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The Study of M&m Sequences

Abstract

This research studies the property of stability of an M&m sequence which starts with any three
real numbers a,, a,, a,. The questions we concern are as follows:

(1) Is every M&m sequence starting with any three real numbers a,, a,, a, stable?

(2) If the M&m sequence is stable, what is the relationship between the stable length and the
initial values a,, a,, a,?

(3) What is the relationship between the stable values and the initial values a,, a,, a,?

The approaches and the results are as follows:

1. If a, <a,=a, or a, =a, <a,, the M&m sequences will be stable, the stable value is a, and
the stable length is 5.

2. When a, <a,<a, and they are not equal difference sequences (it is trivial for the equal difference
case), there is a linear transformation f(x) =ax+ £ such that the M&m Sequence beginning with
a,, a,, a, can be transformed into another M&m Sequence beginning with —x, 1, x (x>1).

3. We prove the following properties:

(1) If the median of the former n numbers (a,, a,, a,,-:-, @,) of the M&m sequence is M, we
obtain a,,, =m,+k(m, -m_) k=>4

(2) There exist k >4, k e Nsuch that m_, =m, ,, then the sequence is stable and the stable
length p=min{k |k >4and m, , =m, ,}, where p must be an odd number.

(3) {m, } is monotone increasingand a, >m, ; ,n>5,
4. Suppose x>41.625, then the all M&m Sequences beginning with —x , 1, x are the same, and the
sequences will be stable, the stable value is 41.625 and the stable length is 73.

5. By the computer experiments, we observe that if x is any positive real number less than 41.625, the
M&m Sequence starting with —x, 1, x, will be also stable but does not appear to follow any clearly
discernible pattern of behavior. However, the stable lengths are much variant and exist some
unknown relation with point format of x. Moreover, we have the following properties:

(1)If x is a node, then the stable value is x and the stable length equals to the index of median of
the node + 2 ;

(2)Near the branch of 41.625, the stable length is almost a constant except at the edge area > the
stable length of (-x,1,x) as x around branch 1 is chaos

(3)If x near the node (K= 3, 5, 7, ..., 67, 69), then the stable length is I(K)+ K -1 where the
positive integral 1(K) is determined by Propl (see Table 6 and 7).
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* 1

Columns 1 through 11
-41.6250  1.0000 41.6250 3.0000 6.0000 8.0000 13.5000 16.5000 15.0000 17.0000  38.2500
-999.0000 1.0000  999.0000 3.0000 6.0000 8.0000 13.5000 16.5000 15.0000 17.0000  38.2500

Columns 12 through 22
43.7500 23.2500 247500 26.2500 27.7500 20.7500 21.2500 52.6250 56.3750 26.0000  26.5000
43.7500 23.2500 247500 26.2500 27.7500 20.7500 21.2500 52.6250 56.3750 26.0000 26.5000

Columns 23 through 33
44.2500 46.2500 42.0000 43.5000 41.6250 42.8750 29.6250 29.8750 30.1250 30.3750  47.1250
44.2500 46.2500 42.0000 43.5000 41.6250 42.8750 29.6250 29.8750 30.1250 30.3750  47.1250

Columns 34 through 44
48.3750 60.5625 62.4375 34.2500 345000 34.7500 35.0000 35.2500 35.5000 113.6875 117.5625
48.3750 60.5625 62.4375 342500 345000 34.7500 35.0000 35.2500 35.5000 113.6875 117.5625

Columns 45 through 55
39.8750 40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250 41.8750 42.1250 111.1250
39.8750 40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250 41.8750 42.1250 111.1250

Columns 56 through 66
113.8750 84.5625 86.1875 47.2500 47.5000 47.7500 48.0000 48.2500 48.5000 48.7500  49.0000
113.8750 84.5625 86.1875 47.2500 47.5000 47.7500 48.0000 48.2500 48.5000 48.7500  49.0000

Columns 67 through 77
49.2500 49.5000 49.7500 50.0000 50.2500 50.5000 41.6250 41.6250 41.6250 41.6250 41.6250
49.2500 49.5000 49.7500 50.0000 50.2500 50.5000 41.6250 41.6250 41.6250 41.6250 41.6250
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JF/1 /f’;fi«?} k>4, keN »Ji## m_ =m_, 57 [llIFgr it =" A2 < % (stable length )
P }ﬁ%ﬁl p=min{k |k >4 m_ =m_,} - Z//ip dt"/[/ Ve

%‘L“—F'EJ : ‘?J A={k|k>4" m_=m_} > p=min{k|k>4=" m_ =m_,} > [If1(1)* ppuda

M #E a,=m;+(p-H(m,,—-m,,)=m
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p=51 K5 ¢ -

aed 1 | 2| 3| 4|5 |6 | 7| 8] 9|10 11| 12

M&MEI | g0 | 10 | 80 | 30 | 60 | 80 | 135 | 165 | 150 | 170 | 80 | 80

Fl At B Rlesl] 1.0 | 20 | 30 | 45 | 60 | 70 | 80 | 80 | 80 | 80

JIF2 :{m, }575757# 7 R ER L A, > my e

4

i

S R R
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jgf—FIEJmA >m,
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et s YRR E e NTJ@% Y P IER3 e o{a oy R PRS0 RIE IR

b Ry PRI m, 3 kL
i m.=a, rl%A:

HpY EIEg R 20 {m, }Eﬂ?%fﬁg*ﬂoo[ﬂ Pt o FIIRBIOK

{k|ke NEm, =a,] R Az g -

m, +a a +a
F]4k, =min{A} > Hlim, , = klz : r2 =a, > T R 3 @A {m PERE
Erﬁ%/@fva ,?*:l:l E‘I:]%J ’Fr[ 7?{9‘?%;;30

I'la,=-2~a,=1- a,=2 fify] » M&m B[l 3 Fira- » i =i l%?iﬁwjﬁ’lﬂi%@'rqﬂﬁv'

r=23 > Hiip>q>3ffifHa =a,=

, =10 > ’5 SRIFRETIRAR RS - SRR 1

%3
Columns 1 through 9
M&m -2.0000 1.0000 2.0000 3.0000 3.5000 4.5000 5.5000 6.5000 5.2500
Fl 1§~ -2.0000 -0.5000 1.0000 1.5000 2.0000 2.5000 3.0000 3.2500 3.5000
Columns 10 through 18
5.7500 9.0000 10.0000 9.3750  10.1250 7.1250 7.3750 7.6250 7.8750
4.0000 4.5000 4.8750 5.2500 5.3750 5.5000 5.6250 5.7500 6.1250
Columns 19 through 27
12.8750 13.6250 13.0625 13.6875 10.0000  10.2500 10.5000  10.7500 11.0000
6.5000 6.8125 7.1250 7.2500 7.3750 7.5000 7.6250 7.7500 7.8750
Columns 28 through 35
11.2500 24.1875 253125 14.8125 15.1875 19.6875 20.3125 10.0000
8.4375 9.0000 9.1875 9.3750 9.6875 10.0000  10.0000  10.0000
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UPUPSSE I X RLET (R SO 41625 [l [IEICX , 1 )T M&m B
Gl LT 41625 D ARERA LTS
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Columns 1 through 7
M&m -41.6250 1.0000
FlIAk g -41.6250 -20.3125

Columns 8 through 14
16.5000  15.0000
7.0000 8.0000

Columns 15 through 21
26.2500  27.7500
16.5000  16.7500

Columns 22 through 28
26.5000  44.2500
22.2500  23.2500

Columns 29 through 35
29.6250  29.8750
26.2500  26.3750

Columns 36 through 42
62.4375  34.2500
29.7500  29.8750

Columns 43 through 49
113.6875 117.5625
34.2500  34.3750

Columns 50 through 56
41.1250 41.3750
35.1250  35.2500

Columns 57 through 63
84.5625  86.1875
39.8750  40.0000

Columns 64 through 70
48.5000  48.7500
40.7500  40.8750

Columns 71 through 77
50.2500  50.5000
41.6250  41.6250

41.6250
1.0000

17.0000
10.7500

20.7500
17.0000

46.2500
24.0000

30.1250
26.5000

34.5000
30.0000

39.8750

34.5000

41.6250
35.3750

47.2500
40.1250

49.0000
41.0000

41.6250
41.6250

3.0000
2.0000

38.2500
13.5000

21.2500
18.8750

42.0000
24.7500

30.3750
27.1250

34.7500
30.1250

40.1250
34.6250

41.8750
35.5000

47.5000
40.2500

49.2500
41.1250

41.6250
41.6250

6.0000
3.0000

43.7500
14.2500

52.6250
20.7500

43.5000
25.3750

47.1250
27.7500

35.0000
30.2500

40.3750
34.7500

42.1250
36.8750

47.7500
40.3750

49.5000
41.2500

41.6250
41.6250

8.0000
4.5000

23.2500
15.0000

56.3750
21.0000

41.6250
26.0000

48.3750
28.6875

35.2500
30.3750

40.6250
34.8750

111.1250
38.2500

48.0000
40.5000

49.7500
41.3750

41.6250
41.6250

13.5000
6.0000

24.7500
15.7500

26.0000
21.2500

42.8750
26.1250

60.5625
29.6250

35.5000
32.3125

40.8750
35.0000

113.8750
39.0625

48.2500
40.6250

50.0000
41.5000

41.6250
41.6250
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o~ S 41,625

S B ORI 5 R PO -

’/Yg/éﬁ/l : ?[/ﬁ/xf://f///f? [ HC41.625 FIEE s Fl-x, 1, X)Ct:f%c"/ﬁ’?’z%%;ﬂf/M&m Wi f/f/%?ffﬁ/ﬁ
2 B -

FL O RUPPIAE L i GORLL e o 2 P x (1 1~50 o I BB OISR - I 6
o XA 41,625 [ > ST IR x PO TR T R R IIR  E RS
b TR o F IR R ¢ (1) x=24.97 > (2) x=24.98 » 53 I ZI()FRERE p=75
T (QFRERY p=10941 o FEag s IRES 1 £ EIAR IR AU 0.01 > A
TR M&m A » 1l i 51 IRAT1% 108661

-x 1 %, ¥=0:.5:50, stable length -x 1 x, #x=24.5:.01:25.5, stable length
T T T T T T T T T

300 12000
10000 -
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6000 -
4000 -
2000 H
I L I I 0 i
30 58 40 45 &0 245 248 247 248 249 25 251 252 253 254 2585
w10t -x 1 o, w=24 520: 00001 :24 522, stable length
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4.5 - B
A4 - p
3.5 B
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2 -
1.5 B
1
.5 rf

o H I 1 I
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o Qﬁg’gfyﬁ 53 A pURR AR

O X BLET (0 4 41.625 O s BIIFIGx, 1, @G 0 M&m B - ELI o 1
wRTETH RISt (ERLS AR BRI o gS — s fU 29 o |1k 4 ST v Bl A2
i R P R M&m BEIRIE R OB LR (node) » 1% 4 iﬁ@ﬁ%@[@ °
57 Sl 4T 35 [ﬁéirﬂf PPt [ 4 it S x SO0 BRI H AR LA 1 5
S S e N s (1) x=41.3750 SLARY > HARE i a, =41.3750 1 (2) x =35 AR HAREL
[ a5 =35 o [FIFEER A aTRIFRER G RS S B > A 4 plIFTI Bt el +2 > QA 5 Y]
T o i e [l IR TR -

_-El

w

REI MG ety “‘;’Jﬁ?(branch) HE) 34 (5346 - SFET V51 (BL-BE, M
B24-B34) AR O - A B 7 < 7T )T 41625 [051 R > R
SRR 95 B ) t?lklﬁuyﬁﬁt CHARER A S SIE -

Columns 1 through 8

e 4 pl15 By .\\I'EL'}EF'['(K) 3.0000 5.0000 7.0000 9.0000 11.0000 13.0000  15.0000 17.0000

AR X fifi 1.0000 3.0000 6.0000 8.0000 13.5000 15.0000 16.5000  17.0000
RLf 1.0000 3.0000 6.0000 8.0000 13.5000 15.0000 16.5000  17.0000
RERY 5.0000 7.0000 9.0000 11.0000 13.0000  15.0000 17.0000 19.0000

Columns 9 through 18

19.0000 21.0000 23.0000 25.0000 27.0000 29.0000 31.0000 33.0000 35.0000 37.0000
20.7500 21.2500 23.2500 24.7500 26.0000 26.2500 26.5000 27.7500 29.6250  29.8750
20.7500 21.2500 23.2500 24.7500 26.0000 26.2500 26.5000 27.7500 29.6250  29.8750
21.0000 23.0000 25.0000 27.0000 29.0000 31.0000 33.0000 35.0000 37.0000 39.0000

Columns 19 through 28

39.0000 41.0000 43.0000 45.0000 47.0000 49.0000 51.0000 53.0000 55.0000 57.0000
30.1250  30.3750 34.2500 34.5000 34.7500 35.0000 35.2500 35.5000 38.2500 39.8750
30.1250  30.3750 34.2500 34.5000 34.7500 35.0000 35.2500 355000 38.2500 39.8750
41.0000 43.0000 45.0000 47.0000 49.0000 51.0000 53.0000 55.0000 57.0000 59.0000

Columns 29 through 35

59.0000 61.0000 63.0000 65.0000 67.0000 69.0000 71.0000
40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250
40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250
61.0000 63.0000 65.0000 67.0000 69.0000 71.0000 73.0000
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¥=8.00001 Mén sequence and median seguence
BI:”:I3 T T T T T T

8.0025

8.002

8.0015

8.001

5.0005

ps

J‘;fié;{mgs %— %ﬁﬁ'@x:8+25 AR Sﬂlf[ffigﬁi{ﬁﬁtfgf K=9 - fli 4 4imy =8 » 7|
HI(1)=Y a,, =m, +k(m, —m,,) A
a; =my, +10(m, —my) =m,, +10c =my +11le =8+1l¢
a, =my, +11(m;,; -m,)=8+13¢ ---
Hle<a,, > alz---["é’g—ﬁ b=0>m,=0->b,=2>m,=1

b,=(a,-mg)/e=11=m",+(9+2-)(m',—m’,) -

b,=(a,-my)/e=13=m';+(9+3-1)(m';—m’, ) -

bk+1 = m'k "’(9 +k _1)(mlk _m'k—l ))
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IPRLFIEARS P BifiUx =8+ 26 > SRV L IARIBAVAATR L 11(K+2) ) Y
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b,=(ag;—mM)/e=K+4=m+(K+3-1)(m';—m’,) -
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SRR S~ BP9 X H SRR AR R (K2 A b BIARE
R 3 HFAL b B R R KIS L

A~ JRARL - T‘i_kjjﬁ«j‘r,::rﬁﬂiﬁfjg >0 P k(e 53 fXTF)

8+¢-max{h, |L1<k <53}<135 (ARi8 U™~ [HERfE) -

HVRESITICE SRR 6 > i x e (8, 8+22) I (1 ) KR IS M&m B[ T £ T o
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EHI11(9) £ K=0 [ b BrijIfmR R » [NI5 7' FUH8 < x <8+ 25 =8.024726 » HAR LR
THL 61 9 HFRL b BEIFTRER A K 1 - 7 SRS i X S 8.0890 » HARELRA (Y

15 61 DI 10 T » PRI ERE ¢ OGS TR -

i BRI R e AR
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B0

a0

40
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* 6

Columns 1 through 10
K 3 5 7 9 11 13 15 17 19 21
b VAEELE(I(K)) 71 59 45 53 249 249 237 141 171 215

éﬁ’%ﬁx+2&*ﬂ/%7{5§@ 73 63 51 61 259 261 251 157 189 235

Columns 11 through 22
23 25 27 29 31 33 35 37 39 41 43 45
99 203 405 567 117 1147 1219 137 345 553 277 109
121 227 431 595 147 1179 1253 173 383 593 319 153

Columns 23 through 34
47 49 51 53 55 57 59 61 63 65 67 69
227 367 301 179 259 393 529 249 627 223 629 203
273 415 351 231 313 449 587 309 689 287 695 271

*7

Columns 1 through 8
K 3 5 7 9 11 13 15 17
(2., —ax) 2.0000 3.0000 2.0000 5.5000 1.5000 1.5000 0.5000 3.7500
max{b, } 116.5625 318.50 325.1250  444.875 997.6250 1122.125 2138.625 2329.0625

&x 0.017158  0.009419 0.006151 0.012363 0.001504 0.001337 0.000234 0.001610

Columns 9 through 17

19 21 23 25 27 29 31 33 35
0.5000 2.0000  1.5000  1.2500 0.2500 0.2500 1.2500 1.8750 0.2500
2892.875 3007.5 17145 24719375 7491.5 3788.59375 7055.50  6167.1875 6520.750
0.000173 0.000665 0.000875 0.000506 0.000033 0.000066 0.000177 0.000304 0.000038

Columns 18 through 26

37 39 41 43 45 47 49 51 53
6842.5 6139.5  7762.375 15188.625 7870.25 8223.5 < 9549.8750 12527.09375 12233.5
0.2500 0.2500 3.8750 0.2500 0.2500  0.2500  0.2500 0.2500 2.7500
0.000037 0.000041 0.000499 0.000016 0.000032 0.000030 0.000026 0.000020  0.000225
Columns 27 through 34
55 57 59 61 63 65 67 69
17400.3125 27141.375 29075.0625 32780.5  4.206.5  28900.75 29266.75 21168.375
1.6250 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500 0.2500

0.000093 0.000009  0.000009 0.000008 0.000006 0.000009 0.000009 0.000012
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i ~ BRFF

B — (ﬁ%ﬁ' 1 i MATLAB #=1)

% figure_1

clear, clf,

1=47;

A=[0 67 78];

al=A(1); a2=A(2); a3=A(3);
for i=1:3

B(i)=(al+a3-2*A(i))/(al+a3-2*a2);

Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1

j=i+3;
A(j)=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2)):
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Med(j)=median(A);
end

subplot(211), plot(A),
title(((0 67 78))
ylabel(‘'sequence value')

A=sort(B);
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
J=i+3;
A(j)=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
end

subplot(212), plot(A),
title('(-1.3929 1.0000 1.3929)")
ylabel('sequence value’)

I = (I 2 {19 MATLAB 7%)

% figure_2
clear, cIf

1=10000;
format long
X=1:.5:50; Ix=length(X);
for k=1:1x
A=[-X(k) 1 X(K)]; C(k)=-1/10;
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
J=I+3;
A(j)=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
if A(j)==Med(j-1), B(k)=A()); C(k)=j; break, end
end
end

subplot(211), plot(X,B), title('-x 1 x, x=1:.5:50, stable value’)
subplot(212), plot(X,C), title('-x 1 x, x=1:.5:50, stable length")
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I = (1 5 19 MATLAB 75%)

% figure_4
clear, cIf

1=347,

xX=25;
A=[-x1x];
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
J=I+3;
A(j)=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
end

A(2,))=Med,
plot(A"), title('A=[-25 1 25] M&n sequence and median sequence’)

TP Excel =445 1
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11° length = 13

25  stable value = 40

33‘ Median
31 25
40 28
46 31
38 32
40 33

55.5 35.5

60.5 38
49 39
51 40
40 40
40 40
40 40
40 40
40 40
40 40
40 40
40 40
40 40
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I. M&m Sequence and M&m conjecture

Given any three real numbers a,, a,, a,, let the 4™ number a, satisfies “the Mean of the first 4

numbers equals the median of the first three numbers”, i.e.,

(a,+a,+a;+a,)/4=median(a;,a,,a,), (1)
thus
a, =4-median (a,,a,,a;) —(a, +a, +a;). (2)
Similarly, for n>4, let
a,,, =(n+1)-median (a,,a,,...,a,)—(a, +a, +...+a,). (3)

Sequence <a, > is called the M&m sequence with initial terms (a,, a,, a;,).
Note that in order to find the median, we need to place the numbers in increasing order, then the

median is the number in middle place or the average of the middle two numbers.

For example, the M&m sequence < a, > with initial terms (11, 20, 27) is shown below:
11, 20, 27, 22, 25, 27, 32.5, 35.5, 34, 36, 27, 27, 27, ...
where a, =27 for n>11.

The M&m sequence <a, > is stable if there is a constant s and an integer k such that a, =s
for n>k and a_ _, #s. The constant value s is called the stable value, and k is called the oscillating
length. In the above example: stable value is 19 and the oscillating length is 11.

Based on Schultz and Shiflett’s investigations [1], they provided the M&m conjecture: Every
M&m sequence <a, > isstable.

1. Computer Experiment

For given initial terms (a,, a,, a,), the remaining terms of the associated M&m sequence can

be generated using a spreadsheet program such as Excel. Here is the procedure:

1. Listthe index 1..800 along Column A.

Enter the initial terms on cells B1, B2 and B3.

On Cell B4, enter the formula =$A4*MEDIAN(B$1:B3)-SUM(B$1:B3)
Copy the formula from B4 to B4..B800.

Column B then displays the numerical values of the sequence a,,a,,..., 8-

ok~ W

A new M&m sequence is regenerated whenever the initial terms are changed. This completes
the computation setup of the computer experiment.



From computer experiment, we find the following three important properties:

1) Invariance under permutation: No matter how the initial terms are permuted, the remaining terms
are unchanged.

2) Effect of scalar multiplication: The nth term of the M&m sequence with initial terms
(aza,ca,, aa,)is ca, forall nx>1.

3) Effect of termwise addition: The nth term of the M&m sequence with initial terms
(a,+p,a,+pB,a,+p)is a +p forall n>1,

I11. Normalization of the M&m Sequence

Givenany a <a, <a,, with 2a,#a +a,. Let f=—(a+a,)/2, a=1/(a,+ ), and

&8
x=a(a;+f)= , (4)
28, —a; - &,
then the original M&m sequence with (&, a,, a,) can be normalized to a new M&m sequence with

initial terms —x=a(a, + ), 1=a(a,+B), x=a(a,+ /), where |x|=1.

For example, given &, =0,a, =67 ,a, =78, then x=1.3929, that is, the initial terms are

normalized to (-1.3929, 1.0000, 1.3929). These two M&m sequences have the same pattern of
behavior (as shown in Fig.1). Thus we focus on the M&m sequence with initial terms (—x,1, X).
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Fig.1 Behavior of M&m Sequences before and after norm



V. Main Results

A. Three lemmas
Let {a}.., IS an M&m sequence with initial terms a,=-x, a, =1, and a, =X,

a, =1x4—(-x+1+x)=3. Let S, zZai , and m, denote the median of the first k values, in Eq.
i=1

— Sk + a'k+1

(A2), m, ,thatis, S, , =m,(k+1), hence we have

8y = Sy — S = (k+m —km,_, =m, +k(m, -m,_,) k=>4 (5)

Lemmal: Whenexist k >4, ke N -suchthat m_, =m,_,, then the sequence is stable, and the

stable length is -~ p=min{k |k >4 and m, , =m, ,}, where p must be an odd number.

Proof. Let A={k|k>4andm,,=m, ,} and p=min{k|k>4and m, , =m, ,}, from Eq. (5)

and the definition of p, we have
a‘p =mp—l+(p_1)(mp—l_mp—2):mp—l (6)

Go ahead one step, we obtain

m, = — - m,, piseven %
m,=m_, p is odd
Similarly, m =m_ ,=m_ ,=---and from Egs.(6) and (7), a,=a,;,=a,,="", SO

m., =m,_, results in the sequence stable and the length p.

Next, we prove that p must be an odd number by the method of reduction ad absurdum. Assume
piseven,and known m ,=m_ ,=m ., since p—2 isalsoeven,we have

1
mp72 :E(mp—l +mp—3) (8)

Following Eq. (8), we have m _, =m_,. This violate the true m_ , =m_ , #m_ ,, so p must be an
odd number.

For example, let x=8 (a, =-8, a, =1, a; =8), the M&m sequence and the median sequence
are list in Table 1, respectively. In this example, a,; =m,; =my, =8 and the stable length p =11, itis

an odd number definitely. Given two more examples: (1) x=41.3750, a,, =m,, =my =41.3750




and the stable length p=71 is odd; (2) x=35, a;, =m,,=m, =35 and the stable length p =51

is also odd.

Table 1 M&m sequence and the corresponding median sequence for x =8

1 2 3 4 5 6 7 8 9 10 11 12
M&m -80| 10 | 80 | 30 | 60 | 80 | 135 | 165 | 150 | 170 | 8.0 | 8.0
sequence
Median 10 | 20 | 30 | 45 | 60 | 7.0 | 80 | 80 | 80 | 80
sequence

Lemma2 : The median sequence {m,} monotonically increasing and a, >m, , until the M&m

sequence reach stable state.

Proof. Using mathematical induction,
1. We first prove m, >m,.
Because the initial three numbers are —x,1, x (x>1), we have m, =1 andthen a, =3.
(i) When x>3, m, =2>m,; (iij) When x<3, m, =1+TX>1:m3.
Combining (i) and (ii) we get m, >m,.
2. Suppose. m_, >m_, (n>5), from Eqg. (5) we obtain
a,=S,-S, ,=m_ ,+(-H(m,,-m ,)>m , 9)
Since a, >m_,,weget m, >m_,.
3. Suppose. m,, =m_, (n>5), from Lemma 1, we have
a,=S,-S, ,=m_ ,+(M-Y(m ,-m ,)=m_ , (10)

By mathematical induction and Lemma 1, we conclude that the median sequence {m_ }
monotonically increasing and a, >m, ; until the M&m sequence reach stable state.

To describe the concept in Lemma 2, we take an example which starting three numbers (=25, 1,
25). The M&m sequence and the associated median sequence are both plotted in Fig. 2 (Matlab
program is shown in Appendix D). From Fig. 2 we clearly see that the median sequence {m, }

monotonically increasing and a, >m_, until the M&m sequence reach stable state. The same result
appeared in the previous example (Table 1).
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Fig. 2 M&m sequence and the corresponding median sequence for x =25

Lemma3: Let {a }., ISanM&m sequence. Suppose there exist two nature number rand q,
where r>q>3,suchthat a, =a,, then the sequence is stable and if k'=min A where

A={k|keNand m, =a,J, then the oscillating length is k'+2and the stable value is a,.

Proof. According to the Theorem 2.4 in [2] we have the sequence is stable. From Eqg. (5), we derive
that if it doesn’t reach stable state, a, >m_, and a, >m_,. By Lemma 2, in the case when the
m.+a, a +a,
2 2
medians will be the same, that is, the oscillating length is k'+2 and from lemma 2 we obtain the stable

median sequence reaches the value m,.=a,, then m, =

=a,, two successive

value is a, -

For example, the M&m sequence starting with a, =-2,a, =1, a, =2, (x=2) islisted in Table
2. In that there exist two nature numbers gq=12 and r=23, where r>q>3, such that
a, =y =a, =3, =m,=mg;=10. It is obvious that this sequence is stable with oscillating length

33+2=35 and the stable value 10.




Table 2 M&m sequence and the corresponding median sequence for x =2

Columns 1 through 9
M&m -2.0000 1.0000 2.0000 3.0000 3.5000 4.5000 5.5000 6.5000 5.2500
median -2.0000 -0.5000 1.0000 1.5000 2.0000 2.5000 3.0000 3.2500 3.5000
Columns 10 through 18
5.7500 9.0000  10.0000 9.3750  10.1250 7.1250 7.3750 7.6250 7.8750
4.0000 4.5000 4.8750 5.2500 5.3750 5.5000 5.6250 5.7500 6.1250
Columns 19 through 27
12.8750 13.6250 13.0625 13.6875 10.0000  10.2500 10.5000  10.7500 11.0000
6.5000 6.8125 7.1250 7.2500 7.3750 7.5000 7.6250 7.7500 7.8750
Columns 28 through 35
11.2500 24.1875 25.3125 14.8125 15.1875 19.6875 20.3125 10.0000
8.4375 9.0000 9.1875 9.3750 9.6875 10.0000 10.0000  10.0000

B.Casel: x>41.625

Theorem 1: If x>41.625, M&m sequence with initial terms —x,1, x has stable value 41.625 and
the oscillating length is 73.

Proof. 1. Let {a,} and {m,} be the M&m and the median sequence with initial terms
(—41.625,1,41.625 ). Table 3 shows that the stable value is 41.625 and the oscillating
length is 73.
2. For x>41.625, say x=41.625+y, where y>0. Let {cn} be the M&m sequence
with initial terms (-x,1, x ), and the median m; = median(c,,c,,...,c,). Then we have
c,=3c,—(c,+¢c;)=3(=4q,), m=(1+3)/2=2.

3. Because of m;=m,, m;=m, (since c,>41.625 can't change the median sequence)
and a,,, =m,+k(m -m.), c., =m,+k(m',-m',,), k=3, we have c,=a,,

! H H 1
Then m;=m,, similarly, c;=a;, m's=mg, and so on.

That is, ¢, =a, for n>4. So {a,} and {c,} have the same stable value 41.625 and
oscillating length 73.

Fig. 3(a) shows the stable value and the oscillating length of the M&m sequence with initial value
(—x,1,x ) for 1<x<50 . Fig. 3(b) is the same as Fig. 3(b) except the range in x-axis. We observe
that the stable value is always 41.625 and the oscillating length is always 73 for x >41.625.
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Fig. 3 (a) Stable value and length for different x and (b) for different x close to 41.625.

Table 3 M&m sequence and the corresponding median sequence for x =41.625

Columns 1 through 9
M&m -41.6250 1.0000 41.6250 3.0000 6.0000 8.0000 13.5000 16.5000  15.0000
Median -41.6250  -20.3125 1.0000 2.0000 3.0000 4.5000 6.0000  7.0000 8.0000

Columns 10 through 18
17.0000 38.2500 43.7500 23.2500 24.7500 26.2500 27.7500 20.7500  21.2500
10.7500 13.5000 14.2500 15.0000 15.7500 16.5000 16.7500 17.0000  18.8750

Columns 19 through 27
52.6250 56.3750 26.0000 26.5000 44.2500 46.2500 42.0000 43.5000 41.6250
20.7500 21.0000 21.2500 22.2500 23.2500 24.0000 24.7500 25.3750  26.0000

Columns 28 through 36
428750 29.6250 29.8750 30.1250 30.3750 47.1250 48.3750 60.5625  62.4375
26.1250 26.2500 26.3750 26.5000 27.1250 27.7500 28.6875 29.6250  29.7500

Columns 37 through 45
342500 345000 34.7500 35.0000 35.2500 35.5000 113.6875 117.5625  39.8750
29.8750 30.0000 30.1250 30.2500 30.3750 32.3125 34.2500 34.3750  34.5000

Columns 46 through 54
40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250 41.8750 42.1250
34.6250 34.7500 34.8750 35.0000 35.1250 35.2500 35.3750 35.5000 36.8750

Columns 55 through 63
111.1250 113.8750 84.5625 86.1875 47.2500 47.5000 47.7500  48.0000  48.2500
38.2500 39.0625 39.8750  40.0000 40.1250 40.2500 40.3750  40.5000  40.6250

Columns 64 through 72
48.5000 48.7500 49.0000 49.2500 49.5000 49.7500 50.0000 50.2500  50.5000
40.7500 40.8750 41.0000 41.1250 41.2500 41.3750 415000 41.6250 41.6250

Columns 73 through 77
41.6250 41.6250 41.6250 41.6250 41.6250
41.6250 41.6250 41.6250 41.6250 41.6250




For example, we choose x =41.625 and x =999 to run the oscillating lengths, and obtain the
results shown in Fig. 4 and Table 4. In Fig. 4, two subfigures are obviously the same except the first
three terms. Also in Table 4, two sequences are the same except the first three numbers. Hence we see
that when x is greater than or equal to 41.625, all the M&m sequences are the same after the forth
term and all stable values are 41.625, as well as the stable lengths 73.

& sequences (=999 and 41.625)
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100 — —
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Fig. 4 Behavior of both both M&m Sequences for x =41.625 and x =999

Table 4 M&m Sequences for x =41.625 and x =999

Columns 1 through 11
-41.6250  1.0000 41.6250 3.0000 6.0000 8.0000 13.5000 16.5000 15.0000 17.0000  38.2500
-999.0000 1.0000  999.0000 3.0000 6.0000 8.0000 13.5000 16.5000 15.0000 17.0000  38.2500

Columns 12 through 22
43.7500 23.2500 247500 26.2500 27.7500 20.7500 21.2500 52.6250 56.3750  26.0000  26.5000
43.7500 23.2500 24.7500 26.2500 27.7500 20.7500 21.2500 52.6250 56.3750  26.0000  26.5000

Columns 23 through 33
44.2500 46.2500 42.0000 43.5000 41.6250 42.8750 29.6250 29.8750 30.1250 30.3750  47.1250
44.2500 46.2500 42.0000 43.5000 41.6250 42.8750 29.6250 29.8750 30.1250 30.3750  47.1250

Columns 34 through 44
48.3750 60.5625 62.4375 34.2500 345000 34.7500 35.0000 35.2500 355000 113.6875 117.5625
48.3750 60.5625 62.4375 34.2500 345000 34.7500 35.0000 35.2500 355000 113.6875 117.5625

Columns 45 through 55
39.8750 40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250 41.8750 42.1250 111.1250
39.8750 40.1250 40.3750 40.6250 40.8750 41.1250 41.3750 41.6250 41.8750 42.1250 111.1250

Columns 56 through 66
113.8750 84.5625 86.1875 47.2500 47.5000 47.7500 48.0000 48.2500 48.5000 48.7500  49.0000
113.8750 84.5625 86.1875 47.2500 47.5000 47.7500 48.0000 48.2500 48.5000 48.7500  49.0000

Columns 67 through 77
49.2500 49.5000 49.7500 50.0000 50.2500 50.5000 41.6250 41.6250 41.6250 41.6250 41.6250
49.2500 49.5000 49.7500 50.0000 50.2500 50.5000 41.6250 41.6250 41.6250 41.6250 41.6250




C.Case 2: x<41.625

With thousands of computer experiments, we observe that if x is a positive real number less
than 41.625, the M&m sequence is also stable but does not appear to follow any regular behavior.
However, we obtain two more important theorems.

Select numbers which are less than 41.625 from the M&m sequence in Table 4, and form a
(node) set QA ={a, |a, <41.625,2 <k <72}. There are 34 elements in Q (shown in Table 5). We
call these elements nodes, presented as d,, then arrange the elements, so that d, <d, <...<d,,. Itis

obviously that d, = median(a,, a,, ..., a,.,), for convenient we set K =2i+1. Then we have:

Theorem 2: If d; isanode, ie{l2,..,34} the M&m sequence with initial terms (-d.,1,d,) has

the stable value d. and the oscillating length K +2, where K =2i+1.

Proof. 1) Let {a,} and {m,} be the M&m and the median sequence with initial terms

(-41.625,1, 41.625 ), as shown in Table 4.

2) For x=d,, let {c,} bethe M&m sequence with initial terms (~d,, 1, d, ), and the median
m, = median(c,,c,,...,C,) .

3) Because my=m,, my=m,, ... m,=m', for 3<n<K and a,,=m,+n(m,-m_,),
C,y =M, +n(m' ,—m' ), then we have c, =a, for 4<n<K and m, =m',=d,.
Since m, =d,, m',,,=(d, +m', )/2=d,. Based on property 1, we obtain that the stable
value is d, and the oscillating lengthis (K+1)+1=K+2.

For example, (1) x=41.3750 is a node, its stable value is d,, =41.3750 and the oscillating

length K+2=69+2=71; (2)x=35 is another node, its stable value is d,, =35, is also the node
x =35 and the oscillating length K +2 =49+ 2 =51.

Table 5 List of nodes in ascending order.

i 1 2 3 4 5 6 7 8 9 10
Node | 1.0000 3.0000 6.0000 8.0000 | 13.5000 [ 15.0000 | 16.5000 | 17.0000 | 20.7500 | 21.2500
i 11 12 13 14 15 16 17 18 19 20
Node | 23.2500 | 24.7500 | 26.0000 | 26.2500 | 26.5000 | 27.7500 | 29.6250 | 29.8750 | 30.1250 | 30.3750
i 21 22 23 24 25 26 27 28 29 30
Node | 34.2500 | 34.5000 | 34.7500 | 35.0000 | 35.2500 | 35.5000 | 38.2500 | 39.8750 | 40.1250 | 40.3750
i 31 32 33 34
Node | 40.6250 | 40.8750 | 41.1250 | 41.3750
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Now, building on the ideal of node, we would like to study the behavior of stable behavior as
initial value x near the node. That is, we want to understand whether the M&m sequence is stable when
x is a little more than a node. And what are their oscillating lengths?

We first observe an example, say node d, =8, the M&m sequence and the median sequence are
plotted in Fig. 5(a). And then we observe another example, say x =8.00001 which is near the node
d, =8, the M&m sequence and the median sequence are plotted in Fig. 5(b), Both M&m sequences

are partially listed in Table 6. The oscillating length of the former is 11, and the latter is 61. The
behaviors of both are the same before a,,. After a,, in the case of x=8.00001, the difference

between the M&m sequence and the median sequence is very small. The small difference is not clearly
seen, but by amplifying this part, we renew plotting it as Fig. 6(a). From Fig. 6(a), we see that the
difference before stable is related to the order (about 0.00001) of the small distance between the two
initial values.

Now, we first calculate the difference, then minus 8 and divided by 0.000005 (= 0.00001/2),
then plot the result as Fig. 6(b), we see that it is similar to Fig. 6(a).

Based on computer experiment step by step, we find that if the initial value is x =8+ 2¢, where
0 < & << 1, then the stable value is always 61, this result motivates us to go on searching the behavior
of stability when initial values near the nodes.

For example, let x=d, +2s=8+2¢=8.00001 (&=0.000005), we know the index is

K =2i+1=9, from Table 6, we have m, =8. Using Eq. (5) a,,, =m, +k(m, —m, ;) we obtain

a,, =my, +10(m,; —my) = m; +10¢ = my +11s =8+ 11 = 8.000055 (11)
a,, =my, +11(m;; —m,;) =8+13¢ =8.000065 (12)

Observe a;;, a,,...andlet b, =0, m',=0, b, =2, m',=1 to generate a modified sequence,

b, =(a,-my)/e=11=m",+(9+2-1)(m',—m",) (13)
b,=(a,-mg)/e=13=m';+(9+3-)(m';—m’,) (14)
b, =m +O+k-)(m',—m', ,)) (15)

This processing gives us an insight into the questions. That is, if x =8+ 2¢, its oscillating length
is equal to the length of node d, =8 (K +2=11) plus the extra length (denoted as |(K =9)) of the

new sequence {b,} and then minus 3, since there are three extra numbers b,, b,, a,,,. In the example,

the length of {b,} is 53 (also shown in Table 7), so we can say whatever x=8+0.01,

Xx=8+0.001, ..., or x=8+10"", the stable lengths are all 53+11-3=61. In other words, we can say
that its oscillating length is equal to the index (K =9) plus I(K) and then minus 1.

11
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Fig. 5 M&m sequences and the median sequences for x=8 and x =8.00001
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Fig. 6 (a) M&m sequence and the median sequence for x =8.00001. (b) The new sequence.

Table 6 The M&m sequences for x=8 and x=28.00001.

Columns 1 through 11

M&m (Xx=8) -8.000 1000 8.000 3.000 6.000 8.000 13.500 16.500 15.000 17.000 8.000
Median 1.000 2.000 3.000 4.500 6.000 7.000 8.0000 8.0000 8.0000

Columns 1 through 11
M&m (x=8.00001) -8.00001 1.00 8.00001 3.0 6.0 8.0 135 165 150 17.0 8.000055 8.000065
Median 1.0 20 30 45 6.0 70 80 8000005 8.00001 8.0000325
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Let V, =b,, =bs denote the stable value of {b }, by computing we have V, =123.5000,

8+1235x¢g=d,+V,-£<d, =135 (16)
then we obtain that 2¢ is bounded in 7, =2(d, —d,)/V, =0.089069 .

For example, when x reaches to the value x =8.089, their lengths are all the same as 61, the
computer results are shown in Fig. 7(a). The stable values are shown in Fig. 7(b).

-x 1 %, ®x=8:001:8.1, stable length
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X

Fig. 7 (a) Oscillating lengths for 8 < x<8.1. (b) Stable values for 8<x<8.1

In general, let {a,} denote the M&m sequence begin with the initial terms (-d,,1,d,), and
consider the M&m sequence {a;} begin with initial terms (-x,1,x), x=d, + 2¢, for convenient

we set K =2i+1, then we have that a, =a,,for k=4,5,.,K+1 and

!

a’K+2 = m;<+l + (K +1)(m'K+l - mK) = m,K+l + (K +1)‘9 = m;< + (K + 2)8 (17)

al’<+3 = m;(+2 + (K + 2)(m|’<+2 - ml’<+1) = m’K + (K + 4)8 (18)

To study {a’}, we introduce a new sequence {B, (k)},.,, which satisfies B, (1) =0,
B«(2)=2,and
By (K+1) = s + (K+K=1)(z, — 1), k>2 (19)
where g, =median(B, (2),...,B.(k)) , k>2 . Let I(K) denote the oscillating length of
{B, (k)},., andthe stable valueis V, =B, (I(K)), if

my+Ve-e=d,+V, -e<d,, (20)
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then it follows that

g, =My +&-B (3), (21)
ag.s =My +&-B(4), (22)
a;<+I(K)—l =m' +&- By (1(K)) (23)

Note that if Eqg. (20) holds, then we obtain that 2¢ is bounded in 7, =2(d,,, —d,)/V, . From

i+1

the above discussion we conclude that:

Theorem 3: For ie{2,3,...,34} and d, €Q, 7, =2(d

x e (d;, d; +7¢ ), then there exist a positive integer 1(K) defined as above, such that the

—d)IV,, K=2i+1,if

i+1

M&m sequence {a’'} with initial terms (—X, 1, X) is stable with oscillating length

I(K)+K —1 and stable value &V, +d,.

Proof. By calculate directly, for all K =2i+1, i€{23,...,34}, the corresponding sequence
{By (kK)},., Is stable with oscillating length I(K). If x=d, +2¢, 0<2¢<7,, then we have

A .ik)1 <d;,, - Hence, the Eg. (20) holds, then recall Eq. (21-23) holds. This implies the
sequence {a’}<*")™" and the sequence {B, (k)}%) has the same structure. Then from Eq.(23)
we have the oscillating length 1(K)+K -1 and note that m', =d, we obtain the stable value
eV +d,.
By Matlab programs, we calculate the all results and shown in Table 7. For
example, d, =8, if x=8+2¢ with 2¢ <7y =0.089069 , then its oscillating length is equal to

I((K)+K-1=53+9-1=61. So we can say whatever x=8+0.01, x=8+0.001, ..., or

x=8+10"° | the oscillating lengths are all 61 and the stable values are
&Vy +d, =0.005%x123.5+8=8.6175, 8.0615,.., or 8+61.75x107', respectively.
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Table 7 Index K, I(K),lengthfor x=d, +2¢, 7, and V,

IndexK 3 5 7 9 11 13 15 17 19
1(K) 71 59 45 53 249 249 237 141 171
Length 73 63 51 61 259 261 251 157 189

Ty 0.098462 0.077921 0.054795 0.089069 0.007942 0.009084 0.001826 0.013394 0.000346
Vi 40.6250 77.0000 73.0000 123.5000 377.7500 330.2500 547.6250 559.9375 655.2500

IndexK 21 23 25 27 29 31 33 35 37
1(K) 215 99 203 405 567 117 1147 3707 137
Length 235 121 227 431 595 147 1179 3741 173

Tk 0.004155 0.006349 0.003781 0.000280 0.000345 0.001976 0.002457 0.000262 0.000350
Vi 962.7500 472500 661.2500 1788.2813 1449.125 1265.50 1525.9531 1905.8223 1429.500

Index K 39 41 43 45 47 49 51 53 55
1(K) 345 553 277 109 227 367 301 179 259
Length 383 593 319 153 273 415 351 231 313

Ty 0.000314 0.003276 0.000163 0.000287 0.000206 0.000181 0.000149 0.002027 0.000789
Vi 1590.50 2365.9688 3075.00 1742.00 2425.625 2756.625 3346.250 2714.00 4118.125

IndexK 57 59 61 63 65 67 69
1(K) 393 529 249 627 223 629 203
Length 449 587 309 689 287 695 271

Tk 0.000089 0.000100 0.000106 0.000069 0.000106 0.000079 0.000116
Vi 5588.00 5005.0625 4724.875 7283.375 4697.00 6306.25 4293.50

By similar derivation we also have:

2(d;., —d:
Theorem 4: For ie{2,3,..,34} and d eQ, A =%, K =2i+1,if xe(d; —A,d;),
‘-

then there exist a positive integer |(K) defined as above, such that the M&m sequence {a’}

with initial terms (=X, 1, X) is stable with oscillating length 1(K)+ K —1 and stable value
eV —2)+d;.

Proof. Let {a,} denote the M&m sequence begin with the initial terms (-d; —2¢,1, d; +2¢), and
consider the M&m sequence {a",} begin with initial terms (—x,1,X), x=d; -2¢. By directive
comparing we have

m", =m', —2¢ (24)

M-, =m

K~ 28 (25)
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Using Eq. (5) a,,, =m, +k(m, —m, ;) we obtain

a"c,=m"  +(K+D(m" ,—m" )=m',-2e+(K+D)(m'  ,—m' )=a',,,—2¢ (26)
And so on, we have a" =a'—2¢ for k>K+2, this implies the sequence, {a,} i)™ is
equivalentto {a" }\)™" except the small difference 2&. Then we obtain that if x e (d; — A, d;) |

2(di+1 _di)

TAPEN
with A Vo —2

, from Eq.(23) we have the oscillating length I(K)+K -1 and note that

m'c =d;, we have the stable value &-(V, —2)+d;.

For example, let x=d,-26=8-2£=7.99999 ( &=0.000005), the M&m sequence and

median sequence are plotted in Fig. 8, we see that it is similar to Fig. 6(a) for
X=d,+2¢=8+2£=8.00001. The oscillating lengths for x=d, —-2¢ are shown in Fig. 9(a), and

the stable values for x=d,t2¢ are shown in Fig. 9(b). From Fig. 9(b) we see that the stable values

are a little un-symmetry, since there is a small difference 2¢.

Another example is setting x=d, £2s=6%2¢, Table 8 lists the M&m sequence and median
sequence for x=d,+2£=6+0.001 and Fig. 10 shows the oscillating length for x=d,+2s=6+2¢,

these let us easily understand the above concepts.

¥=7.99993 M&n sequence and median sequence

8.003

8.0025 - -

8.002 - b

8.0015 + b

8.001 - b

§.0005 - -

Fig. 8 M&m sequence and the median sequence for x =7.99999.
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Fig. 9 (a) Oscillating lengths for 7.9 < x <8. (b) Stable values for 7.9<x<8.1
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Fig. 10 Oscillating lengths for 5.94 < x <6.06.
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Table 8(a) The M&m sequence and median sequence for x=d, +2¢=6.001

Columns 1 through 8
M&m  -6.001000 1.000000 6.001000 3.000000 6.000000 8.000000 13.500000 16.500000
median -6.001000 -2.500500 1.000000  2.000000 3.000000 4.500000 6.000000 6.000500

Columns 9 through 17
6.004500 6.005500 6.020250 6.023750 6.011000 6.012000 6.046750  6.052250 6.019500
6.001000 6.002750 6.004500 6.005000 6.005500 6.008250  6.011000 6.011500 6.012000

Columns 18 through 26
6.020500 6.083250 6.090750 6.027375 6.028125 6.023125 6.023375 6.0533125 6.0559375
6.015750 6.019500 6.019875 6.020250 6.020375 6.020500 6.0218125 6.023125 6.023250

Columns 27 through 35
6.026500 6.026750 6.0288125 6.0291875 6.066375 6.069125 6.030625 6.030875 6.0376875
6.023375  6.0235625 6.023750 6.025125 6.026500 6.026625 6.026750  6.0270625 6.027375

Columns 36 through 43
6.0383125 6.041250 6.042000 6.04153125 6.04221875 6.036500 6.036875 6.06009375
6.027750 6.028125 6.02846875 6.0288125 6.029000 6.0291875 6.02990625 6.0306250

Columns 44 through 51
6.06153125 6.036250 6.036500 6.1571875 6.1625625 6.042375 6.042625 6.036500
6.030750 6.030875  6.0335625 6.036250 6.036375 6.036500 6.036500  6.036500

Table 8(b) The M&m sequence and median sequence for x =d, —2¢ =5.999

Columns 1 through 8
M&m  -5.999000 1.000000 5.999000 3.000000 6.000000 8.000000 13.496500 16.495500
median -5.999000 -2.499500 1.000000 2.000000 3.000000  4.499500 5.999000  5.999500

Columns 9 through 17
6.003500 6.004500 6.019250 6.022750 6.010000 6.011000 6.045750 6.051250 6.018500
6.000000 6.001750 6.003500 6.004000 6.004500 6.007250 6.010000 6.010500 6.011000

Columns 18 through 26
6.019500 6.082250 6.089750 6.026375 6.027125 6.022125 6.022375 6.0523125 6.0549375
6.014750 6.018500 6.018875 6.019250 6.019375 6.019500 6.0208125 6.022125 6.022250

Columns 27 through 35
6.025500 6.025750 6.0278125 6.0281875 6.065375 6.068125 6.029625 6.029875 6.0366875
6.022375  6.0225625 6.022750 6.024125 6.025500 6.025625 6.025750 6.0260625 6.026375

Columns 36 through 43
6.0373125 6.040250  6.041000 6.04053125 6.04121875 6.035500 6.035875 6.05909375
6.026750 6.027125 6.02746875 6.0278125 6.028000 6.0281875 6.02890625 6.029625

Columns 44 through 51
6.06053125 6.035250 6.035500 6.1561875 6.1615625 6.041375 6.041625  6.035500
6.029750 6.029875 6.0325625 6.035250 6.035375  6.035500 6.035500  6.035500
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V. Comparison with the Known Result

In [1] Shultz and Shiflett proved:

Theorem: If X' is any real number great than or equal to 21.3125, then the sequence (0, X', x'+1)
has length 73 and stable value x'+20.3125.

In terms of our terminology, this result states: for x lying in the interval 1.098461538 > x >1
(see Fig. 8), that is, the associate M&m sequence has oscillating length 73. The range of their result
equals 1=d, <x<d; +7, =1.098462 in our study (see Fig. 9(a)). The stable values are shown in Fig.

9(b). In our current work, we have established stability for 34 more intervals than [1].

Comparison with reference [1] for initial range

* in our paper

1.04

102F

10* 10° 10"
¥, 00 [1]

-1, #=1:.001:1.1, stable length s 1w, %=1:.001:1.1
50 ; ; : : S

Fig. 8 Range x'>21.3125 in[1] is mapped to X in our paper
ook / Equivalent range to Ref. [1]

\
70k
B0k
ok
ot
ot
0k
1o}
’ 1.02 1.08

Fig. 9 (a)The behavior of lengths for 1.1> x >1 and related to [1]. (b) The behavior of stable values.

stable value
(i)

L

1 101 1.02 103 104 105 105 1.07 108 1.09 1.1
X
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V1. Discussion and Open Problems

1. The M&m Conjecture remains open.

2. The behavior of the M&m sequence except for x lying in the 34 semi-closed intervals and
[41.625, «0) studied above remains unclear.

3. Itis unknown at this stage if our method will be successful leading to the complete solution of

the M&m conjecture. The result of this project encourages us to investigate if more intervals of
convergence may be discovered.
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V1II1. Appendix

A. Basic considerations and linear transformation

This article is in order to investigate of the M&m conjecture. We start with three numbers,
a,, a,, a,, and assume that a, <a, <a, in general since the order of the three given numbers does

not affect subsequent terms. And then we have
aA:4a2_(a1+a2+a3):3a2_(a1+a3) (A1)

n
Let S, = Zai , M, denote the mean and m, denote the median of the first k values, then
i=1

m =M, z% (A2)
A.1 Consider the case: a, =a,=a,=a
If a, =a, =a, =a,we have
a, =4a,—(a,+a,+a,)=4a—-3a=a (A3)
a5:5(a2;as)—(a1+a2+a3+a4)=5a—4a=a (A4)
And so on, we obtainthat a, =a, =a, =a, =a, =---=a, that is, the sequence is stable.
A.2 Consider the case: a <a,=a, Or a =a,<a,
1.1f a,<a,=a,,let a,=a,=a
a,=3a,—(a+a;)=3a-a—-a =2a-a>a (A5)
a;,=5a—(2a—-a +a+a+a)=a (A6)
a;=6a—(2a—-a +a+a+a+a)=a (A7)
= a=a=...... —a, =a
So that this sequence is stable with stable length 5 and stable value a,.
2.1f a,=a,<a,,let a,=a,=a
a,=3a,—(a+a)=3a-a-a,=2a—-a,<a (A8)
a;,=ba—(2a-a,+a+a+a;)=a (A9)
a;,=ba—(2a—-a,+a+a+a+a,)=a (A10)
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So that this sequence is also stable with stable length 5 and stable value a, .

A.3 Consider the case: a <a, <a,

1.1f a,—a, =a, —a,, the mean is equal to the median, then the sequence is stable with stable length 4

and stable value a,.

2. If a,—a, #a,—a,;, we find that there exists a smart transformation f(t)=at+ f such that the
M&m Sequence beginning with a;, a,,a, can be transformed into another M&m Sequence

beginning with —x,1, x (x >1). This transformation is better than that in [1] and [2], since in the

mean operation, the initial values —x and x will be mutually canceled.

Consider the function f(t)=at+ g suchthat f(a,)=-x- f(a,)=1> f(a;)=x.Firstly, from

f(a))+ f(a;)=0,weobtain a-a, +f+a-a,+p=0,thatis, a(a, +a,)+24 =0, then

-a(a, +a
Yij :—( ; 2) (All)
Substitute Eq.(16) into f(a,) =1, thatis, «-a,+ £ =1 , we have
a= -2 (A12)
a, +a; —2a,
and
TP L (AL3)
a, +a,—2a,
Therefore, the function f(t) can be represented as
2t —

2a, —(a, +a,)
Because a,—a, #a,—a, , that is, 2a,-(a;+a)=0, we can find a transformation
f(t)=at+ F such that
(1) If a;—a, <a, —a,, we have

a; —a

f(a))=—-x> f(a,)=1> f(a,)=x= Al15
(a) @)=1" fla)=x=p =" (AL5)
(2) If a;—a, >a,—a;,wehave
a3~ 3
f(a)=-y - f(a,)=1> f(a;)=y= <-1 (A16)

2a, —(a, +a,)
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By reordering the three numbers and interchanging x and -y, we have
f(a;)=y=—x> f(a,)=1" f(a)=-y=x (A7)

Note that in Eq.(A17), x is also greater than 1.

A.4 Transformation of M&m Sequences

Now, we will show that given any M&m Sequence, {a, },., , and by transformating into another
M&m Sequence, {a' }..,, Where a, = f(a,),k=123,..., the new sequence {a'},., is also an

M&m Sequence starting with a'}, a',, a';.

Because {a},., IS an M&m Sequences, so that m =M, (= %) and
+
m, = median(a;,a,,a;...a, ), hence
a, =f(a)=ca, +p (A18)
Therefore, the order of a',a’,,a';,...a’, isthesameasof a,a,, a,,...a,, then
, +..+a,, 1 & ,
m', = f(m)=1f(M,.,) :aMk+1+ﬁ:a(%)+ﬁ:m; f(a)=M"', (A19)

From Eq.(A19) we conclude that the new sequence {a' },., is also an M&m Sequence. This
means that we may restrict our attention to the special case which beginning with —x,1, x (x >1).
For example, given three numbers (0, 67, 78), by transformation we obtain another three

numbers (-1.3929, 1.0000, 1.3929), both have the same pattern of behavior, as shown in Fig. Al. (The
Matlab program is shown in appendix D)

(0 B7 78)
SDD T T T T T T T T T

400t 1
300 | .

200+ .

sequence value

=
()
T
|

1 1 1
10 18 20 25 30 5 40 45 50
(-1.3929 1.0000 1.3929)

[}

[
[ay]

[y}

[}
T
|

m
T
|

sequence value

[}
T
|

n

[
[ay]
[}
—
[ay]
]
[mm)
o)
m
[55)
=
(1]
i3]
e
[
e
m

50

Fig. Al Equivalent behavior of both M&m Sequences by transformation



B. Mapping uniformly distribution to our work

We define the interval between two neighbor nodes as branch. There are 34 branches, such as
B,:d,~d,,, for example, B :1~3, B,:3~6, B,:6~8, .... , By 141125~ 41.375
B,, :41.375 ~ 41.625. For different branches we test their oscillating lengths, we find: (1) when the
branch nears x =41.625, the oscillating length is almost constant except the edge area, and (2) when
the branch near x =1, the behavior of the oscillating length is chaotic.

A possible reason for the above phenomenon is that the transformation from any three numbers
to (—x,1, x) is extremely non-uniform. Thus, we try to understand the relation between them. First,

we let three numbers belong to {0, 0.01,0.02, ---,0.99, 1}, by ordering and using Eq. (A14), we obtain
the distribution of branch is shown in Fig. B1, where left-side and right-side are with different ordinate
only. Note that B, :41.625~o and B, includes four cases: a, =a,=a,, a <a,=a,,
a, =a, <a,, and 2a, =a, +a,. We see that branch 1 appears most times, that is, branch 1 is the most

important among these branches.

w10° Branch distribution, a=0:.01:1, b=0:.01:1, c=0: 01:1 Branch distribution, a=0:.01:1, b=0:.01:1, c=0:.01:1

10000

7
s000 |-
B+
&000 |-
5r 1 7000}
o ]
5 £ B000T
3 i 5
3 2 st
= =
5 3f £
g £ oo
e e
= =
2t _ 000
2000
1
1000 |
i II- P " n L L II 0 M | III II| II L I
i 5 10 15 20 25 3n £ an ] 5 10 15 20 25 a0 35 40

Branch index Branch index

Fig. B1 Distribution of branch mapped by three numbers belong to {0, 0.01, 0.02, - -, 0.99, 1}

Next, we let the three numbers are all uniformly distributed in (0,1) randomly and try 10000
times, by ordering (a, b, ¢) and using Eq. (A14), we obtain the distribution of branch is shown in Fig.
B2. It can be seen that the behavior is similar to Fig. B1 except the number of occurrence for B, is
zero. This reason is in random condition, the probability of four cases (a, =a, =a,, a, <a, =a,,

a, =a, <a,, or 2a, =a, +a,) occurring approaches to zero.
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Branch distribution, a b ¢ are uniformly random distribution (0~1) W=10000 Branch distribution, a b ¢ are uniformly random distribution (J~1),MN=10000
T T T T T T T T T T T T T

100
90 R
B000 - B
a0 R
5000 - R 0k i
@ @
& 2
s S B0 1
S 4000+ 1 g
a =1
= S fp .
‘B 5
@ 3000 R =
£ E ]
E =
2000 | . S g ]
201 R
1000 R
10 | B
A1 | PSS | o (111RT11 FP1 P T
0 3 10 15 20 25 30 35 40 1] g 10 15 20 25 30 35 40
Branch indesx Branch index

Fig. B2 Distribution of branch mapped by three random numbers uniformly distributed in (0, 1)

Finally, we let the three numbers are all positive integral and uniformly distributed in (1, 20000)
randomly and try 10000 times, by ordering (a, b, c) and using Eqg. (A14), we obtain the distribution
of branch is shown in Fig. B3. It can be seen that the behavior is also similar with Figs. B1 and B2.

Branch distribution, a b ¢ are uniformly random integral Z=1~10000 N=10000 Branch distribution, & b ¢ are unifarmly random integral 2=1~10000 N=10000
ooo T T T T T T T T T T

T T T 100
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Fig. B3 Distribution of branch mapped by three random positive integral distributed in (1, 10000)

Now, we focus on the case of distributed in (1,10000) randomly and try to find the distribution
in some branches, such as the most important B, ~ B, with resolution of 0.1. These results are plotted

in Fig. B4, from Fig. B4 we see that the distribution is similarly decayed by exponential law. This
maybe can explain the above phenomenon.
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Branch distribution, a b ¢ are uniformly random integral Z=1~10000 ®=10000

800 .

nurmber of accurence

2 4 B 8 10 12
Branch 1-4, x=1~13.5

Fig. B4 Distribution of branch B, ~ B, (with resolution of 0.1) mapped by three random positive
integral distributed in (1, 10000)

C. Discussion and Future Works

In this research we have proven that when x >41.625 and some part of x < 41.625 will be
stable, and found the some properties of stable values and oscillating lengths. In future, we will focus
on the stable pattern for any branches. If we can do it, we will finish the great work. Hope we can make
progress in solving the M&m conjecture and complete the hope of Shultz and Shiflett.

Some drawbacks in study are as following:

1. The M&m Sequence is not a perfect sequence. For example, the computation of sequence may use
the recursion formula a,,, =m, +k(m, —m,_,). In that operation we use both medium numbers
m, and m,,. There are half medium numbers, m, (q is even), are resulted from the addition of

two numbers and divided by 2. Note that divided by 2 perhaps increases one decimal place. So, for
some special cases, we don’t know whether or not the effective digits of stable values will be
infinite. We think it would not happen, but we can not prove it.

2. Any computer program has finite digits. For example, the number of effective digits in Matlab is 15,
so in the stable testing, we must take attention to that is the sequence truly stable?
3. The middles of the branch close to 1, such as B,, B,, etc, are hard to process, for example, if

initial value x=4+5, where §=10"", we don’t have any ideal to know its stable value and the
oscillating length, no matter by theory or by computer since x =4 is not a node. It maybe needs
new or modified method to solve this question.
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D. Some Matlab programs

(Matlab program for Figure 1 or Al)

% figure_1

clear, clf,

1=47;

A=[0 67 78];

al=A(1); a2=A(2); a3=A(3);

fori=1:3
B(i)=(al+a3-2*A(i))/(al+a3-2*a2);

end

Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
j=i+3;
A()=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
end

subplot(211), plot(A),
title('(0 67 78))
ylabel('sequence value')

A=sort(B);
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
J=i+3;
A()=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
end

subplot(212), plot(A),
title('(-1.3929 1.0000 1.3929)")
ylabel('sequence value')

(Matlab program for Figure 2)

% figure_2
clear, clf

1=347,

x=25;
A=[-x 1 x];
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
j=i+3;
A()=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
end

A(2,:)=Med;
plot(A"), title(A=[-25 1 25] M&n sequence and median sequence’)
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(Matlab program for Figure 3(a))

% figure_2
clear, clf

1=10000;
format long
X=1:.5:50; Ix=length(X);
for k=1:Ix
A=[-X(k) 1 X(K)]; C(k)=-1/10;
Med(1)=A(1); Med(2)=(A(1)+(2))/2; Med(3)=median(A);
A(4)=Med(3)*4-sum(A); Med(4)=median(A);
for i=2:1
J=i+3;
A(j)=Med(j-1)+(j-1)*(Med(j-1)-Med(j-2));
Med(j)=median(A);
if A(j)==Med(j-1), B(k)=A(j); C(k)=j; break, end
end
end

subplot(211), plot(X,B), title('-x 1 x, x=1:.5:50, stable value")
subplot(212), plot(X,C), title(-x 1 x, x=1:.5:50, oscillating length")
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