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Hello! My name is Fanny Wang. I’m in grade three in junior high now.
I’m glad that I can introduce myself here.

I’ve been learning English for 7 years. My parents thought that cultivating
one’s language skill should be as early as possible .  1I’m really grateful that so many
nice teachers helped me during these years. In fact, 1’ve been fascinated with
Engishand math. Although my math scores in the elementary were extremely bad,
I still enjoyed the interaction with the teachers. In the first semester of junior high,
however, | met a great math teachers. He’s really humorous and smart. His
enthusiasm toward math seemed to encourage me.  Since then,I’ve put more and
more emphasis, energy on this subject. Throughout the past two years, my
attitude toward learning remained active. | wanted to seize any opportuninty to
display myself. In the future, I hope I can learn some other foreign languages and
some more researches about math.
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Probing And Extending The Locus of The Plate

Abstract :

Starting from the problem in AMC competition of Australia, we try to find out
the locus and 1ts length when a point in a regular polygon rolls in a circle. The

result 1s that the locus has a wonderful and regular cycle.

Next, we discuss the regularity of the cycle when a regular polygon (n sides )
rolls in another regular polygon. Furthermore,we discuss the the equation of the
locus by changing the radius and the angle of rolling. we find out the argument

function of the locus of a point inside when a a regular polygon (n sides) rolls in

2(j-Dx
m

y; =AB, sin9+rsin%

X; = Aij cos @ +rcos
another regular polygon (m sides) :

360°  360°
(6-(= -
n m

)<60<6 > Ajs the summits of the regular polygon (m sides) ,

B, corresponds A, when a point inside the regular polygon (n sides ) rolls, r= O_Aj )
And then, we do some moving simulation with some computer math software, such as
Cabri Geometry ~ Mupad, etc. We discuss the regularity of the locus and its equation of a
point inside when some special cycloids, like asteroids, cardioids, etc, roll 1n a certain
condition. Moreover, with the result of research 2, we create the “plate” and apply for

a patent on it. We hope to study math by playing games.
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(1) Research Motive:

We started from a question in the AMC competition in Australia, “As in // ﬁ\
figure 1, a square sided exactly in total to 1 meter is placed in a circle | P s
which radius is also 1 meter. This square is moved according to the le
explanations below: Roll the point P clockwise till the point S contacts the S
circle. Roll the point S clockwise till the point P contacts with the circle. figure 1.

Roll this square this way until two of the square’s vertices are back to the original positions
which are point Q and point R. What is the length of point P’s locus?”

The result of the rotation is that the locus formed by point P has a regularity, so I extended the
square to a regular n sided polygon and examined it further. This made me gain a curiosity
about rotations of regular polygons and I have researched deeply into other rotations as well

as the relation between figures and angles.

(2) Research Goals:

1. To discover the loci and their lengths formed when a regular n sided polygon (side length=1
unit) rolls upon a unit circle.

2. To discover the loci and their lengths formed when a point in a regular n sided polygon (side
length=1 unit) rolls upon another regular m sided polygon (side length=1 unit).

**We assumed that the lengths of all sides of the polygons equal 1 unit, so it’s more

convenient to formulate. Afterwards, (side=1) refers to (side length=1 unit).

(3) Research Equipment:

“Cabri Geometry” software, compasses and protractors.

(4) Research Process:
A. Probing into the locus when a point in a regular n sided

polygon (side=1) rolls upon a unit circle.

Trace rule: Place a regular polygon which side length equals 1 unit in a circle which
radius is also 1 unit. Rotate the polygon along the circumference until two vertices go
back to the original positions.

—
We roll the regular polygon clockwise according to the rule and / \
try to find out the trace formed and the lengths when its “vertex”,

“center”, and “any point inside” rotate. \ﬂ/
~— —



a. To probe into the rotation locus and its length when a “vertex” of a

regular n sided polygon rolls in a unit circle.

1. In the graphing table below, a vertex of a regular triangle (side=1) rolls upon a
unit circle.

I I
Step Amnalvtic graph Fotation Radius Length Step Amnalytic graph ngfa_ﬁgl[ Fadius Length
_,-"'r -\.:\ y _I.-"r \- -'-:h ?\__
f.-‘ff' x\" Fl . ."f / \‘_ y Fa \'x.\'. B4 .
1 .< P — ;;1-‘* - 1 -7 4 95.:;_1_ — L 1= 1 -
'\-._:-x_‘ ;’r “,‘\. .‘_.-': .__.-' P 2 3 "._“\\. y _.r-;_.' D 5 3
VARRAN '
// /N | P2 0 0 PS
2] ( N | > 5 > 0 0
I\ \ / I P
NV
1/ x\\ Vi "\:\ F3 PE
1/ * _I,-" '.I
3| :“; " > 1 l;?r 6 > 1 ljr
Il.\'\. Jr_r 'I P4 3 3
.."-..x\ .r"r I PT
N y
Results discovered:
(1) The rotation locus graph created when a vertex of a regular triangle _—
rolls upon a unit circle is presented as in figure 2. 74
(2) The limits are set on the ground that the rotation angle of the triangle s |/ Pl
P | :
: 4 \N A &
is 120 —60=60°, and the length of the locus = 37
figure 2

2. In the graphing table below, a vertex of a square (side=1) rolls upon a unit circle.



[ I I I
Step Analytic graph Fotation Radius Length Step Amnalytic graph Rotation Radius Length
VAR
<N | Pl I P4 i
LIV |»] & aie 4 > 1 S
W | /'I P2 6 po J
LY % ‘-\HL. J
\\k -
d F}‘\ P2 P
2 : > 1 Ir |5 > 2 2
A\ {i\ \,,-»/; 'I E3 & 23] £
"\
/ff"__ -:—' P
,\/ \ | P3 P i
3 N T 0 |6 > 1 S
N ) | PL 6
w
Results discovered:
(1) The rotation locus graph created when a vertex of a square rolls ) e
upon a unit circle is presented as in figure 3. PN
/ PS
(2) The limits are set on the ground that the rotation angle of the square ~ |*
. . V21 |/
is 120—90=30°, and the length of the locus = (T + 5)7[ Y/
figure 3.

3. In the graphing table below, a vertex of a regular pentagon (side=1) rolls upon
a unit circle.

1 I
Step Analytic graph Fotation Radius Length  |Step Analytic graph Rotation Radius Length
1 PL| .5+1 | +5+1 |4 P4| D 0
:’T >
- 2 20 A
P2 P
z P21 WS+t | Al 3 E 1 1.
> 2 30 o 15
F3
3 B3 1 l ar 6 PO 541 | JA+1 .
> 15 2> 2 30
P4 Pl




Results discovered: ) ——

(1) The rotation locus graph created when a vertex of a pentagon rolls ,{; \n.x
upon a unit circle is presented as in figure 4. r Z “ ‘|
(2) The limits are set on the ground that the rotation angle of the \ I,.»-"
pentagon is 120 — 108 =12°, and the length of the locus = 1 S/
'\x:-_‘_L _‘j: ra
7 5 —
(E " E)” ' figure 4.

4. A vertex of a regular hexagon (side=1) rolls upon a unit circle.

Results discovered:
The limits are set on the ground that the rotation angle of the hexagon

120—120=0°, and the vertex of the regular hexagon can not rotate

upon the unit circle. The length of the locus = 0.

Note: Because a regular hexagon can not rotate upon a unit circle, no

more explanations will follow.



b. To probe into the rotation locus and its length when a “center” of a

regular n sided polygon rolls in a unit circle.

1. In the graphing table below, a center of a regular triangle (side=1) rolls upon a
unit circle.

T I I I

Step Amnalytic graph Eotation  Radius Length Step Analvtic graph Eotation  Radius Length
Pl pd

1 1|2 | 5, |, s |8
o| 3 9 5| 3 g
P2 F5

2 2l 5 | 4, | 3|6 |8
P 3 8 53 3 8
B3 -

3 2 ﬁ E}‘T ) d E £
Pl 3 9 p | 3 9

Results discovered:
(1) The rotation locus graph created when a center of a regular triangle
rolls upon a unit circle is presented as in figure 5.

(2) The limits are set on the ground that the rotation angle of the triangle is

60°, and the length of the locus = #ﬂ

2. In the graphing table below, a center of a square (side=1) rolls
upon a unit circle.



[ I [ | |
Step Analytic graph Fotsfion  Radins Length |Step Analytic graph Rotation  Radins Length
P1 AN P4
J + |
) P 12 S| 2 12
5 5| 2 M2 s 50 2 | A2
F3 2 12 F& 2 12
F3
Fa
3 o o2 2o e S| o2 | 2
2 12 Fl P 12

Results discovered:
(1) The rotation locus graph created when a center of a square rolls upon a
unit circle is presented as in figure 6.

(2) The limits are set on the ground that the rotation angle of the square is

30°, and the length of the locus = %ﬂ' .

3. In the graphing table below, a center of a pentagon (side=1) rolls upon a unit

I I I T
Step Analytic graph Fotaion Radius Length Step Analyvtic graph Rotation  Radius Length

4 4

4 4
Pl .

= | J0-25 | 1540-2.5

P2

P4 .
= | JA0-245 | 1510-2.5
o]

4 4
15410-245

4 4
15410-245

2R
B
|
%ﬂ
2T
B
|
&

F3 4 4

hr
; JO0-2.F | 15.10-2.5

4 4
Jo0-2.F | 15410-2.F
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Results discovered:
(1) The rotation locus graph created when a center of a pentagon rolls
upon a unit circle is presented as in figure 7.

(2) The limits are set on the ground that the rotation angle of the

pentagon is 12°, the length of the locus = Lfr .

5\10-2+/5

C. To probe into the rotation locus and its length when “any point” inside

a regular n sided polygon rolls in a unit circle.

1. When any point inside a regular triangle (side=1) rolls upon a unit circle, the

radius is not specified since the explanation includes any point inside. Therefore,

we assume the radius of point P to A as “a” AN
//s" ‘\ :'r \x\
oo\ S \
Pto B as “b”, / H\-.
N A 1
_r 1 _-" I
P to C as “c” (as shown in figure 8). \1 //
1 _r (]
figure 8.
In the graphing table below, results are noted.
| [
Step Analytic graph Fotation Radius Length  [|Step Analytic graph Eotation  Radins Length
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Results discovered: o

-".-""‘f- "-:'_
(1) The rotation locus graph created when any point in a triangle rolls J/’: N,/ \?
.. . . ,-"IJ,;_ LN ;’I N
upon a unit circle is presented as in figure 9. /T N\ \
(2) The limits are set on the ground that the rotation angle of a triangle |\ " frf“x\ ;{
\ \ S by f |
. 2(@a+b+c)r /S N/
1s 60°, and the length of the locus = % N/ \“x\ ff’
figure 9.

2. When any point inside a square (side=1) rolls upon a unit circle, the radius is
not specified since the explanation includes any point inside. Therefore, we
assume the radius of point P to A as “a”,

P to B as “b”,
Pto C as “c”,

P to D as “d”(as shown in figure 10).




In the graphing table below, results are noted.

Stepy Analvtic graph Rotation Radins Length Step Analvtic graph Rotation Radins Length
7\
/ ' _.""‘»..\_\‘ \_"'.I
{/ / ! Fl aIT P7 e
1 _,r"r 9 a - ? 9 C -
\ | &) | P2 6 P3 6
NN
Fi
b e
2 b — 8 > d =
6 ro 6
o I
3 & S aQ A ——
& &
F1
0
dr b
4 d — 10 > b —
& Fl &
1
F1
1
i T
5 a 2 i > 2
& Fl &
2
F1
b ) i
6 b 2o d an
& =2 &
F1

Results discovered:

(1) The rotation locus graph created when any point in a square (side=1)

rolls upon unit circle is presented as in figure 11.

(2) The limits are set on the ground that the rotation angle of a square is

30°, and the length of the locus =

(a+b+c+d)z

2




3. When any point inside a regular pentagon (side=1) rolls upon
a unit circle. The following analytic graph has 20 steps, so we
just show the overall figure on the right. NN

Conclusion:

Any point in a n sided polygon (n=3,4,5) rolling upon a circle will return to its
original position and make a complete cycle for the locus. The cycle made by any

n,6
point in the polygon can be formulated asu.

B. Probing into the locus and its length when a point in a regular m sided
polygon (side=1) rolls upon another regular n sided polygon (m<n).

a. To probe into the rotation locus and its length when a point in a regular

triangle (side=1 unit) rolls upon a regular n sided polygon (side=1).

1. When a “vertex” of a regular triangle rolls upon a square, the length of ‘

. 4 i .
the locus is Eﬂ' units. /

2. When a “center” of a regular triangle rolls upon a square, the length of

243
—T

the locus is 9 units.

3. We assume that from any point inside a regular triangle to the three
vertices respectively as “a”, “b”, and “c”. When the triangle rolls upon a
2(@+b+c)r

square, the length of the locus is 3 units.




4. When a “vertex” of a regular triangle rolls upon a regular pentagon, the

length of the locus is gzz units.

5. When a “center” of a regular triangle rolls upon a regular pentagon, the

N3

length of the locus is = units.

6. We assume that from any point inside a regular triangle to the three
vertices respectively as “a”, “b”, and “c”. When the triangle rolls upon a el
2(a+d+c Yo “ _'_"\k '

3

regular hexagon, its length of the locus is units.

b. To probe into the rotation locus and its length when a point in a square

(side=1) rolls upon a regular n sided polygon (side=1).

1. When a “vertex” of a square rolls upon a regular pentagon, the length of

[H_E}T N r_ :

2

the locus is units.

2. When a “center” of a square rolls upon a regular pentagon, the length of

2

the locus is 4 units.

3. We assume that from any point in a square to the four vertices as “a”,

“b”, “c”, and “d”. When the square rolls upon a regular pentagon,

(@+b+c+dm

its length of the locus is 2 units.




Conclusion:
According to the results above, a point in a regular polygon(n sides )rolling upon
another regular polygon ( m sides ) will make a locus figure with [m, n] number of
sides (m, n as the lowest common multiple ). The locus figure differs from one

point (center, vertex, and any point inside) in the regular polygon to another.

We utilized the conclusion above and designed the “ruler”. Please refer to section

5 Conclusions and applications for more information.



c. To probe into the parametric equation when a point in a regular n sided

polygon (side=1) rolls upon a regular m sided polygon (side=1).

Take the parametric equation of the locus formed when any point in a “square”

(side=1) rolls upon a “regular hexagon” (side=1).
Assume ‘4 as a vertex of the regular hexagon, and B as any point in the square.

A= @ b) = (reos T2 rain 207

By = {ep.d))
gt AT 1 079 (90" < <180")
4~ 0 &~ 0

A8 = e, —a) +(d, - &)

Now take ‘4 as the rotation center, A8, a5 the rotation radius, and rotate 5 clockwise

to 5 .

Assume the coordinate of 5, as ':':2""?2:'.

e ﬁcos(ﬁr— 30" +rcos 2 xgx;rrz EEOS(Q—BDU) +a
) 0 o 2x0xmr — . 0
dy=A 8 anla—-30" ) +ran i =A 8 an(@—30")+&

—_——

The parametric equation of 55 canbe expressed as :

-— 2ROXT  ——
x=ABcozd+rcos =458 cos B+
L o 2EDEr — 0
y=AH5 0 8+ran =Absn+h 0y @30 =8=g
S AT
Lo Az A A
,f'f:
- I-"l-'--l-'l
IRl
- r i
< R
%
d j"
f\ “‘ -
{,r ) -7 )
- A =
- 4 y 7




As above, assume A, as the point in the hexagon after the point A, B, =(c,,d,).

A, = (a,b,) = (rcos 2207 ip 22707,
6 6
a=tan‘lﬁ
a, —C,

E: \/(Cz _az)z +(d2 _bz)2

Now take A, as the rotation center, A,B, as the rotation radius, and rotate B, clockwise

to B;.
Assume the coordinate of B, as (c,,d,).

2x1x7

= AB, cos(a—30")+a,

¢, = A B, cos(a —30")+r cos

2x1x7

d, = AB, sin(a —30") +rsin = AB, sin(e—30")+b,

The parametric equation of (C,,d,) can be expressed as:

Xx=AB, cost9+rc052><16xﬂ =AB,cosf+a,

x1x

y=AZstin9+rsin2 =AB,sinf+b,, a-30"<H<a

SN

o




Assume Aj as a vertex of the regular hexagon, and Bj as any point in the square.

r=0A A =(a;b,)=(rcos 2(1;1)”,rsin 2(‘;””), j=12,..,12

B, =(c;,d,), ¢, =A B, cos(6— 30°)+rcosw, i=1,2,3,4

IR

134

d, ——A 1B sin(g, - 30°)+rsmM, j=2,3,..,12
6

Now take A, as the center of a circle, A;B; as the rotation radius, B; rolls 30 degrees
clockwise to B,

b5

The parametric equation of ~ * s
A B, cos@+rcos———— 20 ==

i1 6, -30"<6<6
y; =AB;sind+ rsin%

—a.
Determination of 6, @ S =tan" ’

is the angular relation when Aj, Bj correspond.

] i

C.—a;
Case I: If ¢;—a;<0,d,-b; <0=6,=270'-f,and f=tan"|-—
d; b
d. —b.
Case 2:If ¢;—a;>0,d,—b, <0=6 =360"-f,and f=tan" ’
c,-a,
c —a.
Case3:1If ¢,—a,>0,d,-b;>0=6,=90"-$,and B=tan"'|-1—
d; b
d. —b
Case 4:If ¢;—a;<0,d;—b,>0=6 =180~ f,and B=tan"'|——
cC.—a
J J
A .Az
/\\ g
/7 ~ ;’
\ 5 /, // "'\ ~ .
\'\. (\ 2 ) -\ = A]
A4 h “‘7\’\,.)‘\/ 7 i
/ "_‘ \ /
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We extended to the parametric equation of the trace formed when any point in a
regular n sided polygon rotates in a regular m sided polygon.

4/ s a vertex of a regular m sided polygon, & s any point inside a regular n sided polygon.

And 7 =94,

A =tla;b)=(rcos EU_ljﬁ,rsin 2(“’?—1)??} v =12, [m,m]

4 1
— 360" 360° 20j-D .
Bi=ilepd,) »o;=4,8 cos[ﬂi—(T — j]+rc¢s% 1i=1,2,34

0 0 .
d;=A_B sin[a—(iﬂ Sy e e

i s

A8 = fe;—a )y +@, -8 » j=12.[man]

- ) AE. ) ) .
Now take Af as the rotation center, ~ ¥ ¢ as the rotation radius, and rotate B,

360" 360"
(— - ) B,
H #  degreesto” !,

—

The parametric equation of BB can be expressed as:

B 20 i1
X __aij.Bjc:osE?+r EOST . _(@u ) 2600
20i-Tr ' T oa

i

1=8=8
¥;=4A 8 50 8+rsn "

o c,—a
Determination of ¢ @ B=tan™ dJ ‘

is the angular relation when Aj, Bj correspond.

j i

i

j
d; b

Case 1:If ¢;—a,<0,d;—b,<0=6 =270"°-4,and f=tan™

d. —b.

Case 2: If ¢,—a;>0,d,—b,<0=6,=360"-4,and B=tan*|L1—
c —a,

] ]

e, —a.

Case 3:If ¢;—a;>0,d,—b, >0=6 =90"- 4, and ﬂ:tanld’j_b’j

i i

C, -2,

. 0 _
Case 4:If ¢,—a;<0,d; b, >0=6 =180"-p,and p=tan™




(5) Conclusions and applications:
1. Any point in a square (n=3, 4, 5) rolling upon a circle will return to its original

position and make a complete cycle for the locus. The cycle made by any

.. n,6
point in the square can be formulated as%.

2. A point in a regular polygon (n sides) rolling upon another regular polygon (m
sides) will trace out a locus with [m, n] number of sides (m, n as the lowest

common multiple ). If m< n, the parametric equation can be expressed as :

4 isavertex of a regular m sided polygon, s any point inside a regular n sided
polygon.

And 7 =94,

2=l . 2(i-1s .
Aj:(czj,f:-j]:(rcos Um:l JFEn (”'rmj 3o j=1,2,.., [m,?z]

0 o .
BJ,- = (cj-,.:fj-]l e ﬂj-_lﬁj-_l cos[& - (iﬂ - el i+ COSM v i=1,2.34

FH FH
o 0 P
d;=A B, sin[8 - o0 20 n VDT 03 L]
M FH FH
A8 = fe;—a )y +Wd, -8, 0 =12 [ma2]
A . AEB, . . g
Now take “¥ as the rotation center, ~#~ 7 as the rotation radius, and rotate
360" 360°
(— - ) B,
7 #  degrees to”
The parametric equation of BB can be expressed as:
xj:ﬂjﬂjcosﬂ+rcosw 260° 2600
2 .ml 8—(— - j=8=§
¥;=A:bsin 8+ rsin M " ”
FH

p—ap| . . . .
L1t s the angular relation when Aj, Bj correspond.

- - . - C
Determinationof 6 : p=tan™* 5

i i

C;— 4

d; b

Case 1:If ¢;—a,<0,d,—b,<0=6 =270°-p4,and g=tan™




dJ' i

Case2: If ¢;—a;>0,d,—b, <0=6 =360"-4,and S=tan"

C; — 4,

L|c.—a
Case 3: If cj—aj>0,dj—bj>0:>9i=go°_ﬁ,and ﬂ:tanldlj—b;
Case 4: If C,——a,-<0,d,-—bj>0:>o9i=180°—ﬂ,and B =tan™ ij_a:

Applications

*The original version cycloid graphing kit:
A cycloid graphing kit has prevailed on the market before.
The kit includes a smaller circular plate with a serrated
edge, and a large plate with circles which have the
sawteeth on the inside. The small plate can fit inside the
large plate in which the sawteeth will bind perfectly when
rotating. Insert a pencil into one of the holes on a small
plate, a curve will be created by rolling the small plate.

*A newly designed commercial game:
Purpose of the design :

It’s a hassle to draw regular polygonal curves using compasses and protractors even on a
computer. Perhaps by combining the result of further research with the original cycloid

graphing kit, we could design an “easy-to-use” curve graphing tool.
Theory of the design :

According to further research, this gadget includes various sizes of regular polygonal holes of
equal side length, and different kinds of regular polygonal plates with side lengths equal to the
holes. After several experiments, we have found that due to the angles of each regular polygon,
we can’t indent the sides since they don’t bind well plus it slips off easily. Through many trials
and errors in developing an anti-slip plate, we finally designed a regular polygonal graphing kit
which doesn’t slip off that easily and is able to create a perfect curve in a short time. It
deserves being mentioned because we already applied for a patent on it from the Intellectual
Property Office, Ministry of Economic Affairs, R.0.C. (M305759 )

( The original graphing kit failure that slips off easily ) (The final “Plate” we created)



(6) References:

Reference websites:

1. Amazing cycloids
http://www.ghsms.com.cn/baixian/index.htm

2. Basic graphing
http://elearning.emath.pu.edu.tw/mkuo2003/2003sdmgsp/cgsp/1_all.htm

3. Cycloid
http://www-groups.dcs.st-and.ac.uk/~history/Curves/Cycloid.html

4. Cabri Java Applets
http://www.math.ntnu.edu.tw/~jcchuan/demo/cabrijava/index.htm
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