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Magic Guessing ---
Study of the Guessing Ratio Developed from the Derived Information
Abstract

The study is mathematically based with reasonable explanations behind it. We are to
correctly guess as many cards as possible from a deck of 36 cards, with random
numbers and four different suits. We will apply mathematical methods, such as logic
inference, binary system, and analytical reduction, upon right timing. Using careful
arrangement of the principles and reasoning, we can reach our ultimate goal. To state
guessing: Conference between the guesser and the assistant about the guessing rules,
the assistant will have 36 cards with the same exact pattern on the back but not
symmetrical. The pattern of the cards will be different when rotated 180°. The only
communication between the two is by rotating cards. In this study, we can prove that
through mathematical method, we can assure 26 or more cards can be correctly
guessed. Furthermore, when the total amount of cards is close to infinity, we can
assure 81.07% or more of the cards can be correctly guessed, and prove that if the
cards are guessed from independent information, no more than 87.37% of the cards
will be correctly guessed by any guessing methods. One of the examples, which 80%
of the cards are correctly guessed, is that when the amount of the cards is 23006,

18405 or more of the cards can be correctly guessed. (£ > 4)
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My name is Sheng Hao Jiang. I am a senior in National Experimental High School at Hsinchu
Science Park math honor class.

My project is based on the method guaranteed to correctly guess the suit of cards as many as
possible, which was from my last year project “Magic Guessing”, and I make more research on it.

Since my seventh grade, I have been working on this problem for four years. Not until last
year did I write my whole project to participate in the International Science and Engineering Fair.
Being questioned and suggested by judges last year, inspecting and learning from others as well, |
found that there is indeed more room for my project. Therefore, I make development on the content
and research orientation this year. I am so glad that my research has made a great progress and

improvement, which is beyond my expectation.



Magician’s Prediction of Card Suits

Abstract

The study is mathematically based with reasonable explanations behind it. We are to
correctly guess as many cards as possible from a deck of 36 cards, with random
numbers and four different suits. We will apply mathematical methods, such as logic
inference, binary system, and analytical reduction, upon right timing. Using careful
arrangement of the principles and reasoning, we can reach our ultimate goal. To state
guessing: Conference between the guesser and the assistant about the guessing rules,
the assistant will have 36 cards with the same exact pattern on the back but not
symmetrical. The pattern of the cards will be different when rotated 180°. The only
communication between the two is by rotating cards. In this study, we can prove that
through mathematical method, we can assure 26 or more cards can be correctly
guessed. Furthermore, when the total amount of cards is close to infinity, we can
assure 81.07% or more of the cards can be correctly guessed, and prove that if the
cards are guessed from independent information, no more than 87.37% of the cards
will be correctly guessed by any guessing methods. One of the examples, which 80%
of the cards are correctly guessed, is that when the amount of the cards is 23006,

18405 or more of the cards can be correctly guessed. (13 > 4)




Text
Introduction
The words”guess, predict, deduce” in this project mean we make the reasoning with
mathematical principles and methods, not really guess with luck and probability. “Bit” means O or 1.

“Information” means the amount of possible situation. For example, 2 bits mean 4 messages.

I ~ Research motivation

In math discussion website, lots of people are discussing a math problem which is from
International Mathematics Tournament of Towns 2004, senior papers, A level. " The audience
shuffles a deck of 36 cards, containing 9 cards in each of the suits spades, hearts, diamonds and
clubs. A magician predicts the suit of the cards, one at a time, starting with the uppermost one
in the face-down deck. The design on the back of each card is an arrow. An assistant examines
the deck without changing the order of the cards, and points the arrow on the back each card
either towards or away from the magician, according to some system agreed upon in advance
with the magician. Is there such a system which enables the magician to guarantee the correct
prediction of the suit of at least (a) 19 cards;(b) 20 cards? | °

After discussing with others, I am interested in this question. However, I think there is
room for improvement. I keep trying and improving the solutions which have been proposed
on the internet. Based on the solution for 36 cards, I extend my research when the card number

doesn’t equal 36.

Il ~ Research purpose
A ~ Guessing suits form 36 cards
(a) Rules -

1. A 36-card deck contains 9 cards form 4 different suits spade, heart, diamond and

club. The patterns on the card back are the same, but not symmetrical.

2. The magician and the assistant have made their guessing protocol in advance
before the performance. After the assistant get the well-shuffled cards, they are
not allowed to talk any more.

3. The order of the cards can not be changed, but the assistant can adjust the

direction of the card back. The assistant can make the arrow head on card backs

2



point toward or away from the magician.
4. The magician can only see one card back on the top. He guesses the card suit one

by one, and flips over.

(b) The flow chart of guessing suits

EDACD

- i assistant magictian
assistant magictian assistant magictian
After the assistant read the
They make a guessing Hand the well-shuffled o
cards > he changes the directions
rule in advance. cards to the assistant.

of cards according tio the rule.

“ I
A

Guess one card and open it.

assistant magictian

assistant magictian

Magician guesses the suit
The assistant face down the deck and
- o according to the directions of Repeat the procedure until the
put it in front of magician

cards. last one done.

With mathematical principle and methods, we find out one way guaranteed to guess most

card backs correctly among 36 cards.

B ~ Guessing suits from N cards
N cards, which is not fixed, and N approaches to infinity.
(a) Find the ratio, r, of the guaranteed number of correctly guessed cards to the number of
total cards.

(b) Calculate the limit, R, of the ratio.

111 ~ Research tool

Paper, pen and computer



IV ~ Research method and process

A ~ T'induct the following guessing rules:

(a) There are two different directions for a card back, go up or down. Assume that going
up as 1, and going down as 0, which information is a bit.
(b) There are four different permutations for two card backs: (1°1) ~ (1°0) ~ (0°1)

(0 > 0). They represent the suits: spade, heart, diamond and club.
3 2 1 o
Ol i

Card back 1
P o
Card face

A=

‘

<=

=]

(c) The first card can’t be guessed correctly, because it needs at least two bits to guess one
card.
(d) The last two cards can be deduced by the information from 35™ card back. Put the suits

in order: spade> heart> diamond> club. The suit of 35" card may be greater than,

equivalent to, or smaller than that of the 36™ card.
(1) greater: Set the card back of the 35" card as 1
(2) smaller : Set the card back of the 35" card as 0

(3) equivalent : You’ll know it without guessing.

B ~ Guessing cards :

(a) The method I figure out
Consecutive 7 times

r A
2 cards 2 cards 4 cards 4 cards 4 cards 2 cards 2 cards
[ [ | 1
I hit 1 hit y 3 hits y 3 hits I h% %2 hits
L 1|1 |
1 bit 1 bit 2 bits °e 2 bits
Procedure :
Step 1 : We can deduce the 2™ and 3™ card faces with the 1* and 2™ card backs.

We assume that these two cards have the same suit, but we can only have
one correct. The assistant can control which card, the former or the latter,

to be correctly guessed by magician. There are two different hints. If the

4



former card is correctly guessed, we code it as “1”. If the latter card is

correct, we code it as “0”’. Then, we’ll have one bit.

|
i 0 i [
|
Card back i
0 by 0 0
_____ u
1, 1fagIf
|
Card face ' Q . Q
Y g ] Y
|
- o X | X o
Guess right 5
It reveals the information to the magician: Tor|
or wrong?

Step 2 :  Repeat step 1 to deduce the suit of the 4™ and 5™ card. We can have one
correct, which means one bit. So far, we have correctly guessed two
cards, and had 2 bits.

Step 3 : With the 5™ to 8" card backs and the previous 2 bits, we can deduce the
suits from the 6™ to 9" cards. We can have three right answers.
Meanwhile, 2 bits are produced. (See detailed explanation below)

Step 4 : From the 5" card, group 4 consecutive cards as a set. Repeat step 3 for 7
times to guess the following 7 sets until the 33 card face is done. In this
process, we can have 21 cards being correctly guessed.

Step 5 We deduce the 34™ card face with the 33" and 34™ card back.

Step 6 : The 35" and 36™ cards can be guessed correctly.

There are 2+3x7+1+2=26 cards correctly guessed.

(b) Detailed explanations (explain step 3 ; See table 3)
Define the difference of suits :
Assume that: spade=3, heart=2, diamond=1 and club=0. The difference of any two

cards is the latter card suit minus the former one. For example: (A =3)

08 .
A
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The method as followed:

1. In step 3, the assistant divides 4 card backs in two groups. There are two card

backs and two faces in each group. Calculate the differences of each group.

Use the previous two bits which we get from first two steps to represent one of

the differences.

2. After the magician guesses the first card, additionally, he can deduce the second

card with the difference shown by previous two bits. After he guesses the

third card, he can deduce the fourth card with the previous two bits.

With this method, the assistant has four ways to give hints.

1. Use the previous two bits to show the difference of the first pair of cards. These

two card backs can show the suit of the first card face. With the difference

shown before, the second card face can be guessed. As for the last two cards,

the assistant can control which one be guessed by the magician, either the

former one (see signal 1) or the latter one (see signal 2).

2. Use the previous two bits to show the difference of the last pair of cards. Also,

the assistant can control which card in first pair be guessed by the magician.

Use the last two card backs to show the third card suit, and the fourth card face

can be guessed.

Signal 1 Signal 2
Difference ; Ii ; ; Difference ; I i ; ;
Code 1 o olo x Code 1 o ol x o
Signal 3 Signal 4
Difference ;LI"E ofw | pifference ;LI"E ‘olv
Code 3 o x ! o o Code 3 x o'! o o

These four signals are two bits.

Special cases :

2 cards 2 cards
T +—— T —1
Represent the 2 hits 1 hit
difference between
1 bit
the former two cards
2 cards 2 cards
T T—— T —
Represent the 1 hit 2 hits ¢
difference between . | | | |
1 bit

the last two cards

1. Instep 1 and 2, if the 2" and 3" suits are the same, these two cards will be

guessed without leaving any message. Continue guessing two card faces with
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two card backs until two bits are generated. The cards being correctly guessed
will just increase. The 4™ and 5™ cards can use the same way.

2. Instep 3, if the differences of these two pairs are equivalent, these four cards will
be guessed correctly. Then use two card backs to guess two card faces until two
bits are generated. The worst situation is that 2 bits come from two guessing,
which means 2 hits from 4 cards. But four cards are correct before, there are 6

correct cards from these 8 cards. The total number of correct guessing is not

changed.
Input message Output message
General case 2 messages | 3 hits from 4 cards [ 2 messages
Input message Output message

2 messages | 4 hits from 4 cards [ 0 messages

Special |
pecial case v

0 messages | 2 hits from 4 cards | 2 messages

C ~ The correct prediction rate of N cards (N is sufficiently large):
We can use a method which is especially for large numbers.

(a) Initial idea :

p bits p cards p cards
g |
rp hits ¢ rp hits ¢
I I
p bits v p bit v

Step 1 :  Generate p bits by some cards. With the following p card backs, guess suits
of these p card faces.

Step 2 ©  We can only correctly guess rp cards, and the generated messages = 9 P o

Step 3 ©  Use these p bits messages to repeat step 2.

If N approaches to infinity, the cards used in step 1 can be omitted. The correctly

prediction rate is r (r<1).



(b) Strategy -
p bits and p card backs give 4p messages, which means all combination of p cards.
So, the assistant can control how many cards being correctly guessed by the
magician. But, the purpose to guess only rp cards is to generate p bits; meanwhile, r
has to be as great as possible.

(c¢) Find the value of r :
There are C ways to guess correctly rp cards from p cards, and (1-r) p cards will
be guessed wrong. For every card, there are three wrong answers for the suit.
Therefore, there are 3(1_r)p ways to correctly guess rp cards, and there are

Cr'; -3(H)p ways in total. In order to produce more than 79 ® messages, the following

inequality equation is obtained: C -3(1_ > 2°.

p' ) .3(l—r)p22p
!

Now, Stirling Formula can be applied in this case. nl=+/2zn [EJ
€

Then we will have the following inequality.

o (@) AT
J2rrp 27 (1-1)p (f)”’((l—er)p)(l—”p -

Simplify, and we have:

1 3T i P
ZnT(l—-r)p).(rr-(l—-rer =2

If p approaches to infinity, we will obtain:

1-r
B
r'-(1-r)
With computation, r is around 0.810710375. To sum up, it’s guaranteed that we can
have 81.07% of the cards correctly predicted, when the number of cards approaches

to infinity.



(d) An example of guessing rate more than 80% (23006 cards) -
C ;26-321 > 2106 . We use 106 bits and 106 cards to correctly predict 85 cards, and

generate 106 bits. The prediction rate is £ > 80.18% > 80% .

106

consecutive 106 times consecutive 214 times

-

2 cards 2 cards 106 cards 106 cards
] T | |
1 hit 1 hit 85 hits 85 hits

L N B ) |
1 bit 1 bit 106 bits 5 106 bits 5
1 |
Consecutive 106 times
106 cards 106 cards 2cards 2 cards
| | | [ T
85 hits 85 hits 1 hit 2 hits
e o o | | |
106 bits 5

Step 1 : Use two card backs to predict two card faces for 106 times. You’ll have 106
corrections, and 106 bits.

Step 2 - Use the 106bits generated above and 106 card backs to guess correctly 85
cards. Meanwhile, 106 bits are generated. Repeat this step for 214 times,
you will have 18,190 correct predictions on card suits and 106 bits.

Step 3 : Use the rest of 106 bits and 106 card backs to predict the following 106 card
suits.

Step 4 ©  Deduce the last third card suit with the last fourth and the last third card
back.

Step 5 - The last two cards can be guessed correctly.

Totally speaking, we correctly guess 106+85x214+106+1+2=18405 cards, and the
ratio 438 > 80.00087% > 80% . Therefore, it is guaranteed to correctly predict

81.07% of the cards, and it works very well.



V ~ General discussion and development
A ~ Discussion

This research has guaranteed that not less than 26 cards can be correctly predicted
from 36 cards. When there is large enough number of cards, more than 81.07% of cards
are guaranteed to be correctly predicted.

This question is not only discussed in our famous math website, but also in other
countries. They focus on how to correctly predict more cards. One Russian student posts
his method which can correctly deduce 26 cards. After I carefully verify his method, I
find there’s something wrong with his method and it can’t predict 26 cards.

The proof in my project, “The correct prediction rate is over 80% when there are
sufficiently large cards”, has not been put forth in math discussion website so far.

B ~ Development

In the method “not less than 26 cards can be correctly predicted among 36 cards”,
there are two bits haven’t been used. Therefore, we can have the conclusion that’not less
than 28 cards can be correctly predicted among 38 cards.”

The outcome from my project is that the messages can only be recognized by
specific message receivers by transforming and encoding messages. During the guessing
process, bits will be constantly generated. If the bits can be applied to computer science,
the transporting can be speeded up. As a result, this research can be applied to coding

and computer transporting.

VI ~ Conclusion
A ~ In this magic guessing game, the magician can guess not less than 26 card suits among 36
cards.
B~ When there are sufficiently large cards, the guaranteed predict rate, r, is about
0.810710375.

C ~ When there are 23006 cards, it is guaranteed that not less than 18405 cards can be

correctly predicted.  (1%%5 > 80.00087% >80% ) °

D ~ This method can be expanded to X directions of card backs, and Y suits of card faces.
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VIl -~ References material
A ~ Famous math discussion website:

http://www.chiuchang.org.tw/modules/newbb/viewtopic.php?topic 1d=494&forum=6

B ~ Russian discussion website: :

http://community.livejournal.com/ru_math/114368.html

C ~ Russian discussion website (English Version) :

http://groups.google.com/group/rec.puzzles/browse_thread/thread/1e3183b9594bf989/a40

£72a688326¢cb8?Ink=st&g=&rnum=3 &hl=en#a40{f7aa688326cb8
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