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Abstract

Assume that n is any positive integer. The Brother Tree
BT(n) is an interesting family of 3-regular planar bipartite
graphs recently proposed by Kao and Hsu [10]. In any BT(n),
we prove that there exist three internally-disjoint spanning paths
joining x and y whenever x and y belong to different partite sets;
for any three nodes X, y, and z of the same partite set, there exist
three internally-disjoint spanning paths of BT(n)-{z} joining x
and y. We also prove that there exists a hamiltonian path
between two vertex x and y from different partite set. Moreover,
for any two nodes X, y in the same partite set and z in the other
partite set, there exist a hamiltonian path of BT(n)-{z} between x
and y. Furthermore, there is a hamiltonian cycle pass through

any three given edges in BT(n).
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Some Topological Properties
of a Fault-tolerant Design

Po-Chun Kuo
Fair ID: 680101 Project ID: MAO9

Introduction

In this work, we follow the definitions and notations of Harary[1] on the definition of each of the these
terms: graph, adjacent nodes, 3-regular, bipartite, path, internally-disjoint spanning paths and cycle. Recall
that a path is called a hamiltonian path if its nodes are distinct and span V. A bipartite graph G is hamiltonian
laceable if there exists a hamiltonian path between any two nodes from different partite sets, as shown in Fig.
1(a). A bipartite graph G is hyper hamiltonian laceable if for any two nodes x, y in the same partite set and z in
the other partite set, there exists a hamiltonian path of V\{z} joining x and y, as shown in Fig. 1(b). Moreover, if
there exist three internally-disjoint spanning paths joining any two nodes belonging to different partite sets, the
bipartite graph is called globally bi-3*-connected [2, 3], as shown in Fig. 1(c). A graph is called hyper globally
bi-3* -connected, if for any three nodes x, y and z of the same partite set, there exist three internally-disjoint
spanning paths of V\{z} joining x and y, as shown in Fig. 1(d). A cycle is called a hamiltonian cycle if its nodes
are distinct except for the first node and the last node and if they span V. A graph is hamiltonian if it contains a
hamiltonian cycle, as in Fig.1 (e). A graph is called 3-required-edge-hamiltonian if there exists a hamiltonain
cycle passing through any three given edges, as shown in Fig.1 ().

(a)

(d)

A Fig.1

Our project studies an interesting family of 3-regular planar bipartite graph {BT(n)}, to be defined below.
Each BT(n) possesses the optimal property of attaining the smallest diameter among all 3-regular planar
bipartite graphs of 6x2" -4 nodes. These graphs therefore have an important application in fault-tolerant design
for token ring.

Lemmas 1-3 -» Lemmas 4-7 Lemmas 8-10 —-» Lemmas 11-15 Lemmas 16-18
Theorem 1 Theorem 2 Theorem 3 Theorem 4 Theorem 5
(a) studied of globally bi -3*-connectedness (b) hamiltonain laceability {c) 3-required-edge

-hamiltonian

A Fig.2 Flowchart of our study



Definition of BC(n)

Let BC(2) be given by Fig. 4(a). Assume that
BC(k) has been defined for some k=2. Then
BC(k+1) is composed of two disjoint copies of
BC(k), a white node xy+1 and a black node zy+1

linked by five additional edges as indicated in Fig. L
3(h). (a) BC(k) (b) BC(k+1)

A Figl3

i
=
A

(a) BC(2) (b) BC(3) (¢) BC(4)

Definition of BT(n)

Let n be a positive integer =2. Then, BT(n) is composed of three disjoint copies of BC(n) and a pair of
nodes xn+1and  zn+1 linked by nine additional edges as shown in Fig. 5(a). BT(2), BT(3) and BT(4) are shown
in Fig. 6(a)-(c).

o0 &0 4

(a) BT(n) (b) BT(n) (c) BINI)
A Figs

(a) BT(2) (b) BT(3) (¢) BT(4)
A Tig.6



Method

All proofs are given by induction.
For Lemma 1, there are six cases to consider as outlined in Fig.7.

©00 66

(d) ()
A Fig7
For Lemma 2, the only case to consider is indicated in Fig.8.
For Lemma 3, there are three cases to consider as outlined in Fig.9.
(a) (b) (c)

A Fig8 A Fig.9

After proving the three lemmas, we then go on to prove the hamiltonian laceability of BT(n). Without loss
of generality, we may consider only the case when two nodes belonging to the same cell BC(n+1) in view of
the symmetric property of BT(n). Lemma 3 reduces the problem to the follow three cases:

&0 &GO &

(a) casel (b) case?2 (c) case3

A Fig.10




Results
Qualitative Studies — Connectedness

For any positive number n, we discovered the following interesting connectedness properties: BT(n) is
globally bi-3*-connected, hyper globally bi-3*-connected, hamiltonian laceable, hyper hamiltonian laceable
and 3-required-edge-hamiltonian.

Quantitative Studies - Comparison of Parameters

Diameter Fault Diameter Wide Diameter Wide Spanning Diameter
one fault two faults two paths three paths two paths three paths
. . . N+d . . "
BT(n) |2los. h64 +1| 3log, N 64 dlog, B 64 dlog,— =1 6log, N 64 -4 I"-24 hzs
Christmas N+2 N+2 N+2 N+2 N+2 ., N+2 ; ;
, , + g - 4log, -4 . -log, N-1 N-1
Tree 2log, 3 3log, 3 3 6log, 3 4 0g, 3 (log, 3 y-log, 3
S N+4 ) )
Eye Graph | 4dlog, r +1| wunknown unknown unknown unknown N-1 N-1

Recall that the diameter is the maximum distance between pairs of nodes of G. For any node f of G, the
one fault diameter is the diameter of G\{ f }. For any two nodes f; and f, of G, the two fault diameter is the
diameter of G\{ fy, f,}.

A k-container C(x, y)={P1, P2,..., Px} in a graph G is a set of k internal node-disjoint paths between x and y.
The length of th container I(k-container C(x, y)) is max{|Pi| |[L=i=k}. The wide diameter is max{min
I(k-container C(x, ¥)) | X, ye G}. Ak*-container C(X, y)= {P1, P2,..., Pk} in a graph G is a set of k internal
node-disjoint paths spanning all the nodes of G between x and y. The wide spanning diameter is max{min
I(k*-container C(x, y)) | x, ye G}.

Conclusion

Mathematically, we have established the following properties related to connectedness: globally
bi-3*-connectedness, hyper globally bi-3*-connectedness, hamiltonian laceability, hyper hamiltonian laceability
and 3-required-edge-hamiltonian. We have made quantitative studies on the following parameters: fault
diameter, wide diameter and wide panning diameter.

A computer network can be considered as a graph: the nodes are the computers and the edges are the
wiring cables. Every computer operates independently. If there are more than two simultaneous commands
issued by a single computer, it will violate the protocol. Therefore, network engineer's task is to make sure the
computer system forms a hamiltonian cycle or path. Thus, a token will be conveyed along the hamiltonian cycle
or path. The computer is allowed to issue orders to the system upon receiving the token. Engineers call such
mechanism token ring or bus on network. Under this situation, the globally bi-3*-connected properties are
applicable to datatransportation and to program running.
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