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ON THE STUDY OF DISSECTION OF CUBES FROM CUBOIDS

Cheng-lum Lin and Pei-lum Wu
National Chiayi Senior High School

Abstract:

In 1940’s, Bouwkamp proposed the study of dissecting squares from rectangles. Among the study,
the problem of the least number of dissected squares has been open for decades.

In this project, we first propose a corner dissection method, associated with the famous Euclidean
algorithm. By reducing nearly three fourths of the number dissected by the primitive Euclidian
algorithm, our method indeed establish a suitable upper bound of the minimal number of dissected
squares from the given rectangles

Meanwhile, the Euclidean algorithm has also been considered to dissect the cubes from cuboids.
We analyze the fundamental properties of the method and establish a prototype of upper bound
function for the minimal number of dissected cubes. Moreover, the method of corner dissection has
also been implemented for some cuboids, which also exhibits the acceptable improvement being a

suitable upper bound.

Keywords: Corner dissection, Rectangles dissection, Cuboids dissection.
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_ 5K +8k+17
2
;. S(6,7,7)=46 > [1| F(6,7,7)=79 + G(6,7,7)=G(6,6,7)+ F(6,,7)=57 ;
S(14,15,15) =166 » [i] F(14,15,15)=407 » G(14,15,15)=263 «
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q*{'q\' 3-32

Firl)
S(12,13,13) =2F(12,6,6)+ 2F(12,5,5) + 2F(12,2,6) + 2F(12,2,5) + F(12,1,3)
=228 >
i F(12,13,13)=301 » G(12,13,13)=229 = 9§ » F(8,9,9)=133 » G(8,9,9)=114 - i
$(8,9,9)=80 « |+ i k GG - ST LA
S(2k,2k +1,2k +1) = 2F 2k, k, k) + 2F 2k, k -1,k —1)
+2F(2k,2,k) +2F (2k,2,k —1) + F(2k,1,3)
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(2,10,10)p el 25 [l 0 2 fur=t B> Y1 3-33
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q&a\' 3-33

HyERLE 0 §(11,10,10) = F(2,10,10) + 5(9,10,10) =25+26 =51 > f‘]ﬁﬁlj » F(11,10,10) =101 -
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Bf‘ e ‘F{j ﬂaﬁﬁ/ FF[‘J I E"Jb’ Fi ”
1-1 H1%(m, m+1)

Case 1.
(o F(40,40+1)=40+1 ;
G(40,40+1)=4+F(2,20-1)=4+F(2,2((-1)+1)
=4+(0-1)+2=(+5 >
Al G<F e (22 - ie(8,9),(12,13), (16, 17),

Case 2.
o F(40+1L,40+2)=1+FAl+1,1)=40+2 ;
G(40+1,40+2)=4+F(2,20)=4+1( >

A G<F o021 e (5,6),(9 10), (13, 14),

Case 3.

(o F(404+2,40+3)=1+F(40+2,1)=4(+3 ;
G(40+2,40+3)=4+F(2,20)=4+/( >

Al G<Fe 21+ ie(6,7), (10, 11), (14, 15),

Case 4.
(1 F(4043,40+4)=1+F(40+3,1)=4(+4 :
G(40+3,40+4)=4+F(2,20+1)=4+(+F(2,1)
=4+/+2=0+6 >
FHIG<Fe (21 e (7,8),(11,12), (15, 16),

PRI > 25 P -
(1) Glk,k+)<F(k,k+1) > k=5

@) GUok+D 1
F(k,k+1) 4
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1-2 Hi%(m, m+2)

Case 1.
fr F(80,80+2)=1+F(80,2)=1+4( ;
G(8(,80+2)=4+F(4,40-2)=4+F(4,4(1-1)+2)
=4+(l-D)+2=0(+5 >
Al G<Fe 022 - e (16, 18),(24,26), (32, 34),

Case 2.
i F(80+1,80+3)=1+F@®(+1,2)=1+40+2=4(+3 ;
G(8(+1,8/+3)=4+F(4,4(-1)+F(1,1)
=4+ (0-D)+F(4,3)+ F(L1)=8+/
Al G<F e 022« e (17,19),(25,27), (33, 35),

Case 3.

FlI F(8E+2,8£+4 =1+ F(@80+2,2)=4/+2 ;

)
)

Al G<F 21 - i.e. (10,12), (18, 20), (26, 28),---

G(80+2,80+4

4+ F(4,40)=4+0 >

Case 4.

i F(8043,80+5)=1+F(8(+3,2)=1+(4(+1)+ F(1,2)=4(+4 ;
G(8(+3,8(+5)=4+F(4,40)+F(I,)=4+(+1=(+5 >

PHIG<F <021 ie (11,13),(19,21), (27, 29),

Case 5.

Hi F(80+4,80+6)=1+F(8/+4,2)=1+(4/+2)=4(+3 ;
G(80+4,80+6)=4+F(4,40)=4+0 >

FHIG<Fe 21 e (12,14),(20,22), (28,30),



Case 6.

i F(80+580+7)=1+F(80+52)=1+(4(+2)+F(1,2)=4(+5 ;
G(80+58/+7)=4+F(440+1)+ F(L)=4+(+F(41)+1=(+9 -

FIG<F e 022 « e (21,23),(29,31), (37,39),

i 5 G(13,15)=10> F(13,15)=9 -

Case 7.

Hi F(80+6,80+8)=1+F(8(+6,2)=1+(4(+3)=4(+4 ;
G(80+6,80+8)=4+F(4,40+2)=4+({~1)+ F(4,2)=(+5

PHIG<F o021 ie (14,16), (22, 24), (30, 32),

Case 8.

i F(80+7,80+9)=1+F(80+7,2)=1+(4(+3)+ F(1,2)=4(+6 ;
G(80+7,80+9)=4+F(4,4(+2)+F(L)=4+(+F(4,2)+1=(+7 >

HIG<F e 21+ e (15,17),(23,25), (31,33),

ORI > 25 PP -
(1) Glk,k+2)< F(k,k+2) » k>10 = k#13 ;

@ ](j(k,k+1) 1
(k,k+1) 4

o

37



1-3 #i%(m, m+3)

Case 1.

B F(20,120+43) =1+ F(3,120)=1+40 =4/ +1 ;
G(120,120+3) =4+ F (6,60 -3)=4+({-1)+ F(6,3)=(+6 >

[P G<F e 022 o e (24,27),(36,39), (48, 51),

Case 2.

B F20+1,120+4) =1+ FG,120+ ) = 1+ 4+ F(3,1) =40 + 4 ;
G(120+1,120+4) =4+ F(6,6/—1)=4+(/—1)+ G(6,5)=(+8 >

[P G<F e 022 o e (25,28), (37, 40), (49, 52),-

Case 3.

B F120+2,12045) =1+ F(3,120+2) =1+ 40+ F(3,2) =4/ +4 ;
G(120+2,120+5) =4+ F(6,6(=2)=4+({ =)+ F(6,4)=(+6 >

Pl G<F e 021 ie (14,17),(26,29), (38, 41), -,

Case 4.

HE F(I20+3,12046) =1+ F(3,120+3) =1+ 40 +1=40+2 ;
G(120+3,12046) =4+ F(6,60) =4+ >

[P G<Fe 21 e (15,18),(27, 30), (39, 42),-

Case 5.

B F20+ 4,120+ T) =14+ FG120+4) = 1+ (M + 1)+ FG,1) =40 +5 ;
G(120+4,120+7)=4+F(6,60)+ F(1,2)=4+/(+2=(+6 >

[P G<Fe 21 e (16,19),(28,31), (40, 43),-
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Case 6.
B F(120+512048) =1+ F(3,1204+5) =1+ (40 + 1)+ F(3,2) =40 +5 ;
G(120+2,120+5) =4+ F(6,6(=2)=4+({=1)+ F(6,4)=(+6 >
Pl G<F e 21 e (14,17),(26,29), (38, 41),-,

Case 7.

i FA20+6,12049)=1+F(3,120+6)=1+4(+2=4(+3 ;
G(120+6,120+9) =4+ F(6,60)=4+( >

[P G<Fe 21 e (18,21),(30,33), (42,45),

Case 8.

i FA20+7,120410) =1+ F(3,120+7) =1+ (4(+2)+ F(3,1)=4/+6
G(120+7,120+10) =4+ F(6,6(0+2) =4+ (+F(6,2)=(+7 >

P G<F e 21 e (19,22), (31, 34), (43, 46),

Case 9.

i FA20+8120+11) =1+ F(3,120+8) =1+ (4/+2)+ F(3,2)=4(+6
G(120+8,120+11)=4+F(6,6(+1)=4+(/-1)+ G(6,7)=(+8

F{‘Q{I G<F</l21-° 1e.(20,23),(32,34), (44, 47), -

Case 10.

Bl F20+9,120+12) =1+ F(3,120+9) =1+ (40 +3) =40 +4 ;
G(120+9,120+12) =4+ F (6,60 +3) =4+ (+ F(6,3)=(+6 >

[P G<Fe 21 e (21,24),(33,36), (45, 48), -

Case 11.

H1 o F(20+10,120+13) =1+ F(3,120+10) =1+ (40 +3)+ F(3,1) =40+ 7 ;
G(120+10,120+13) =4+ F(6,6(+2) =4+ (+ F(6,2)=(+7 >

[P G<Fe 21 e (22,25),(34,37), (46, 49),-



Case 12.

HE FA20+11L,120+14) =1+ F3,120+11) =1+ (40+3)+ F(3,2) =4/ +7 ;
G20 +11,120+14) =4+ F (6,60 +4)=4+(+ F(6,4)=(+T >

[P G<Fe 21 e (23,26),(35,38), (47, 50), -

R > 25 PP -
(1) G(k,k+3)<F(k,k+3) > k=14 ;

2) ](j(k,k+1) - 1
(k,k+1) 4

o

40



1-4 H1%(m,m+4)

Case 1.

(i F60,160+4) =1+ F(4,160)=1+40 =40 +1 ;
G(160,160+4) =4+ F(8,80—4)=4+({—1)+ F(8,4)=(+5 >

P G<F e 022 o e (32, 36), (48, 52), (64, 68),-

Case 2.

(1 FA60+1,160+5) =1+ F(4,160+1) =1+ 40+ F(4,1) =40 +5 ;
G(160+1,160+5)=4+F(8,8/-2)+ F(1,3)=4+({-1)+ F(8,6)+3=(+10 >

[P G<F e 022 o e (33,37), (49, 53), (65, 69),

Case 3.

H1 F60+2,160+6) =1+ F(4,160+2)=1+40+ F(2,4)=4(+3 ;
G(160+2,160+6) =4+ F(8,8(—2)+ F(2,2) =4+ (/-1)+G(8,9)=(+8 >

[P G<F e 022 o e (34,38), (50, 54), (66, 70), -

Case 4.

i FA60+3,160+7)=1+F(4,160+3)=1+4(+4=4(+5 ;
G(160+3,160+7)=4+F(8,8/—-2)+ F(1,3)=4+({-1)+ F(6,8)+3=/+10 >

FHl G<F <022 - ie.(35,39),(51,55),(67,71),

Case 5.

HE F60+4,160+8) =1+ F(4,16/+4) =1+ 40 +1=40+2 ;
G(160+4,160+8) =4+ F(8,80) =4+ >

[P G<F e 21 e (20,24), (36, 40), (52, 56), -
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Case 6.

HE F60+5,160+9) =1+ F(4,16/+5)=1+(40+1)+ F(1,4) =4/ +6 ;
G(160+5,160+9) =4+ F(8,80)+ F(1,3)=4+/(+3=(+7 >

[P G<F 21 e (21,25),(37,41), (53, 57),

Case 7.

i FA60+6,160+10)=1+F(4,160+6)=1+(4/+1)+ F(2,4)=4(+4 :
G(160+6,160+10) =4+ F(8,8/)+ F(2,2) =4+ (+1=(+5 >

[P G<Fe 21 e (22,26), (38, 42), (54, 58), -+

Case 8.

B FA60+T7,160+11) =14 F(4,160+7) = 1+ (40 +1)+ F(3,4) =4/ +6 ;
G(160+7,160+11) =4+ F(8,80)+ F(,3)=4+/(+3=(+7 >

[P G<F e 21 e (23,27), (39, 43), (55, 59),

Case 9.

HE F60+8,160+12) =1+ F(4,160+8) =1+ 40 +2=4(+3 ;
G(160+8,160+12) =4+ F(8,80)=4+( >

[P G<F e 21 e (24,28), (40, 44), (56, 60), -

Case 10.

Bl F60+9,160+13) =1+ F(4,160+9) =1+ (4 +2)+ F(1,4) =4/ +7 ;
G(160+9,160+13) =4+ F(8,8/+2)+ F(1,3) =4+ (+ F(2,8)+3=/+11 >

[P G<F e 022 o e (41,45),(57,61), (73, 77),

Case 11.

B F60+10,160+14) =1+ F(4,160+10) =1+ (40 +2)+ F(2,4) =40 +7 ;
G(160+10,160+14) =4+ F (8,80 +2)+ F(2,2) =4+ (+ F(2,8)+1=(+9 >

[P G<Fe 21 e (26,30), (42, 46), (58, 62), -

42



Case 12.

Fio FA6L+11L160+15)=1+F(4,160+11)=1+(4(+2)+ F(3,4)=4(+7 ;
G(160+11,160+15) =4+ F(8,80+3)+ F(1,3) =4+ (+ F(3,8)+3=(+12 >

[P G<F e 022 o e (43,47), (59, 63), (75, 79),

Case 13.

i FA60+12,160+16)=1+F(4,160+12)=1+4(+3=4(+4 ;
G(160+12,160+16) =4+ F(8,8/+4)=4+(+ F(4,8)=(+6 >

[P G<Fe 21 e (28,32), (44, 48), (60, 64), -

Case 14.

i FA60+13,160+17) =1+ F(4,160+13) =1+ (4(+3)+ F(1,4)=4/+8 ;
G(160+13,160+17) =4+ F(8,8/+4)+ F(1,3) =4+ (+ F(4,8)+3=/+9 >

[P G<Fe 021 e (29,33),(45,49), (61, 65),

Case 15.

i FA60+14,160+18) =1+ F(4,160+14)=1+4(+3+ F(2,4)=4(+6 ;
G(160+14,160+18) =4+ F (8,80 +4)+ F(2,2) =4+ (+ F(4,8)+1=(+7 >

[P G<Fe 21 e (30,34), (46, 50), (62, 66),

Case 16.

HE F60+15,160+19) =1+ F(4,16/+15) =1+ (40 +3)+ F(3,4) =4/ +8 ;
G(160+15,160+19) =4+ F(8,8/+4)+ F(1,3) =4+ (+ F(4,8)+3=/+9 >

[P G<Fe 21 e (31,35),(47,51), (63, 67),

EI[_I—E-[EUFEJ‘F?F% » I ]’F'Ejéﬂ[lfa :
(1) Glk,k+4)<F(k,k+4) > k>20 =" k#2527 »
1 G(25,29) =12>F(25,29) =11 : G(27,31) =13>F(27,31) =11 -

@ IC;’(k,k+1);l O
(k,k+1) 4

43
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i~ L B

S (m,m, O SER I Wn=kmetr, » 0=hmer, » B <m=12 hk 215 » 55
R 5 O o) R TR R (L ST Gk, o)

Ty

hm

it A
5 [M53  JIATE

(1) fir =, =W > EEIET o R IR 1 - B 13

B

S sEH F’?’F“-“”J?‘&]J P R RS (12,1,13,9,1,8; 4)131[4143‘““ S FRAATR - <l
RLF L(12,1,13,9,1,8:4)=84 « 852" [IELL » 25 PG L 5183857 (4,1,13) ~ (4, 18)Ry iR



45

L(12,1,13,9,1,8;4) = F(4,1,13)+ F(4,1,8) -

B
=H
W
=
S
v

05 = =1F - S PES
L(km,,n,0,1,hm;m)=F(m,1,0)+ F(m,1, hm) °

@) fir, >n, B A I L T R SRR - T C R

..

D
w

I C
L BRI A SO PR 3 FURTRE (ST U R B R S
(15,3,17,13,2,10;5)5355(5,17,3) ~ (5,2,10)t =t » ikl » T
L((15,3,17,13,2,10;5) =F (5,17,3) + F (5,2,10) ©

FIVII8,1421,163,12:6) 55151 > 1A 2-4 > 5 PBEGETH L EIEAE5(6,21.4) ~ (63,12)

RO LR T

L((18,4,21,16,3,12;6) = F(6,21,4) + F(6,3,12)
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1
12 1
12 4

p o

SR i, > R BT
L(km,r,,n,0,r,,hm;m) = F(m,r,,n)+ F(m,r,,hm) o

3) E.f[’rz =7, n=/{ ’F’?'H“”J% Lhpu- ﬂ*ﬁgﬁlg’mﬁ& ~Ehr, o I [ﬁlEt 7] : 7 LE]
FEHRI9,2,11,11,2,9:3)f 1> [ M AR T IR R 20 S R = 0= 11 AR TURS (3,11,2)
#1(3,2,9) > Wﬂﬁgm~6&mﬁ@;%mﬁ%ﬁﬁ%

2
9

9 1
P 9]
J -
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—
—

[ E
EN Y TR

L(9.2,11,11,2,9;3)=F (3,11,2)+ F(3,2,9) >

PR i = 2 = nl o BT

L(km,r,,n,0,r,,hm;m) = F(m,r,,n)+ F(m,r,,hm) o

@) fir,=r, 2 n> G A= IO R SER By e PIRF RR0T
(9,2,11,10,2,6:3) L BUHGF - F 7 HOs ot R R 2 > S MEbn =11> =10 » 77T
AE IS GUIL2IG 2,0 = s R iRLEe » 2 P ES

L(9,2,11,10,2,6;3) =F(3,11,2)+ F(3,2,6) ©

2
y

N

(@))
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FIFT (123,15,11,3,8:4) L BIEFRELE] - [ dyap pods S po o s il 3> Y

n=15>0=11» Tl R =I5 (4,15,3)71(4,3,8)[ = P i F J;gﬁ@f%’ﬂ » UERLE > FS MR
[REaES

L(12,3,15,11,3,8:4)=F(4,15,3)+ F(4,3,8) -

w

oo

it G

BRI - Wi =, 2> O BPTES

L(km,r,,n, 0, r, ,hm;m) = F(m,r,,n)+ F(m,r,,hm) o



A=~ R (2, 2k — 1,2k - 1) PP 2]
Casel. k=8/
G(16£,160—1,16¢ 1) = F(16/,8(,80)+ F(16/,8¢/ 1,8/ 1)+ 2G(16/,8( —1,8¢) >
Hi o (1) F(16(,80-1,8/-1)=F(16/-2,8/—1,8/—1)+ F(2,8/—1,8¢/ 1)
=16/ +240-3 ;
(2) G(16¢,8(—1,80)=2F(16(,4(,40)+2F(16(,40 —1,40 1)+ F(16/,2,4( 1)
=18/° +100/ —44 >
Al G(164,160—1,160 —1) = 520 + 224/ -89 ©
PRI G<F&o (21 e m=16>32>48> ..

Case2. k=8/+1
G160 +2,160+1,160+1)= F(16(/ +2,8(+1,8/ + 1)+ F(16/+2,8(,8() >
+2G(16/+2,8(,80+1)
(1) F(160+2,80,80)=F(16(,8(,8()+ F(2,8(,8()
=16/ +2 ;
(2) G(160+2,80,80+1)=F(16/+2,40+1,40+1)+2F(16( +2,4(,4()
+F(160+2,40-1,40 1)+ F(16/+2,2,4( 1)
=370 +94/ 106 >
Al ) > GA60+2,160+1,160+1) =90¢* +188/ —28
PRI G<F&o (i1 e m=18>34>50> ...

Case3. k=8/+2
G160 +4,160+3,160+3)=F(16/+4,80+2,80+2)+ F(16/+4,8/+1,8/+1)
+2G(164+4,80+1,80+2)
HEr (1) FA60+4,80+1,80+1)= F(16/+2,8/+1,8/+1)+ F(2,8/+1,8/ +1)
=160>+320+4 ;
(2) GO60+4,80+1,80+2)=2F(160+4,40+1,40+1)+2F(16(+4,40,40)
+F(160+4,2,40)
=180° +40+16 >
i) o G(160+4,160+3,160+3)=52(> +40/ +38 -
[RIF=> G<F& /21 1e. m=20-36>52> ...
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Case4. k=8/+3
G(16(+6,160+5,160+5)= F(16(/ +6,80+3,8/+3)+ F(16/ + 6,80 + 2,8/ +2) >
+2G(16/+6,80+2,8(+3)
1 (1) FO60+6,80+2,80+2)=F(16(+4,8(+2,8(+2)+ F(2,8(+2,8(+2)
=160>+8/+3 ;
(2) G(160+6,80+2,80+3)=F(16(+6,40+2,40+2)+2F(16(+6,40+1,40+1)
+F(160+6,40,40)+ F(16(+6,2,40)

=370*+400+12 >
Fl] s G(160+6,16(+5,16(+5)=900> + 88/ +29 -
PRIfE= 5 G<F<o/0>1 e m=22>38:54> ...

CaseS5. k=8/+4
G160 +8,160+7,160+7)=F(16/+8,8/+4,8/+4)+ F(16/+8,8/+3,8/+3) >
+2G(16/+8,8( +3,8( +4)
Hi (1) F(160+8,8(+3,8/+3)=F(16/+6,8(+3,8/+3)+ F(2,8/+3,8/+3)
=16/ +400+13 ;
(2) G160+8,80+3,80+4)=2F(160+8,40+2,40+2)+2F(16/+8,40+1,4(+1)
+F(160+8,2,40+1)

=18/* +104/+40 >
] G(16/+8,160+7,160+7)=520>+248(+95 -
PRI G<Fo/0>1 e m=24>4048> ...

Case 6. k=8/+5

G(16/+10,160+9,16/+9) = F(16/+10,8(+5,80+5)+ F(16/+10,8(/ + 4,8/ +4) >

+2G(160+10,8/+4,8( +5)
(1) F(160+10,80+4,80+4)=F(16/+8,8(+4,8(+4)+ F(2,8(/+4,8(+4)
=16/>+16/+10 ;

(2) G(160+10,8(+4,80+5)=F(16/+10,4(+3,40+3)+2F(16/+10,4(+2,4( +2)
+F(160+10,40+1,40+1)+ F(16(+10,2,40+1)
=370>+1320+52 >

Bl G(16/+10,16/+9,160+9)=90¢> +280¢ +82 -
FRIjF= G<F&o /21 e m=26-42>58> ..
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Case7. k=8/+6
G60+12,160+11,160+11)= F(16/+12,8(+ 6,8/ +6)+ F(16/ +8,8(+5,8(+5) >
+2G(160+12,8( +5,8( +6)
Hi o (1) F(160+12,80+5,80+5)=F(16/+10,8/+5,8(+5)+ F(2,8/+5,8(+5)
=160> +48(+24 ;
(2) G160+12,80+5,80+6)=2F(16/+12,40+3,40+3)+2F(16/+12,4(+2,4(+2)
+F(160+12,2,40+2)

=18/0% +36/+22 >
ARl o G(160+12,160+11,160+11)=520> +120£+70 ©
RIS G<F<o/(0>0° ie m=12>2844> ...

Case8. k=8/+7
G160 +14,160+13,16/+13)= F(16/+14,8(+7,8(+7)+ F(16/ +14,8( + 6,8/ +6) >
+2G(16/ +14,80+6,8( +7)
Hi (1) F(160+14,80+6,80+6)=F(16/+12,8(+6,8(+6)+ F(2,8(+6,8( +6)
=16/ +240+11 ;
(2) GA60+14,80+6,80+7)=F16(+14,40+4,40+4)+2F(16(+14,4(+3,4( +3)
+F(160+14,40+2,40+2)+ F(16( +14,2,4(+2)
=370>+820+53 »
Al G(16/+10,160+9,16/+9)=90¢> +188/+119 o
pRIjF= G<F&o (020 ie. m=14>3046> ...
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