47.67%

58.83%

T5.12.3

67.69%

52.70%

46.47%

90.98%

68.88%

32.76%

48.55%

55.92%

T5.13.1

69.10%

56.60%

77.27%

43.27%

59.49%

34.36%

80.82%

78.15%

T5.13.2

67.29%

54.95%

80.08%

41.65%

78.08%

32.59%

42.79%

53.90%

T5.13.3

66.57%

54.32%

91.32%

41.08%

63.74%

32.03%

44.15%

49.41%

T5.14.1

69.13%

60.12%

70.95%

63.28%

38.00%

34.52%

77.43%

74.27%

T15.14.2

66.68%

57.76%

74.17%

79.94%

35.81%

32.16%

38.08%

46.03%

T5.14.3

66.34%

57.44%

85.69%

67.09%

35.55%

31.91%

38.58%

44.38%

T5.15.1

68.45%

71.16%

58.48%

51.02%

70.94%

34.17%

30.20%

45.03%

T5.15.2

67.59%

70.18%

58.99%

75.75%

42.52%

33.42%

29.43%

40.47%

T5.15.3

66.92%

69.43%

80.36%

51.90%

42.87%

32.90%

28.90%

37.98%

T5.16.1

67.29%

80.78%

57.24%

49.72%

57.70%

33.67%

37.56%

34.72%

T5.16.2

66.68%

79.97%

58.50%

63.56%

41.85%

33.14%

34.27%

33.95%

T5.16.3

66.31%

79.50%

68.98%

51.88%

42.72%

32.85%

32.47%

33.55%

T5.23.1

69.09%

79.68%

51.96%

44.86%

55.75%

34.42%

77.77%

74.92%

T5.23.2

67.20%

82.23%

50.18%

43.11%

74.33%

32.55%

39.48%

50.57%

T5.23.3

66.20%

92.43%

49.31%

42.29%

60.10%

31.79%

41.13%

45.10%

T5.24.1

69.82%

73.91%

55.81%

59.84%

39.80%

35.05%

75.43%

72.17%

T5.24.2

67.23%

76.87%

53.24%

76.64%

37.39%

32.53%

35.31%

43.42%

T5.24.3

66.59%

87.42%

52.65%

63.78%

36.90%

32.06%

36.11%

40.74%

T5.25.1

70.44%

62.39%

67.71%

48.59%

69.95%

35.66%

32.35%

44.29%

T5.25.2

69.51%

62.88%

66.63%

74.29%

40.31%

34.83%

31.47%

39.48%

T5.25.3

68.21%

83.03%

65.18%

49.69%

40.91%

33.82%

30.44%

35.29%

T5.26.1

69.67%

61.44%

78.13%

47.51%

57.11%

35.50%

37.16%

37.58%

T5.26.2

68.96%

62.65%

77.18%

62.53%

39.83%

34.88%

33.64%

36.64%

T5.26.3

68.24%

72.74%

76.24%

50.27%

41.30%

34.31%

30.57%

35.85%

T5.34.1

71.28%

69.83%

63.36%

51.67%

42.66%

36.15%

74.21%

70.77%

T5.34.2

68.07%

73.02%

78.72%

48.42%

39.57%

33.06%

32.58%

38.99%

T5.34.3

67.76%

83.79%

66.96%

48.15%

39.32%

32.84%

32.89%

37.94%

T5.35.1

73.40%

59.33%

52.94%

64.54%

69.73%

37.94%

35.66%

44.08%

T5.35.2

71.57%

60.12%

77.26%

62.40%

38.09%

36.32%

33.90%

35.98%

T5.35.3

70.92%

81.41%

53.99%

61.69%

38.33%

35.82%

33.38%

34.26%
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T5.36.1

73.18%

58.61%

52.16%

76.10%

S571.17%

38.30%

37.22%

42.07%

T5.36.2

71.79%

60.63%

66.74%

74.18%

38.25%

37.07%

31.19%

40.18%

T5.36.3

71.43%

71.54%

54.83%

73.71%

38.86%

36.78%

29.91%

39.78%

T5.45.1

76.36%

56.22%

49.94%

73.88%

59.50%

40.22%

39.57%

39.05%

T5.45.2

75.41%

56.53%

77.09%

43.28%

58.42%

39.40%

38.64%

35.76%

T5.45.3

74.64%

80.79%

50.49%

43.51%

57.60%

38.78%

37.96%

33.78%

T5.46.1
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Analysis of Single-elimination Tournaments

Abstract

Single-elimination tournaments studied in this project are the knockout tournaments which
satisfy the property that each round has a winner and a loser; a loser of a round is not involved in
any further round. Let a, b denote the strength of players A, B. Then the winning probability of
player A when playing against player B is expressed by the quantity a / (a + b). Along the same line,
in order to formulate the winning probability of player A when reaching the nth round based on
scheme T, we introduce the following concepts: "Imaginary Opponent”, "Threshold of Threat",
"Formula of Winning Probability”, " Probability-to-Strength Ratio (PSR) ", "Rate of Scheme T ".
These concepts enable us to study the influence of the variations in player's strength on winning
probability (a) based on the traditional scheme and (b) based on the winning probability when the
strength of the player is kept fixed. Results of this project clarify some myths in the
single-elimination tournaments. We find it surprising that the conventional wisdom "Once the
strength of our opponent increases, our winning probability will decrease"” actually is false! This
project may be of importance in explaining the fairness of single-elimination tournaments, as well

as in providing a better understanding of single-elimination tournaments.
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Introduction
Single-elimination tournaments studied in this project are the knockout tournaments which
satisfy the property that each game has a winner and a loser; a loser of a game is not involved in any
further games. Single-elimination tournaments are widely adopted in the sports such as tennis and
World Cup Soccer Final. About single-elimination tournaments, we have many common beliefs.
Here are the conventional wisdoms we want to demonstrate:
(1) Once the strength of our opponent increases, our winning probability will decrease.
(2) Once the strength of us increases, our winning probability should increase.
(3) The stronger the player is, the higher winning probability he will have.
In the second part, we introduce "Probability-to-Strength Ratio (PSR)" to measure how
favorable the scheme is to the player for explaining the fairness of single-elimination tournament.
Notations
1. Let a, b, ¢, d denote the strength of players A, B, C, D. [1-5]
2. Let Pag denote the winning probability of player A when competing against player B:
Pas=a/ (a+Dh).[6]
3. Let P(n,A,T) denote the winning probability of player A when reaching the nth round
based on scheme T.
4. Let PSR(n,A,T) denote the ratio of winning probability to the strength of player A when
reaching the nth round based on scheme T.
Results
I. The Influence of the Variation in Player's Strength on Winning Probability

(1) A knockout Tournament Plan among 4 Players

1. Imaginary Opponent X

Fig.1 Fig.2
There is a knockout tournament plan among 4 players as Fig.1 .As for player A, the opponent
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of the first round must be player D .We can judge the threat of player D by comparing the strength
between player A and player D.

However, the opponent of the second round may be player B or player C. Before any round
proceeds, how much threat player B or player C will impose on player A? We attempt to build an
Imaginary opponent X .By substituting Imaginary opponent X for player B and player C, we can get
a simplified tournament plan which is a ladder tree for player A as Fig. 1.2 .Thus we have a
impressive theorem:

Theorem 1. Let x denote the strength of Imaginary opponent X for player A, then:

_b*(a+c)+c*(a+b)
"~ b(a+c)+c(a+h)

Proof. We can calculate the winning probability of player A when reaching the 2nd round

based on Fig.1 and Fig.2 as (1) and (2) :

a b a c a
P(@2,AT)=P, (PP +PsPr) = ) 1
( ) AD( BC' AB CB AC) a+d(b+Ca+b b+Ca+C) ()
a a
P (2, A, ) = P P oy = 2
( ) AD" AX a+d a+x ()

Fig.1 and Fig.2 indicate the same tournament plan, thus the winning probability of player A
when reaching 2nd round based on Fig.1 and Fig.2 should be equal. By equaling (1) and (2) , we
obtain:

_b*(a+c)+c*(a+b)
"~ b(a+c)+c(a+h)

We can use Imaginary opponent X to judge the threat caused by any opponent that player A
may compete against at the second round before any round be proceeds.
2. Existence of Threshold at the Second Round

From theorem 1, we can judge the threat caused by any opponent that the player A may
compete against at the second round. At Fig. 1.2, player A will compete against the Imaginary
opponent X. According to the convention wisdom ,” Once the strength of player B increase, the
strength of the Imaginary opponent X will also increase and the winning probability of the player A
will decrease.” Thus, one would guess the x is an increasing function of b. To our surprise, after
we have proved the guess, actually that is not. We have an amazing theorem:

Theorem 2. The winning probability of the player A is (a) an increasing function of b over the

interval [0, b0]. (b) a decreasing function of b over the interval [b0,+0). Where:
p - c2a@+o) -a)
0 a+2c

Proof. Define x as function f(b). Examine whether f(b) is an increasing function of b or not.

f(b) = b*(a+c)+c’(a+b) _ (a+c)b® +c’b+c’a

b(a+c)+c(a+bh) (a+2c)b+ac
Take the first derivative of f(b).
df (b) _ (a+c)(a+2c)b? +2ac(a+c)b—(ac?(a+c))
do ((a+ 2c)b +ac)?
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The first derivative of f(b) is a fraction. The denominator is positive and the numerator is a
quadratic of b. Define the numerator as g(b).

g(b) = (a+c)(a+2c)b* +2ac(a+c)b—(ac’(a+c))

From the first term and the discriminant are positive, we can confirm the picture of g(b) as Fig.
1.3. Let g(b) = 0 and use the quadratic formula, we can solve the function and get a positive root
and a negative root.

:—2ac(a+c)4_r\/4a2c2(a+c)2+4(a+c)2(a+20)ac2 _ c(-a*y2a(a+c) )

2(a+c)(a+2c) a+2c

b

Name the positive root as by, and then we have

b - c(y2a(a+c) —a)

a+2c

»

df(b)/db 4

Fig.3

From these observations, we can conclude that:

For b>hy, the derivative is positive and f(b) is an increasing function of b, then once b increase,
the winning probability of the player A will decrease. For b<byg, the derivative is negative and f(b) is
a decreasing function of b, then once b increase, the winning probability of the player A will also
increase!

Theorem 2 is a very interesting result. It reveals that there exist a Threshold of Threat by, if the
strength b of player B satisfied b>bg ,then once the strength of player B increase, the winning
probability of the player A will decrease; if the strength b of player B satisfied b<bg ,then once the
strength of player B increase, the winning probability of the player A will increase.

The result prove that the convention wisdom,” Once the strength of our opponent increases,
our winning probability will decrease”, actually is false.

Here is an example. At Fig. 1.1, let c =a and d = a/10. Under such circumstances, by is a/3. Let
b increase from a/5 to a. Observe the strength b of the player B and the winning probability of
player A at fallowing form.
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The strength b of the
J a/5 ald a/3 al2 a
player B
The winning probability
50.51% 50.91% 51.14% 50.51% 45.45%
P(2,AT) of player A

We can find that when the strength of player B is greater than by, than the increase of b will
decrease the winning probability of the player A; when the strength of player B is less than by, than
the increase of b will also increase the winning probability of the player A.

3. Threshold of Threat of the Seed

A D

Fig. 4
Furthermore, a player would be arranged as the Seed as the player B at Fig. 1.4. Then we have:
Proposition 1. Threshold b, of the Seed at the second round is equal to 0.

Proof. The player B is the Seed and we can see the situation as the strength of the player C is
equal to O (the player B must reache to the second round). Substitute ¢ = 0 into by ,we have:

b - c(y/2a(a+c) —a)
° a+2c
c=0
bo=0
Surely, Threshold b, of the Seed at the second round is equal to 0.
4. Influence of the Increase in Player's Strength on Winning Probability
According to the conventional wisdom,” Once our strength increases, our winning probability
should increase.” At a knockout tournament plan among 4 players as Fig. 1.1, we examine whether
the winning probability of player A is an increasing function of the strength of player A or not and
we have:
Lemma 1. At a knockout tournament plan among 4 players, the winning probability is an
increasing function of the strength of the player.
Proof. From the Fig. 1.1,we can confirm the winning probability of player A.
a b a c a

P(n,AT)= ( +
a+d b+ca+b b+ca+c

According to the conventional wisdom, one would guess P(A) is an increasing function of the
strength of player A. We examine the first derivative is positive or not. Define the former term as
G(a),we can easily confirm that G(a) is the strictly increasing function of the strength a of player A.
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Define the latter term as H(a) and do the first derivative, we have:

b a c a _ (b +c)a® + 2bca
H(a)= + = > .
b+ca+b b+ca+c (b+c)a”+(b+c)a+hbc(b+c)

dH(@)  be(b+c)?a+2b%c?(b+c)
da  ((b+c)a’+(b+c)’a+bc(b+c))?

From the first derivative is positive we can prove that at a knockout tournament plan among 4
players, the winning probability is an increasing function of the strength of the player..

(11) A knockout Tournament Plan among 2" Players

1. Formula of Winning Probability (1)

During the tournament, we always focus on the winning probability of the player who we
support. For this reason, we want to find a formula of winning probability to assist us
calculate .Thus, we have:

Theorem 3. Let P (n,Q1,T) denote the winning probability of player Q1 when reaching the nth
round based on scheme T, then:

P =] S(P(10.T)P)

j=1 i=21141

Proof. Let the scheme be given by Fig.5 which is a knockout tournament plan among 2"
players. Name the player from left to right as Q1,Q2,Qs....... as Fig.6. Once the player wins a game,
he will proceed to the next round.

Q: Q. Q3 o PR Q7

Fig.5 Fig.6
Let P (n,Q1,T) denote the winning probability of player Q; when reaching the nth round based
on scheme T, then:

PLQ,T)= Q1Q2

P(2, Q1’T) P@, Ql'T)( uQ, Q1Q3 + PQ4Q3P QQ, )= P(lin’T)(P(liQB’T)PQlQS + P(l’Q41T)PQ1Q4)
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PB.Q.T) =P(2,Q.T)(P(2,Qs, T)Fyq, +P(2,Q.T)Fyq, +P(2,Q,, T)Fyq, +P(2,Q5,T)Ryg,)

We can find a recursive algorithm as :

271
P(n’QUT) = P(n_lanlT) Z(P(n_laQi lT)PQlQi )
i=2"1n
Furthermore, we can find the general formula of P (n,Q1,T) as follows.

P LQ.T)=PO.Q.T) (P (0.0.T)Py0)

i=20+1

P (2.Q.T)=PLQ.T) 3 (P LQ.T)Pyg )

i=20+1

P (3Q.T)=P2Q.T) 3 (P 2.Q.T)Py0)

i=2041

5 POQTD=PO-1Q.T) (P (1-LQ.T)Py)

i=20+1

n 2]

P(,Q.T)=PO.Q.N[] 2 (P(iLQ.T)Py)

j=l i=2i741

Among the formula, P(0,Q1,T) means the probability of player Q; when reaching the zero
round. Before any round proceeds, every player is locating at the zero round. Thus , P(0,Q1,T) =1
and the winning probability of player Q; when reaching the nth round based on scheme T is:

n 21

P(”!Ql’T) = H Z(P(j_liQi’T)PQlQi )

j=li=2i"141

From Theorem 3 and condition probability, we can confirm an Proposition as follows.

Proposition 2. Let P((n,m),Q;,T) denote the winning probability of player Q; when
mth round from nth round, then:

P =]] S (P(-1Q.T)Pg)

j=ni=2i"41
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Proof. Define Event A as the player Q; reaching the nth round, Event B as the player Q;
reaching the mth round and Event C as the player Q; reaching the mth from nth round. Because of
Event B lies in Event A, by condition probability, we have:

P(AnB) P(B)

P(C)=P(B|A) = PR P(A)

m

H ZZJ(P(j_l’Qi!T)PQlQi) m 2
P((nM), Q,.T) = Z((TSTT)) iy 11 2PG-1.9,TPyg)

H Z(P(j_l’Qi,T)PQlQi) j=n =2t

j=1 i=21t4

At Lemma 1, we confirm that “at a knockout tournament plan among 4 players, once the
strength of player increase, the winning probability of player increase.” Then, is it still a truth at a
knockout tournament plan among 2" players?

Theorem 4. At a knockout tournament plan among 2" players, the winning probability is an
increasing function of the strength of the player.

Proof. From Theorem 3, we obtain the winning probability of player Qi when reaching the nth
round. According to the conventional wisdom, one would guess P (n,Q4,T) is an increasing function
of the strength of the player Q;. We examine whether P (n,Q,T) is an increasing function of the q;
or not.

Take the first derivative of P (n,Q;,T).

n

P(n’QbT):H Z(P(J 1, QUT) QlQI)

=1 i=2ty

dP(n,Q,,T) Z":( Z (—_p(k-1, Ql,T))ﬁ Z(P(J -1,Q1, TPg0))

q| k=1 j=2K1411 (q| 1) =12k =2

Since all terms of the first derivative of P (n,Q,T) is positive, we see that P (n,Q;,T) is an
increasing function of the strength of player Q;. We confirm that “at a knockout tournament plan
among 2" players, the winning probability is an increasing function of the strength of the player.”

2. Imaginary Opponent X,

At Theorem 1, we use Imaginary opponent X to judge the threat caused by any opponent that
player A may compete against at the second round. After we obtain “Formula of winning
probability,” we can generalize Imaginary opponent X to Imaginary Opponent X, as follows.

Theorem 5.  Let x, denote the strength of Imaginary opponent X, for player Q; , then:
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1 3 (P10, T)Pog)

X, = i:;ni . q,
2, (P(N-1,Q;, T)Py0)
i=2""41
Proof.
X
Q1 Xn-1 Q2"+1 Q2"
Fig.7

By substituting Imaginary opponent X, for player Q2"'+1, Q2"'+2,..., Q2", we can get a
simplified tournament plan which is a ladder tree for player A as Fig.7. Then we have:

P(,Q.T)=P(n-1,Q,T)—t
C]l + X

n

Xp P(n’Ql’T) +q1P(n’Q11T) = qlp(n _1’Q1!T)

P(-LQ.T)-PMQ.T) t PR TR

Xn 1 n
PnQD 3 (P(1,Q.T)Ryg)
i=2""41
Therefore, we can use Imaginary opponent X, to judge the threat caused by any opponent that
the player Q; may compete against at the nth round before any round be proceeds.
3. The Threshold of Threat at the 3rd Round
At Theorem 2, we know there exists a Threshold of Threat at the 2nd round. Is there still exists
a Threshold of Threat at the 3rd round?
Theorem 6. If the strength a,f,g,h of the player A,F,GH satisfy:

4,

_h)2 _ 2 2y2 212 AY 2 22 22
@0 -J@" +0)) +4g'n® o (g-N)'+y(@'+T) rdgth® o
2(g +h) 2(g+h)
Then there exists a Threshold of Threat €0, if the strength e of player E satisfied e>e0 ,then

once the strength e of player E increase, the winning probability of player A will decrease; if the
strength e of player E satisfied e<eQ ,then once the strength e of player E increase, the winning
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probability of player A will increase.
Proof.

Fig.8
From Theorem 5, we can know the strength of Imaginary opponent Xs for player Q; as
follows:
1-(P(E)Pse + P, (F)Pe + B (C)Pys + R (H)Pyy )
> (P (E)Pee + P, (F)Pye +P,(G)Pyg + P, (H)Pay )
Next ,we examine whether x3 is the strictly increasing function of the strength e of player E or
not. It is too enormous to expand, we use other function of e to indicate x3 as follows.
1-(P(E)Pse + P (F)Pue + P (G)P + P, (H)Pyy ), _ f(€)
* T (R(E)Pe + P (F)Py +P,(G)Ps + P ()P ) 0(E)
Take the first derivative of x3

df(e) dg(e)
dx; _

g(x)-f (x) hee)
de (9(e))? (9(e))?

We solve h(e) and confirm the root of h(e) is same as m(e).

m(e)=a.e® +a.e’ +a,e’ +a,e’ +a,e’ +ae' +a,

The first term is positive. If the constant term is negative, the positive roots of the equation will
more than one, and the Threshold of Threat at the 3rd round exists.

a, =a’g’h®f?((-hf*-gf2-2 fgh+ fg® + fh* + gh®> + g°h)a+ (-2ghf? + 2g°h?))
If ag Is negative, it should satisfy:

-hf?-gf2-2 fgh+ fg® + fh* + gh’ + g*h <0...(1)
-2ghf? +2g%h* <0...(2)

First, we can find the interval which satisfies the inequality (1) as follows.
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-hf >-gf >-2 fgh+ fg® + fh* + gh®* + g°h <0
-(g+h)f?+(g-h)>f +(g+h)gh < 0

(Gh)’-(g” +1°)" +4g°h” . (g-h) +4(g° +h?)’ +4g°h’

2(g+h) 2(g+h)
Next, we find the interval which satisfies the inequality (2) as follows.
-2ghf 2 +2g°h* <0
-2gh(f?-gh) <0
f>.fgh, f< -/gh (Unsuited, f >0)

Combine (1) and (2), we can conclude that “If the strength a,f,g,h of the player A,F,GH satisfy:

2 2 | h2)2 212 )2 2 | h2)2 22
(9-0)°-y(0°+1*)* +4g™h* . _(g-)* +(g°+h*)* +4g*h £ g

2(g +h) 2(g+h)

Then there exists a Threshold of Threat ey, if the strength e of player E satisfied e>eq ,then once
the strength b of player E increase, the winning probability of the player A will decrease; if the
strength e of player B satisfied e<eq ,then once the strength b of player B increase, the winning

probability of the player A will increase.”
4. The Threshold of Threat at The nth Round

At a knockout tournament plan among 2" players as Fig. 1.7, the strength of Imaginary
opponent X, is too enormous to expand and we have hard time to do the first derivative of x,.
However, we can reveal the conditions that should be satisfied if there exists a Threshold of Threat

at The round of 2". Then we have:

Xn
Q1 X1 Q2"+1 Q2"
Fig.9
Theorem 7. If the strength 02" 45, 02" 43, ... , 42">0 of the player Q,"™%,, Q" s, ..., Q," satisfy:
dx
<0
dq 2"1

Then there exists a Threshold g™+, if the strength g™y of player Q" .y satisfied
ge" 1> g™ 10, then once the strength g™ .1 of player Q" "4y increase, the winning probability
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of player Q; will decrease; if the strength q" 11 of player Q" "+yy satisfied qu""41)< q" 10 ,then
once the strength q(zn'1+1) of player Q(zn'1+1) increase, the winning probability of player Q; will
increase.

Proof.

The strength of Imaginary opponent X, for player Q;:

1'. ;(Pi—l(Qi)PQlQi)

X, = Q,

2. (Pi1(Q)Pyq)

i=2""+1

If the strength q2" 12, 92" s, ..., 42">0 of the player Q" %), Q2" s, ..., Q)" satisfy:

dx, <0

dq 2"

Then there exists a Threshold of Threat q(gn'l+1)o, if the strength e of player E satisfied q(gn'1+1)>
ge" 410 ,then once the strength g™ 41 of player Q" 41 increase, the winning probability of the
player Q; will decrease; if the strength qu" .1y of player Q" "1y satisfied qu" 1< g™ 410 ,then
once the strength q(2“'1+1) of player Q(Z“'1+1) increase, the winning probability of the player Q; will
increase.

5. Formula of Winning Probability (2)

Fig.10
By using the conception of ” Imaginary Opponent,” we can simplify the tournament plan as
Fig. 10. Then we have:
Theorem 8. The roots of an equation a X" +a, ,X"* +...+a,Xx +a, =0are Xy, Xp, X3, . Xn.
Let P (n,Q1,T) denote the winning probability of player Q1 when reaching the nth round based on
scheme T, then:

n

P(n,Q,T) = —

k

a n-
Z ('1) e O ‘
k=0 a,
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Proof.
By observing Fig.10, we can obtain the winning probability of player Q; when reaching the nth
round based on scheme T as follows.

P(n’ Ql’ T) - H PQ1XK
k=1

The roots of an equation a, X" +a,,Xx"" +...+a,X +a, =0are X; Xz Xs . X, From the
relation of roots and coefficients, we can find:

an-l

=X, + X, +..F X,
n

an-2 _
—E =X X, X X5 e+ X X,
a

n

(-1)* =k = the sum of the the product of multiplica tion of choosing k roots from n roots
a

n

a
(-1)" a—o = X, X, X5 X 1 X,
n

Return to the probability of the player Q; reached to N round, we have:

P(n’ Ql ! T) - H PleK
k=1

_ q;
(@, +X%,)(0 +X5)--(G +X,)
_ a;
Ay + (X, + Xy ot X0+ (XX, + X Xg + oot X X )02+t X XX g X X
ar
-
2 (1) g
k=0 a'n

From Theorem 8 and condition probability, we can confirm a proposition as follows.
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Proposition 3. The roots of an equationa,,  x™" +a, ,X™"" +...+a,X +a, = 0are X, Xn+1,
Xn+2, ... Xm. Let P((n,m),Q1,T) denote the winning probability of player Q; when reaching the mth
round from nth round, then:

(M. QuT) =
2D Tl
k=0

(m-n)

Proof. Define Event A as the player Q; reaching the nth round, Event B as the player Q;

reaching the mth round and Event C as the player Q; reaching the mth from nth round. Because of
Event B lies in Event A, by condition probability, we have:

P(C) =P(BA) = P(’:(Z)B) = Eg

a;

m k

Z('l) O in-k HPleK

P(m,Q,, T = an,
P((n,m),Ql,T)=P((n§1T))=“ . T [ Pox,

a n-
('1) ok Q1 “
a

k=0 n

n

_ a;"”" _ a"
(ql + Xn)(ql + Xn+1)' . (Q1 + Xm) (Eri)(-l)k a(m—n)-k q?k
k=0 a

(m-n)

6. Formula of Winning Probability (3)

Qu Q

Fig.11

Besides, we see the tournament as facing the player Q and winning n times continuously, how
about the strength of the player Q? For this reason, we have:

Theorem 9. Let P (n,Q,T) denote the winning probability of player Q; when reaching the nth
round based on scheme T, then:
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1

P(”:QllT):nq—l Q:]n/H(ql_FXk)_ql
Zcrllqn-ka k=1
k=0

Proof. By observing Fig.10 and Fig.11, we can obtain the winning probability of player Q;
when reaching the nth round based on scheme T as follows.

P(n’ Ql’ T) = ﬁ PleK = (PQlQ)n

n n

Q@  _ q
[T@+x) &+
k=1

]”/H(ql +X,) =Q+0q,
k=1
Q:WH(ql +Xy) -0,
k=1

We obtain the strength of the player Q and find the formula of winning probability as follows.

n n

n ql ql
P(Q) = (Poa)" = r=5
1 QQ (ql—i—Q) ZCquka

k=0

From Theorem 9 and condition probability, we can confirm a proposition as follows.
Proposition 4. Let P((n,m),Q1,T) denote the winning probability of player Q1 when reaching
the mth round from nth round, then:

P((nM),Q, T)=— N o Q=ngd[[(@+x)-q
Crrgr QX

0

3

=~
1l

Proof. Define Event A as the player Q; reaching the nth round, Event B as the player Q;
reaching the mth round and Event C as the player Q; reaching the mth from nth round. Because of
Event B lies in Event A, by condition probability, we have:

P(ANB) B P(B)
P(A)  PA

P(C)=P(B|A) =
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m

P
P(mle,T) L1 Q1 Xk m

P((n,m),Q,,T) = = =] |Pox. =Po)™"
X
QiXk
k=1
= q:[n_n = q]r'n_n
(q1+Q)m-n mnCmn mnka
k=0

The strength of the player Q is as follows.
o g

[T@+x) @™

m'{‘/H(ql +Xy) =Q+q,
k=n
Q= m'{‘/H(ql +X) -0,
k=n

7. Formula of Winning Probability (4)

Q1 A

Fig.12
Furthermore, we see the tournament as facing just one player A . How about the strength of the
player A? For this reason, we have:
Theorem 10. Let P (n,Q1,T) denote the winning probability of player Q; when reaching the nth
round based on scheme T, then::

1T 3PG-1.Q,.T)Py0)

g, +4 A= %
' [T X (PG-1.Q,. TPy,

=1 i=2t4

P(n’Ql’T) =

Proof. By observing Fig.12, we can obtain the winning probability of player Q1 when reaching
the nth round based on scheme T as follows.
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n 2

P(n,Q,,T) :H Z(Pj—l(Qi)PQlQi) =Pg.

=1 =2ty

n

[T 2 PG-LQ DR =

=1 i=20t 1t A

n

1'1_[ (P(j-liQi’T)PQlQI)

1= =l i=27 4

d

n

2!
H Z(P(j'l’Qi ’T)PQlQi)
j=1 i=2it
From Theorem 10 and condition probability, we can confirm a proposition as follows.
Proposition 5. Let P((n,m),Q,,T) denote the winning probability of player Q; when reaching
the mth round from nth round, then:

1'H. Z;(P(j_l’Qi’T)PQlQi)
P«n,m),Ql,T)zqq; Z . A= a,
' H Z(P(j'laQi!T)PQlQI)
j=n i=2i"ty1

Proof. Define Event A as the player Q; reaching the nth round, Event B as the player Q;
reaching the mth round and Event C as the player Q; reaching the mth from nth round. Because of
Event B lies in Event A, by condition probability, we have:

P(AnB) P(B)

P(C)=P(B|A) = oA PA

2]

[ 2CG6-1Le.DRy) .

rnm QD= F;((r:g TT)) = TT 2 PG-1.Qu TPy ) =P,
- H Zl(P(j-l’Qi!T)PQIQi) j=n i=274

[T 210, DRy =%

j=n i=2t4 1t A

1'1_[ Z(P(j'l’Qi’T)PQp.)
A= n:':n i:2?1’1+l q,
H Z(P(j‘l, Qi ’T) PQlQi )
j=n i=2"ty1

I1. The Influence of the Scheme of Players on Winning Probability
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(1) Probability-to-Strength Ratio (PSR)

1. Probability-to-Strength Ratio (PSR) (1)

It is believed that" the stronger the player is, the higher winning probability he will have."
However, if the scheme is fair to every player, we consider the ratio of winning probability to
player's strength of every player should be equal. For this reason, we define
“Probability-to-Strength Ratio” as the ratio of winning probability to player's strength, and we
have a Theorem as follows.

Theorem 11.Let PSR(n,Q1,T) denote PSR of player Q; when reaching the nth round based
on scheme T, then:

PSR(Q, T =g, [ Y, ~Er2el)

=1 =2ty g, +0;

Proof. From the definition of PSR, we can confirm :

n 2!
H Z(P(J-llQHT)PQQ) i
P(n,Q,T) a5 e iy < P(G-1,0Q,,T
PSR(n, Q, T) = e 1) 3 2 —q ] > AR D
q, g, j=1 =2ty g, +Q;

From Theorem 3 and Proposition 2, we can confirm a proposition as follows.

Proposition 6. Let PSR((n,m),Q1,T) denote PSR of player Q; when reaching the mth
round from the nth round, then:

PSR((NM),Q,. T =" "] > (PG-1.Q, T)Py)

j=n i=2it41

Proof. From Proposition 2, we obtain the winning probability of the player Q; when reaching
the mth round from nth round. Moreover, from Proposition 2 and the definition of “PSR,” we can
confirm:

[T S (PG-L, Q. T)Pag ) -
PSR(n, Ql,T) _ P(n,QpT) S il j=21141 q — qlm—n—lH- Z;(P(j'11Qi1T)PQ1Qi)

2. Probability-to-Strength Ratio (PSR) (2)

In the same way, from the Formula of Winning Probability (2), we can confirm
Probability-to-Strength Ratio (PSR) (2) as follows.

Theorem 12. The roots of an equation a, x" +a, X" +...+a,x +a, =0are Xy X, Xs ..
Xn. Let PSR(n,Q1,T) denote PSR of player Q; when reaching the nth round based on scheme T,
then:

110



PSR(n,Q,,T) = qgl
Z( 1)

Proof. From the definition of “Ratio of Winning Probablhty to Player's Strength,” we can
confirm :

oH
n k
an-k
-1
PSR(n,Ql,T) — P(le]_!T) — k=0 a'n — q1
a: !

From Theorem 8 and Proposition 3, we can confirm a proposition as follows
Proposition 7.The roots of an equation a x" +a, ,X"" +...+a,x +a, =0are X; Xz,
X3 .. Xn. Let PSR((n,m),Qq,T)denote PSR of player Q; when reaching the mth round from nth
round, then:

m-n-1
PSR((n,m),Q,,T) = - ql
Z( 1) (m n)- k
(m n)

Proof. From Proposition 3, we obtain the winning probability of the player Q1 when reaching
the mth round from nth round. Moreover, from Proposition 2 and the definition of “PSR,” we can
confirm:

q;"
m-n k
Sy e g
I:)n m (Q ) = A (m-n ' m-n-1
Fn,m(Ql): ' L= = — _(mn) ql
ql ql z( 1) (m n)- k

(m n)

3. Ratio of Winning Probability to Player's Strength (3)

In the same way, from the Formula of Winning Probability (3), we can confirm Ratio of
Winning Probability to Player's Strength (3) as follows.

Theorem 13. Let F,(Q1) denote the ratio of winning probability to player's strength of the
player Q; reached to N round, then:

n-1 n
Fn(Q1):nq+ Q:wn,H(ql-FXk)-ql
D> Car Q" “
k=0

Proof. From the definition of PSR, we can confirm :
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n

0,

ZCEq?ka n-1
PSR(n, Ql’T) — P(n’ QliT) — k=0 _ ql

q, q, ZCqun'ka
k=0

From Theorem 9 and Proposition 4, we can confirm a proposition as follows.
Proposition 8. Let PSR((n,m),Q;,T) denote PSR of player Q; when reaching the mth
round from the nth round, then:

m-n-1 m
PSR((nm),Q,, T)=—1 Q=mi] [(@ +x)-q;
Ciay Q" <

0

3

=~
Il

Proof. From Proposition 4, we obtain the winning probability of the player Q; when reaching
the mth round from nth round. Moreover, from Proposition 2 and the definition of “PSR,” we can
confirm:

S
. Cm-nqm-n-ka
P n’ ,T Z k 1 m-n-1
PSR(n, Ql,T) — ( Ql ) — k=0 — — ql
ql ql Crkn-nqlm-n-ka

=
I

0

4. Probability-to-Strength Ratio (PSR) (4)

In the same way, from the Formula of Winning Probability (4), we can confirm
Probability-to-Strength Ratio (PSR) (4) as follows.

Theorem 14. Let PSR(n,Q1,T) denote PSR of player Q; when reaching the nth round
based on scheme T, then:

1 l'ﬁ Z(P(j'l’Qi’T)PQ@i)
PSR(n, Ql’T) = ) A= nj=1 i:;l*l-;-l 0
! H Z(P(j'l’Qi’T)PQIQi)

Proof. From the definition of “Ratio of Winning Probability to Player's Strength,” we can
confirm :

a,
pSR(n, @, T) = LT _G+4 1
a, 0,  9+4

From Theorem 10 and Proposition 5, we can confirm a proposition as follows.
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Proposition 9. Let PSR((n,m),Q1,T)denote PSR of player Q; when reaching the mth
round from nth round, then:

1H S (PG-1.Q,. )Py )

n =2ty

1
g, +4

PSR((n,m),Q,, T) = A= a,

H Z(P(j'l1Qi ’T)PQlQi)

j=n i=2"11

Proof. From Proposition 5, we obtain the winning probability of the player Q; when reaching
the mth round from nth round. Moreover, from Proposition 2 and the definition of “PSR,” we can

confirm:
0,
PSR((n,m),Ql,T) — P((n’m)lQl’T) — ql +ﬂ’ — 1
Q, Q, q, +4

(I1) The Deviation from the Optimum Scheme
1. Influence of the Scheme of Players on Winning Probability

If the scheme is fair to every player, we consider the PSR of every player should be equal. We
calculate the PSR  for each player based on all possible scheme and examine whether the PSR of
each player is equal or not.

There are 3 possible schemes in total of a knockout tournament plan among 4 players as Fig.13,
Fig.14, and Fig.15.

Name Fig.13, Fig.14, and Fig.15 as T;,T, and T3 .Without loss of generality, we assume the
strength a,b,c and d of player A,B,C and D satisfy a=b=c=d . By calculating “PSR,” we can find
the optimum scheme for each player.

Let PSR(n,Q1,T) denote PSR of player Q; when reaching the nth round based on scheme T. We
can confirm some lemma from the player A,B,C and D separately as follows.

A B C D A C B D A D B

Fig.13 Scheme T, Fig.14 Scheme T, Fig.15 Scheme T3
Lemma2. The PSR of the player A when reaching the 2nd round satisfy:
PSR(2,A,T3) > PSR(2,AT,) > PSR(2,A T1)
Proof. Enumerate the PSR of player A when reaching the 2nd round based on the scheme
T1,Toand Ta.
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P, (B) (Pl(C) N Pl(D))
a+b a+c a+d
P, (C) (Pl(B) s Pl(D))
a+c a+b a+d

PSR(2,AT,) =a

PSR(2,AT,)=a

PSR(2,AT,)=a Py (D) (Pl(B) N Pl(C))
a+d ‘a+b a+c

First, compare the value of PSR(2,A,T3) with the value of PSR(2,A, T>).
PSR(2,A,T3) - PSR(2,A,T>)
LORICINAONNACRICIAPCN
a+d a+b a+c a+c a+b a+d
_ (D) R (C)\R(B) FR(D)R(C)-F,(C)R(D)
=a(( ) + )
a+d a+c’a+b (a+c)(a+d)
Ca L1 )PB®)  RO)-RO),
a+d a+c a+b (a+c)(a+d)
=> PSR(2,A,T3) > PSR(2,AT) ...... (1)
Second, compare the value of PSR(2,A ,T,) with the value of PSR(2,A ,T,).
PSR(2,A,T,) - PSR(2,A,Ty)
CRICINACONNACRICHAGN
a+c a+b a+d a+b a+c a+d
:a((Po(C) ) Po(B)) R(D) . R(C)R(B)- F’o(B)Fi(C))
a+c a+b a+d (a+b)(a+c)
a1 PO, R®)-RO),
a+c a+b’a+d (a+b)(a+c)
=> PSR(2,A T,) > PSR(2,A ,T,)
Combine (1) and (2),we can conclude that:
PSR(2,A ,T3) > PSR(2,A ,T,) > PSR(2,A ,T,)
Lemma 3. The PSR of the player B when reaching the 2nd round satisfy:
PSR(2,B,T2) > PSR(2,B,T3) > PSR(2,B,T,)
Proof. Enumerate the PSR of player B when reaching the 2nd round based on the scheme
T.,T5 and Ta.

...... @)

PSR(2,B,T,)=b Py (A) (Pl(C) + Pl(D))
a+b b+c b+d

PSR(2,B,T,)=b P, (D) (Pl(A) + Pl(C))
b+d "a+b b+c

PSR(2,B,T,)=b P, (C) (Pl (A + Pl(D))
b+c "a+b b+d

First, compare the value of PSR(2,B,T,) with the value of PSR(2,B,T3).
PSR(2,B,T2)-PSR(2,B,T3)
_pP@) PA | P(O)  P(C) P(A  PD),
b+d a+b b+c b+c a+b b+d
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R.(D) Po(C)) P(A)  R(DR(C)-F, (C)F’l(D))
b+d b+c’a+b (b+c)(b+d)
:b(( 1 - 1 )Pl(A)+ Pl(C)'Pl(D))>O
b+d b+c a+b (b+c)(b+d)
=> PSR(2,B,T,) > PSR(2,B,T3) ...... 1)
Second, compare the value of PSR(2,B,T3) with the value of PSR(2,B,T,).
PSR(2,B,T3) >PSR(2,B,T1)
_pP(O PA  RO) | P(A RO  PD),
b+c a+b b+d a+b b+c b+d
_ (PO _Po(A) D) | P(CIR(A)- Py (AIR(C)y
b+c a+b b+d (@a+b)(b+c)
:b(( 1 - 1 )Pl(D)+ Pl(A)'Pl(C))>O
b+c a+b"b+d (a+b)(b+c)
=>PSR(2,A,T,) > PSR(2,ATy) ...... (2
Combine (1) and (2),we can conclude that:
PSR(2,B,T,) > PSR(2,B,T3) > PSR(2,B,T,)
Lemma 4. The PSR of the player C when reaching the 2nd round satisfy:
PSR(2,C,T;) > PSR(2,C,T3) > PSR(2,C,T,)
Proof. Enumerate the PSR of player A when reaching the 2nd round based on the scheme
T.,T5 and Ta.

=b((

c+d a+c

PSR(2,C,T,) =¢

PSR(2,C,T,) =c

P.A) |

P.(B) ,

b+c

a+c b+c

PSR(2,C,T,)=¢ P (®

P.A)

c+d

b+c a+c

c+d

First, compare the value of PSR(2,C,T,) with the value of PSR(2,C,T3).
PSR(2,C,T1) - PSR(2,C,T53)
PO PA PO, PB PA  PO)
c+d a+c b+c b+c a+c c+d
R.(D) _ F’o(B)) R(A) . F(D)R(B)- Po(B)F’l(D))
c+d b+c  a+c (b+c)(c+d)
ot LR PB)-RO),
c+d b+c a+c (b+c)(c+d)
=>PSR(2,C,T1) > PSR(2,C,T5) ...... (1)
Second, compare the value of PSR(2,C, T3) with the value of PSR(2,C,T,).
PSR(2,C,T3) - PSR(2,C,T>)

_cP® PA  RO)) P& P®  RD)
b+c a+c c+d a+c b+c c+d

=c((
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_(Po(B) _R(A)R(D)  R(B)R(A)-F,(A)R(B)
c(( ) + )
b+c a+c’ c+d (@a+c)(b+c)
el L RO, PA)-RB)
b+c a+c c+d (a+c)(b+c)
=>PSR(2,C,T3) > PSR(2,C,Ty)
Combine (1) and (2),we can conclude that:
PSR(2,C,T1) > PSR(2,C,T3) > PSR(2,C,T,)
Lemma 5. The PSR of the player D when reaching the 2nd round satisfy:
PSR(2,D,T,;) > PSR(2,D,T,) > PSR(2,D,T3)
Proof. Enumerate the PSR of player A when reaching the 2nd round based on the scheme
T.,T> and Ts.

...... @)

PSR(2,D,T,) =d P, (C) (Pl(A) + Pl(B))
c+d a+d b+d

PSR(2,D,T,) =d P, (B) (Pl(A) N Pl(C))
b+d a+d c+d

pSR(2,D,T,) = d oA (A® , P.O),
a+d b+d c+d

First, compare the value of PSR(2,D,T;) with the value of PSR(2,D,T,).
PSR(2,D,T,)- PSR(2,D,T>,)
LACHAOINACNMACHACIICN
c+d a+d b+d b+d a+d c+d
:d((Po(C) ) PO(B)) R(A) , R(CR(B)- Po(B)F’l(C))
c+d b+d a+d (b+d)(c+d)
:d(( 1 - 1 )Pl(A)+ Pl(B)'Pl(C))>O
c+d b+d a+d (b+d)(c+d)
=>PSR(2,D,T;) > PSR(2,D,T>) ...... 1)
Second, compare the value of PSR(2,D,T,) with the value of PSR(2,D,T3).
PSR(2,D,T,) - PSR(2,D,T5)
_¢R® PO PO, R(A PB PO,
b+d 'a+d c+d a+d b+d c+d
:d((Po(B) ) PO(A)) R(C) . R(B)R(A)- F’o(A)Fi(B))
b+d a+d’c+d (a+d)(b+d)
:d(( 1 - 1 )Pl(C)+ Pl(A)'Pl(B))>O
b+d a+d c+d (a+d)(b+d)
=>PSR(2,D,T,) > PSR(2,D,T3) ...... 2
Combine (1) and (2),we can conclude that:
PSR(2,D,T;) > PSR(2,D,T;) > PSR(2,D,T3)

Combine lemma 2~5, we can conclude a significant theorem of a knockout tournament among
4 players as follows.

Theorem 15. At a tournament plan among 4 players, the scheme is optimum for a player if and
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only if the player competes against the weakest player (except of himself) at the first round.
Proof. The following forms reveal the consequence of lemma 2~5.

A B C D
best T, T, T T,
medium T, T3 T3 T,
worst Ty T, T, T3
A B C D
T, worst worst best best
T, medium best worst | medium
T3 best medium | medium | worst

By observing the best scheme of the player, we can find that at a knockout tournament among
4 players, the best scheme of the player satisfy that competing against the weakest player except
himself at the first round. According the theorem, we can find the optimum scheme of the player for
every player at a knockout tournament among 4 players.
2. The Deviation from Optimum Scheme

From Theorem 15, we realize the winning probability would vary from scheme to scheme.
Therefore, we want to mesure how much the scheme deviate from the optimum scheme. For this
reason, we take the ratio of the PSR based on scheme T to the PSR based on the optimum scheme.

Thus, we have a theorem as follows

Theorem 16. The PSR Ratio of player Q; when reaching the 2nd round based on scheme T is:

s 29,9,
PSR(2,Q,T) = d,+q,
PSR(2 Q1 Topmn) ¢, 200
a, +0,
Q1 Qx Qy Q: Q1 Q; Qx Qy

Fig.16 Scheme T Fig. 17 Scheme Tqptimum
Proof. Name Fig. 16 as the Scheme T; of the player Q; and Fig. 2.5 as the Optimum Scheme
Topiimum Of the player Q,. Enumerate the Ratio of Winning Probability to Player's Strength at the
scheme as follows and we have:
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PSR(2,Q,,T) =0, P, (Q,) (Pl(Qy) . Pl(QZ)):qi q;(R.(Q,) +P.(Q,)) +P.(Q,)a, +P.(Q,)a,
d;+d, 4;+4d, Q;+q, (a; +9,)(@; +a,)(g; +4d,)
29,9,
—)
— qy+qz
(9; +a,)(q; +49,)(q; +9,)

q;(q; +

PSR, Qy, Tomnen) =0 P (Q,) (Pl(Qx) N Pl(Qy)) _q, a;(P.(Q,) +P.(Q,)) +P(Q,)a, +P(Q,)q,
q;+d, 9;+d, q;+q, (a; +9,)(; +9,)(q; +4,)
29,9,
—)
— qx+qy
(9; +a,)(q; +49,)(q; +9,)

q;(q; +

29,9,

i+ —

PSR2,Q.T) _ ' 4,+4,
PSR(ZinvTOptimum) q; _’_M
ax +4,

From Theorem 16, we can confirm the PSR ratio of each player at the knockout tournament
among 4 players as Proposition 10 ~ 13.

Proposition 10. The PSR ratio of player A:

N 2cd s 2hd 2bc
PSR AT) " c+d PSR2AT,) = b+d PSRZAT) "~ b+c
PSR(Z,A, TOptimum) a+ 2bC , PSR(21A1 TOptimum) a+27bC , PSR(Z’ A1 TOptimum) a+27bc
b+c b+c b+c
Proof.
a(a+—2COI ) a(a+—2b0| )
PSR(2,A,T,) = c+d PSR(2,A,T,) = b+d
(a+b)(a+c)(a+d) (a+b)(@@a+c)(a+d)
a(a+—2bc)
PSR(2A,T,) = b+c
(a+b)(a+c)(a+d)
2cd 2bd 2bc

PSR(2,Q,T)  %"cid PSR2Q.T,)  "bid PSR2Q.T)  *Thic

_ b+c
PSR(Z’ Ql ' TOptimum ) a+ 2bC PSR(Z’ Ql ' TOptimum ) a+ LbC PSR(Z’ Ql ! TOptimum ) a+ LbC
b+c b+c b+c

Proposition 11. The PSR ratio of player B:
b 2cd b 2ac b 2ad
PSR(Z, B, Tl) _ C+d . PSR(Z, B, Tz) _ a+c . PSR(Z, B, T3) a+d

PSR(2, B, Topimum) b 2aC  PSR(2, B, Togimum) b 2ac PSR(2,B, T,

ptimum ) b + 23.C

a+c a+c a+c
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Proof.

oo+ b(b+-22%)
PSR(2,B,T,) = c+d PSR(2,B,T,) = a+C
(@a+b)(b+c)(b+d) (a+b)(b+c)(b+d)
b(b+-229y
PSR(2,B,T,) = a+d
(@a+b)(b+c)(b+d)
b 2cd b 2ac b 2ad
PSR(2,B, T,) *e+d PSR(2BT,) Ta+c  PSR(2,BT,) Tt d
PSR(21 B’ TOptimum) b+ 2ac PSR(Z’ B’ TOptimum) b+ 2ac PSR(Z’ B1 TOptimum) b+ E
a+c a+c a+c
Proposition 12. The PSR ratio of player C:
2ab 2bd 2ad
PSR(2,C,T,) at+b . _PSR@CT) _“"hid = PSR@RCT,) a+d
PSR(Z’ C' Toptimum ) C+ 2ab PSR(Z’ C’ TOptimum ) c+ 2ab PSR(Z’ C’ TOptimum ) C+ Lab
a+b a+b a+b
Proof.
c(c+—2ab) c(c+—2bd )
PSR(2,C,T,) = ath PSR(2,C,T,) = b+d
(a+c)(b+c)(c+d) (a+c)(b+c)(c+d)
c(c+—2ad )
PSR(2,C,T,) = a-+d
(a+c)(b+c)(c+d)
2ab - 2bd 2ad
PSR(2,C,T,) a+b _ PSR(2C.T) b+d _ PSRR.CT,) a+d
PSR(21 C’ TOptimum ) C+ 2ab PSR(27C! TOptimum ) C+ 2ab PSR(Z' C1 TOptimum ) C+ ﬂ
a+b a+b a+b
Proposition 13. The PSR ratio of player D:
d 2ab d 2ac q 2bc
PSR(2,D,T,) Ta+b __ PSR(2D,T) Ta+c __ PSR@D,T,) T otc
PSR(21 D’ TOptimum ) d+ 2ab PSR(21 D’ TOptimum ) d+ Lab PSR(21 D’ TOptimum ) d+ Lab
a+b a+b a+b
Proof.
dd+ 222y dd+ )
PSR(2,D,T,) = ath PSR(2,D,T,) = a+C
(@+d)(b+d)(c+d) (@a+d)(b+d)(c+d)
d(d+-2%)
PSR(2,D,T,) = b+c

(@+d)(b+d)(c+d)
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d 2ab 2ac 2bc

PSR(2,D,T,) 9taip  PSR@DT,) Y9taic  PSR@DT)  9Thic
PSR(Z’ D’ TOptimum ) d+ 2ab PSR(Z’ D’ TOptimum ) d+ ﬂ PSR(Z’ D’ TOptimum ) d+ ﬂ
a+b a+b a+b

After all, how much the influence of the scheme caused on the winning probability of the
player? We make some examples. One is that the strength of the player satisfy the arithmetic
progression, another is that the strength of the player satisfy geometric progression. Let's see the
consequence as follows.

(1) The Strength of the Player Satisfy the Arithmetic Progression

The strength of the player A,B,C and D satisfy thata=4d~b=3d~c =2d-d=d. We show The
PSR ratio of every player as follows form.

Arithmetic
. A B C D
progression (%)
T1 83 76 100 100
T, 86 100 64 82
Ts 100 81 66 77

(2)The Strength of the Player Satisfy Geometric Progression
The strength of the player A,B,C and D satisfy thata=8d~b=4d~c =2d~d =d. We show The
PSR ratio of every player as follows form.

Geometric
. A B C D
progression(%)
T, 70 77 100 100
T, 72 100 49 66
Ts 100 83 52 58

In the international game, the adopted scheme is Ts. From The PSR ratio, we can realize that

the scheme is beneficial the strongest player and it will decrease the winning probability of other
player.

I11. Inequality of Winning Probability

1. The Maximum Value of Winning Probability from the First round to the
Second round

When we know all the strength of the player, how about the maximum value of Winning
Probability reached from the first round to the second round?
Lemma 6. If the player Q; may compete against the player Qs and the player Q, at the second

round, then the maximum of winning probability of the player Q; when reaching the 2nd round
from the 1st round is:
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2

Poo. +P
P((1,2),Q,, T) < 2%~ 00
oo T Poo,

Proof. We can know the winning probability of the player Q; when reaching the 2nd round
from the 1st round is:

P((1,2),Q,, T) =P(1,Q;, T)Pyq, +P(1,Q,, TPy,
From Cauchy's inequality, we can know:
(P*(1L,Qy, M+P*(L,Q,, T (Py0,” +Poo.”)

> (P(1,Q;, T)Pyo, +P(1,Q,, TPy, )* =P*((1,2),Q,,T)
If (1) be satisfied, the equality holds.

P(liQS’T) — P(11Q4’T) —

PQ1Q3 PQ1Q4

Then P ((1,2),Q4,T) have the maximum. Besides, from (1), we have:

P(Q;) = tPoo, + P (Qu) = tPgyq,

The sum of the winning probability of the player Qs and the player Q4 equals 1.
P(1,Q,;,T)+P(1,Q,,T)=1

t(P

Q1Q3 + PQ1Q4) :1’t -

Poo, * Poq.

We have:

P P
P(l,QS,T) _ Q.Qs ’ P(l,Q4,T) _ Q.Q,4

Qs T Moo, Pa, T Pag,

Therefore, we can confirm the maximum of the winning probability of the player Q; when

reaching the 2nd round from the 1st round as follows.
2 2

Pao, P
P((l,Z),Ql,T) =P(1, Q3’T)PQ1Q3 + P(1, Q3’T)PQ1Q4 < —ixs x4

Poo, + Po.

2. The Maximum Value of Winning Probability reached from the n-1st round to
the nth round

Theorem 17. If the player Q; may compete against the player Q2"'+1, Q2"'+2,..., Q2" at the
nth round, then the maximum value of winning probability of player Q; when reaching the nth
round from the n-1th is:
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2n

Z PQ21Qi

P((n-1,n),Q,, T) < =27 —

Z PQlQi

i=2"141
Proof. We can know the winning probability of the player Q; when reaching the nth round
from the n-1th is:

P((n-1,n),Q,, T) = ZP(H -1,Qi, TPyg)

i=2"141

From Cauchy's inequality, we can know:

P (1-1,Q,.T) S Pq =( 3 (P(-1.Qu TPy )Y = P((n-1,1),Q,.T)

i=2"n i=2" i=2"1 41
If (1) be satisfied, the equality holds.
PN-1QuT) ¢ joomiig 20 1)
PQlQi

Then P ((n-1,n),Q4,T) have the maximum. Besides, from (1), we have:
n-1 _on
P(n-1,Q,, T)=tPy, ,i=2""+1~2

The sum of the winning probability of the player Q2""'+1, Q2"'+2,..., Q2" equals 1.

an-l(Qi)zl ’ Zt QQ; =1

i=2"141 i=2"141
We have:
t = on ’ Pn-l(Qi) = on -
Z PQ1Qi Z PQlQi
i=2"141 i=2"141

Therefore, we can confirm the maximum value of the winning probability of the player Q;
when reaching the nth round from the n-1th as follows.

nln(Ql)_ Z(Pnl(Q) QlQl) IZL

i=2"14
Z PQlQi

i=2"41
3. Inequality of Winning Probability
Theorem 18. The Winning Probability of player Q; satisfy the inequality:
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21

2P
= QQi
P(n,Qu ) < [ 22—
=L
Z QQi
=211y
The equality holds if and only if all players have same strength.
Proof. Combine the Formula of Winning Probability and the maximum value of the winning
probability of the player, we can conclude a theorem as follows.

Z 0
P(n,Q.,T) = H Z(P(n -1,Q,, TP, )<H'
j= n-1 _
=1 i=2"tn j=1 ZPQlQi
=211
Theorem 18 reveal an interesting truth. After decided the player we may compete against, our
winning probability is be decreased. And after sure the scheme, our winning probability will be
decreased again .
Conclusions

Results of this project clarify common beliefs in the single-elimination tournaments. We find it
surprising that the conventional wisdom "Once the strength of our opponent increases, our winning
probability will decrease” actually is false! This project may be of importance in explaining the
fairness of single-elimination tournaments, as well as in providing a better understanding of
single-elimination tournaments.
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