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Abstract

This project is about the research of the win, loss or draw of K-in-a-row. The
K-in-a-row games,also called Connect(K,p) here, defined as followed: when starting
from the black side, the black and white sides take turns putting p pieces in an infinite
board. The side who connects up to K consecutive pieces horizontally, vertically or
diagonally wins. If neither the black nor the white can connect k pieces, the game

draws.

This project focuses on the study of the draw of the Connect games. Our results are

as follows:

1. Connect(11,2) is a draw game. Currently, the best result in the world is to prove

that Connect(15,2) is draw.

2. Connect(3p+f(p), p) are draw games, accurately, K = 3p+8+3 [log2((K+4)/21)].
For example, when p=3, Connect(17,3) will be a draw; and when p=4,
Connect(23,4) will be a draw. When 3 < p < 1000, the K values are lower than

any other in the world.
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Forcing a Draw in K-in-a-Row Games

Introduction

This is an abbreviated version of the full paper [1] with the title “On Draw
K-in-a Row Games” which has been accepted for publication in the Proceedings of

Advances in Computer Games, Pamplona, Spain, May 11 - May 13, 2009.

Abstract

(k, p)-games studied in this project are k-in-a-row games with the additional rule
that the players put p stones at a time. Here is the precise rule. For a fixed positive
integer p, two players Black (always plays first) and White alternately place p stones of
their color at empty intersections of an infinite Go-like board. The winner is the first
player reaching k consecutive stones horizontally, vertically or diagonally. A player is
said to have a winning strategy if there is a rule leading to his winning no matter what

the opponent plays. The game is said to draw if neither player has a winning strategy.

Using a computer search algorithm, Allis proved that the most commonly played (5,
1)-game on a 15-by-15 board Black has a winning strategy. Borrowing arguments first
proposed by John Nash, it can be proved that White has no winning strategy in all (k,
p)-games. The surprising finding of this project shows that White can force a draw in

infinitely many (k, p)-games!
Our main results are:

1. For the (11, 2)-game, White can force a draw. Consequently, White can force a
draw over all (k, 2)-games, k > 2. This result is sharper than the optimal known

record of having a draw in a (15, 2)-game.

2. For a fixed p = 3, ..., 999, if k > 8+3p+3 ceiling (log, ((k+7)/24)), then White
can force a draw in the (k, p)-game. The lower bound expressed in this result is

also optimal so far.



(k, p)-games:

General Setting:

For a fixed positive integer p, two players Black (always plays first) and White
alternately place p stones of their color at empty intersections of an infinite Go board

(Figure 1.).

Figure 1. Go board.

Winner:

The winner is the first player reaching k consecutive stones horizontally, vertically or
diagonally.

Winning Strateqy:

A player is said to have a winning strategy if there is a rule leading to his winning no
matter what the opponent plays.

Draw:
The game is said to draw if neither player has a winning strategy.

Current Popular Games:

Tic-Tac-Toe: Similar to (3, 1)-game but played on 3 x 3 boards.
Gomoku: Similar to (5, 1)-game but played on 15 x 15 boards.
Connect6: Similar to (6, 2)-game but played on 19 x 19 boards and one stone for the

first move [2].



Background:

Here is a history of the optimal results of (k, p)-games.

1. Based on Nash’s strategy-stealing argument [3], White has no winning

strategy for any (k, p)-game.

2. Zetters discovered that White can force a draw in the (8,1)-game [4] (The

green dot in Figure 13.).

3. Pluhar discovered that White can force a draw in (p+80xlog,p+160, p)-games

for all p > 1000 [5] (Uncharted, to the right of Figure 13.).

4. Hsieh and Tsai discovered that White can force a draw in (4p+7, p)-games for

all p>1 [6] (The pink dots in Figure 13.).

Our Breakthroughs:

1)

(2)

White can force a draw in the (11, 2)-game.

This result is sharper than the best previously established record of having a draw

in a (15, 2)-game.

For each fixed p > 1, if £ > 8+3p+3 /loga((k+7)/24) [ then White can force a draw

in the (K, p)-game.

For a fixed 3 < p <999, the minimum value of k satisfying this inequality is also

the optimal in the world so far.
*  Pluhar studied only for cases with p > 1000.

« The result from Hsieh and Tsai displays a curve of slope = 4, while ours shows

a curve of slope = 3.



Main Result 1: White can force a draw in the (11, 2)-game.

Strateqgy:

Global (Figure 2.):

Figure 2. The board divided into
disjoint regions.

« Divide the board into disjoint regions as shown.

Local (Figure 3.):

* All “crucial” rows of each region are marked (Figure 3.).

Note that when rows are partially ordered by set-inclusion, all crucial rows are

maximal rows of each region.

« Strategy: As indicated in Figure 4, no crucial row of any region is to be totally

occupied by Black.

Such blocking strategy is feasible in view of the exhaustive computer search [1].

Figure 3. Crucial rows of a egion.

Therefore, White can force a draw in the (11, 2)-game.



Main Result 2: For each fixed p > 1, if k > 8+3p+3 [log,((k+7)/24) [ then

White can force a draw in the (k, p)-game.

Straightforward:

If White can force a draw in a (k, p)-game, then he can force a draw in a (k', p)-game

for any k' > k.

Less Straightforward:

If (p, k) belongs to the boundary of the region {(x, y): y > 8+3x+3 [logx((y+7)/24) },
then it belongs to one of 8 “discrete segments” S, So,..., Sy,..., Sg with the u-th

segment consisting of 2" points (except S; and Sg) (The blue dots in Figure 13.).

Strategies:

Global (Figure 5.):

For each fixed L, Global(L) is the partition of the board into disjoint regions as

shown.

Figure 5. The board is divided into disjoint regions.



Local (Figure 6.):

For the game with p stones placed at each move, Local(L,p) is the strategy that

prevents Black from totally occupying a complete crucial row as marked in Figure

Figure 6. Crucial rows of a region.

6. .

Visual interpretation (Figure 7.):

When the region is transformed and the moves are mapped accordingly as
indicated in Figure?7., the transformed region takes a simpler appearance: all crucial

rows are either vertical or diagonal in one direction only.

(a) Crucial rows of a region. (b) Crucial rows of a transformed region.

Figure 7. Each red frame, along with the crucial rows, is reflected across the dash line.

Boundary parameterized:

Whenever (p, k) satisfies the equality k = 8+3p+3 /log,((k+7)/24) / there is a unique
integer L such that k = 3L-1. Each point on the boundary thus receives a unique

label L, 4 <L <1003.



A Sufficient Condition for Local(L, p):

* The condition “After each move by White, the number of black stones in each
unblocked row be no bigger then L—p—1.” can be taken as the “existence” of

Local(L, p).

« Although the existence of Local(L, p) is to be precisely established, we see that
by combining Global(L) with Local(L, p), Black can be prevented from forming

(3L-1)-in-a-row (Figure 8.). Consequently, White can force a draw in (3L-1,

p)-game.

Figure 8. Each (3L-1)-in-a-row black stones must
cover a crucial row.

Existence of Local(L, p) for Points on the Boundary:

Step 1. For each point with label L=4,5, 6, 7, 8, the existence is separately

treated in [1].

Step 2. For L > 9, the existence follows by applying induction to the following

two Lemmas.

Lemma 1. Assume that Local(L, p) exists. Then Local(2L+1, L+p)

exists (Figure 9.).



Lemma 2. Assume that Local(L, p) exists. Then Local(2L+2, L+p+1)

exists (Figure 10.).

2L+1

—2L+2

Figure 10. Crucial rows of each region of width 2L+2.

Step 3. Combining the above, we find that:

(1) For points of S;, the labels are L = 4, 5, 6, so the result follows from Step 1.

(2) For the two points (3, 20) and (4, 23) of S, the labels are L = 7, 8, so the result

from Step 1.

(3) For the other 6 points of S,, we see that the labels are ranging from 9 to 14, so

the result follows from Step 2.

(4) By repeated applications of Step 2 to each point of Sy, 3 < u < 8, we see that

Main Result 2 holds.



Outline of the Proof of Lemma 1:

Goal:

Writing L' = 2L+1 and p' = L+p, we are to prove that after each move by White,
the number of black stones in each unblocked row can be kept no bigger then

L—p-1=L-—p.

Shuffling:

After each transformed region is painted with yellow, blue and red according to the
pattern indicated in Figure 8., we then shuffle the yellow parts into one infinite
strip, the blue parts into one infinite strip as indicated in Figure 11., and leave the

red parts alone (Figure 12.).

2L+1

—_— ——
L+1 L

Figure 11. Red part.
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Figure 12. Yellow part.



Goal is achieved by showing:

After each move by White, the number of black stones in each unblocked crucial
row meets exactly one of the two requirements given in last two horizontal rows of

Table 1:

Table 1. State maintained by White.

\I Red Yellow Blue

Requirement 1 <1 <L-p-1 0
Requirement 2 <1 0 <L-p-1

This is made possible when the induction hypothesis is applied to each of the
three parts. Therefore, after each move by White, the number of black stones in an

unblocked crucial row can be restricted to at most L—p.

Outline of the Proof of Lemma 2:

This is similar to Lemma 1, except Figure 10. is used.

Therefore, the desired result holds for points on the boundary, consequently, the

whole shaded region.

200 50
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k 100
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50
10 f..-°
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p p

4 Zetters' result 1980 —s=— Hsieh and Tasi's result 2007
Main Result 1 2009 —— Main Result 2 2009

Figure 13. Background and Main Results.



Conclusions:

1. White can force a draw in the (11, 2)-game.

2. For each fixed p > 1, if k > 8+3p+3 /log,((k+7)/24) / then White can force a draw

in the (k, p)-game.
3. Ongoing investigation: Find all (k, p)-games that may reach a draw.
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