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Abstract

The Look and Say sequence is produced by describing the appearance of the previous row. For
example, start with “1,” which can be described as “one 1,” and therefore the second row is “11,”
which is "two 1s," making the third row “21,” the fourth row “1211,”and so on. The main goal of
this study is to work out the exact formula for this sequence, which means given the row number n,
we can know at once what the n-th row is without having to start from the first row and doing the
look-and-say iteration for n-1 times. Some of the methods used include dividing groups, repetition
and cracks. The formula we derived speeds up the calculation and gives us a better understanding of
the look and say sequence.
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It B
LR = 0 1,2,3 53 BIWEE ~ (oI gopop 53 2= (5 p.2)

3 | | 1o | L o= | 2 fo ik | 2 o= 3 o | 3 poigee
1 1 1 100.00000% 0 0.00000% 0 0.00000%
2 2 2 100.00000% 0 0.00000% 0 0.00000%
3 2 1 50.00000% 1 50.00000% 0 0.00000%
4 4 3 75.00000% 1 25.00000% 0 0.00000%
5 6 4 66.66667% 2 33.33333% 0 0.00000%
6 6 3 50.00000% 2 33.33333% 1 16.66667%
7 8 4 50.00000% 3 37.50000% 1 12.50000%
8 10 6 60.00000% 2 20.00000% 2 20.00000%
9 14 8 57.14286% 3 21.42857% 3 21.42857%
10 20 12 60.00000% 4 20.00000% 4 20.00000%
11 26 13 50.00000% 8 30.76923% 5 19.23077%
12 34 18 52.94118% 10 29.41176% 6 17.64706%
13 46 24 52.17391% 14 30.43478% 8 17.39130%
14 62 33 53.22581% 18 29.03226% 11 17.74194%
15 78 39 50.00000% 24 30.76923% 15 19.23077%
16 102 52 50.98039% 28 27.45098% 22 21.56863%
17 134 67 50.00000% 41 30.59701% 26 19.40299%
18 176 88 50.00000% 56 31.81818% 32 18.18182%
19 226 113 50.00000% 69 30.53097% 44 19.46903%
20 302 155 51.32450% 91 30.13245% 56 18.54305%
21 408 211 51.71569% 123 30.14706% 74 18.13725%
22 528 264 50.00000% 164 31.06061% 100 18.93939%
23 | 678 331 48.82006% 221 32.59587% 126 18.58407%
24 | 904 455 50.33186% 286 31.63717% 163 18.03097%
25 | 1182 596 50.42301% 366 30.96447% 220 18.61252%
26 | 1540 762 49.48052% 494 32.07792% 284 18.44156%
27 | 2012 1000 | 49.70179% 636 31.61034% 376 18.68787%
28 | 2606 1288 | 49.42441% 832 31.92632% 486 18.64927%
29 | 3410 1688 | 49.50147% 1095 | 32.11144% 627 18.38710%
30 | 4462 2222 | 49.19830% 1423 | 31.89153% 817 18.31017%
31 | 5808 2884 | 49.65565% 1847 | 31.80096% 1077 18.54339%
32 | 7586 3754 | 49.48590% | 2440 | 32.16451% 1392 | 18.34959%
33 | 9898 4915 | 49.65650% | 3154 | 31.86502% 1829 | 18.47848%
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L= 1 -
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W (47 pd)

BRI

YR P

T 13108 1.3075 1.3090 1.3249 1.3229 1.3579 1.3036 13115 1.4061
Sl PSS S 11 ARE 111 = ) 0 RYRE 222 R 3 33 By
1

2 1 0

3 2 0

4 1.5 1 1

5 1 1 0 0

6 |1.333333333 1 0 1

7 1.25 2 1 0 1

8 1.4 0.5 1 0 2

9 |1.428571429 3 1 1 0.5 1.5

10 1.3]0.333333333 4 1 2 1 1.333333333

11 [1.307692308 4 0.75 1 1.5 1 0.75

12 [1.352941176 0.75 2 1|1.666666667 1 1 2 0
13 [1.347826087 2 1 2 1 3 1/1.333333333

14 [1.258064516 1 1.5 1.5 1.2 1 2 1.125

15 |1.307692308|1.166666667|1.111111111{1.333333333 15 1 1.5[1.666666667 0
16 | 1.31372549|1.142857143 1.6 1|1.666666667 |0.666666667 1|1.066666667

17 |1.313432836 1.75 1 1.75/1.133333333 4.5|0.666666667 1.25 1
18 |1.284090909|1.142857143 1.5|1.142857143|1.352941176|0.666666667 3.5 13 1
19 [1.336283186 1.4375 1.125 1.5]1.565217391 1.5[0.714285714(1.307692308| 1666666667
20 {1.350993377|1.217391304|1.518518519 1.25/1.361111111|1.333333333 1.2[1.470588235 0.6
21 |1.294117647|1.285714286|1.292682927|1.533333333|1.102040816 1.75 1.5 1.24 2
22 |1.284090909] 1.222222222|1.396226415|1.043478261 | 1.314814815|1.142857143| 1.666666667| 1.193548387|2.166666667
23 |1.333333333| 1.454545455|1.216216216|1.208333333|1.408450704 | 1.458333333| 1.133333333| 1.459459459/ 0.692307692
24 |1.307522124|  1.296875|1.333333333|1.517241379 1.31]1.0571428571.588235294 1.25[1.555555556
25 |1.302876481| 1.21686747 1.325/1.340909091 | 1.251908397 | 1.675675676|0.962962963| 1.318518519 1.5
26 |1.306493506|1.326732673| 1.314465400| 1.186440678| 1.31097561 |1.161290323|1.7307692311.337078652|1.095238095
27 |1.295228628|1.335820896| 1.253588517|1.414285714(1.306976744 | 1.319444444| 1.222222222|1.210084034| 1.913043478
28 |1.308518803|1.251396648| 1.354961832|1.191919192|1.327402135 | 1.326315789| 1.254545455| 1.368055556 | 1045454545
29 {1.308504399|1.383928571|1.273239437|1.338983051|1.300268097 | 1.325396825| 1.333333333| 1.28680203|1.304347826
30 {1.301658449|1.261290323|1.305309735|1.373417722|1.315463918 | 1.245508982| 1.336956522| 1295857988 | 1.333333333
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bt 2 lell
CUFFF DY A AR B =) (7 pd)

A et

= 14.10% | 20.76% | 7.16% | 20.86% | 6.92% 413% | 2371% | 2.36%
0| AEATEE | 1pYES | 11pYES |11 pEs | 2 puEs | 22 pubs (222 puEs ) 3 puEs | 33 pubs
1 1 100.00% | 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
2 1 0.00% | 100.00% | 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3 2 50.00% | 0.00% 0.00% | 50.00% | 0.00% 0.00% 0.00% 0.00%
4 3 33.33% | 33.33% | 0.00% | 33.33% | 0.00% 0.00% 0.00% 0.00%
5 3 33.33% | 0.00% | 3333% | 0.00% | 33.33% | 0.00% 0.00% 0.00%
6 4 25.00% | 25.00% | 0.00% 0.00% | 25.00% | 0.00% | 25.00% | 0.00%
7 5 40.00% | 20.00% | 0.00% 0.00% 0.00% | 20.00% | 20.00% | 0.00%
8 7 1429% | 1429% | 1429% | 28.57% | 0.00% 0.00% | 28.57% | 0.00%
9 10 30.00% | 10.00% | 10.00% | 10.00% | 10.00% | 0.00% | 30.00% | 0.00%
10 13 7.69% | 30.71% | 1.69% | 15.38% | 7.69% 0.00% | 30.77% | 0.00%
11 17 23.53% | 17.65% | 5.88% | 17.65% | 5.88% 588% | 17.65% | 5.88%
12 23 13.04% | 26.09% | 435% | 21.74% | 4.35% 435% | 26.09% | 0.00%
13 31 19.35% | 1935% | 6.45% | 16.13% | 9.68% 3.23% | 25.81% | 0.00%
14 39 1538% | 23.08% | 7.69% | 15.38% | 7.69% 513% | 23.08% | 2.56%
15 51 13.73% | 19.61% | 7.84% | 17.65% | 5.88% 5.88% | 29.41% | 0.00%
16 07 11.94% | 23.88% | 597% | 22.39% | 2.99% 448% | 23.88% | 4.48%
17 88 1591% | 18.18% | 795% | 19.32% | 1023% | 227% | 22.73% | 3.41%
18 113 1416% | 2124% | 7.08% | 2035% | 5.31% 6.19% | 23.01% | 2.65%
19 151 1523% | 1788% | 795% | 23.84% | 5.96% 331% | 22.52% | 3.31%
20 204 1373% | 20.10% | 7.35% | 24.02% | 5.88% 294% | 2451% | 1.47%
21 264 13.64% | 20.08% | 8.71% | 2045% | 7.95% 341% | 23.48% | 2.27%
22 339 1298% | 21.83% | 7.08% | 20.94% | 7.08% 442% | 21.83% | 3.83%
23 452 1416% | 1991% | 642% | 22.12% | 71.74% 376% | 23.89% | 1.99%
24 591 14.04% | 2030% | 7.45% | 22.17% | 6.26% 457% | 22.84% | 2.37%
25 770 13.12% | 20.65% | 7.66% | 21.30% | 8.05% 338% | 23.12% | 2.73%
26 1006 13.32% | 20.718% | ©696% | 21.37% | 7.16% 447% | 23.66% | 2.29%
27 1303 13.74% | 20.11% | 7.60% | 21.57% | 7.29% 422% | 22.10% | 3.38%
28 1705 13.14% | 20.82% | ©6.92% | 21.88% | 7.39% 4.05% | 23.11% | 2.70%
29 2231 1390% | 2026% | 7.08% | 21.74% | 7.49% 4.12% | 22.73% | 2.69%
30 2904 13.46% | 2032% | 747% | 21.97% | 7.16% 424% | 22.62% | 2.75%
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4 1.5

6 1.666667
10 1

10 1

10 1.6

16 1.25
20 1.1

22 1.454545
32 1.25
40 1.2

48 1.416667
68 1.323529
90 1.222222
110 14
154 1.350649
208 1.230769
256 1.351563
346 1.381503
478 1.213389
580 1.331034
772 1.326425
1024 1.279297
1310 1.314504
1722 1.315912
2266 1.291262

Ui+ 1 o T s B
(fid & p.7)
g

0

2 1

2 1

2 2

4 1

4 1

4 1

4 1.5

6 1.333333
8 1.25
10 1.2
12 1.333333
16 1.125
18 1

18 1.333333
24 1.333333
32 1.1875
38 1.210526
46 1.391304
64 1.3125
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The Look and Say Sequence

By Annie Chen and Ann Lee

Background and Purpose

The Look and Say sequence is produced by describing the appearance of the previous row. For
example, start with "1", which can be described as "one 1", therefore the second row is "11", which

is "two 1s", making the third row "21", and so on. The first few rows are:

1 The Look and Say sequence was first introduced by Professor John H.

; Conway. Note that there are neither strings of “4” nor “333” in this sequence.
1211 This can be explained by writing out the preceding rows of these strings. The
;igﬁ number of digits in the n-th row is CA", where C=1.567... and 2=1.303... (called

13112221 Conway’s constant.) Also, about 50% of the digits are 1s, 30% 2s, 20% 3s.

Our final goal is to work out the "general formula" of this sequence, which

means given the row number n, we wish to know what the n-th row is without having to do the

look-and-say iteration from the first row.

Procedure

| The Look and Say Sequence |

—
[ Starting with 1 | [ Starting with p |

| Group-dividing | Repetwracks Generality
Fractal Left-end Right-end |122¢&lement

repetitive repetitive
area area

Conway's | | Percentages
constant || of 1s, 2s, 3s

Non-repetitive
area

Generality

Methods
Group-dividing
Putting the same numbers together, we get eight groups: 1, 11, 111, 2, 22,222, 3, 33.

Labeling the eight groups with different colors, we can see the sequence as a fractal:

8! 11 | @111
2 22 | @222

& &:3
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Cracks
A “crack” cuts a string into two separate parts that are no longer related in iteration. We found
that all strings of 23 (except 23111, 23222), 2123, 2132, 2131, and 2111 form cracks. A string

between two cracks is called a “unit.”

2|3 2 3111
12]13 s T il

111211113 1112 112311

e i 3112 21121321

132112(132113
1113122112(1113122113 13218211211131211

Repetition

ol
2y
3o

[ 1 1 Right-end repetitive

111221 11
1222 Non-repetitive area

i[z112221
1113213211
1131211131221
321131112311311224
hh13122113311213211§
ZBl13112221232112111§

Left-endrepetitive Bip21132132111213122
14ph13122113121113123

area (4-row cycle)

FEIEREE

=]
=

E221
t11312113211
£11311222113111221131221
11311222112132113213221 1222113112211
PBPL131122211311123113111213211231132132211211131221131211132221231132
area.(3'rO\V CyCIG) 16013 211221222113311212211331121113122112132113121112222112311311222113
7h[1312211312111322212382112111312212321123113112221121113122113111231
1131122211311123113321112131221123113112211121312211213211321322112
13211321322113311213212312311211131122211213211321223112111311222112
ifl131221131211132221232112111312111213111213211231132132211211131221
1131122211311123113321112131221123113111231121113311211131221121321
3211321322113311213212312311211131122211213211331121321123123211231
1131221131211152221232112111312111213111213211231132132211211131221
1131122211311123113321112131221123113111231121113311211131221121321
2113213221 1331121321231231 1211131122211 213211331121321123123211231

r

BEREREEES

Viewed by columns, some parts of the sequence repeat themselves, as shown above.
Generality
Divide the sequence into three parts according to repetition and derive the general formula for

each. Combining them together, we get the general formula for the n-th row.

1 P;=1321132 5,=13221133112

11 P;=111312211312 2=11132221232112

21 P;=3113112221131112 ;=311332111213122112
1211

111221

312211

13112221

111321321

311310 2

13211311211 §112211

1113122 131321132

311311 2p1211131 1

132113213 131221 : 3111221131221
ITr3Tagrisralflizias 3 291121321132132211331222113112211

1
34
311311222113111231 1322112111312211312111323221
132113271322113311 ! 112132113121113222112311311
IT1 312311 3T 3T SaasrFaalld]l 1 y312212321123113112221121113122113
ST IR 3T SINEad RN eI EIrE311311j2211121312211213211321
821182132211 33 11218239128 laarrassnral1 32113121223112111311
11131221131211132221232112111312111213111213211231132132211211
31131122211311123113321112131221123113111231121113311211131221
13211321322113311213212312311211131122211213211331121321123123
11131221131211132221232112111312111213111213211231132132211211
F1T3T12221T3T11231133211121312231123T131 11231121 ITE38 1131 T Y3231
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The red line marks the left-end repetitive area. Every colored block is a unit separated by
cracks. The blocks of the same color are related in the view of iteration, meaning that the unit
evolves into the unit of the same color in the next row.

The yellow block in row 13 1321132 is a unit named P, and it iterates into the yellow unit
P,=111312211312 in row 14, which evolves into P3=3113112221131112 in the 15th row. P5 evolves
into two units, 1321132(13221133112. The 1321132 is the same as P; in row 13. The P;—>P,—>P3s—
P;—... cycle is the reason for the 3-row cycle in the left-end repetition. Name 13221133112=S1.

Now let’s take a closer look at row 19. The yellow block 1321132 is Py, the pink block
13221133112 is Sy, and the blue block 132123123112111311222112 is f3(Sl), S; iterates 3 times.
Because S;=13221133112(row 19) is exactly the same as S;=13221133112(row 16), you can also
say that 132123123112111311222112(row 19) is 13221133112(row 19) iterated 3 times. So row 19
can be written as: P;+S,+£(S;). For every n= 13, n=k(mod3),
k=1,2,3, row n can be described as Pk+Sk+f3(Sk)+...+f" (Sk), x= [ n- 16} [%6}3

3 Pt D f(S,) »n=16

%3. In a more mathematical form, the general formula would be: -

Similarly, the general formula for the right-end repetitive area can

be derived:

22113111221131281 13

2211331222113112211 «

2212311322113212281 15
2111213211322211318113211 ¢
231121113122113322113111221131281 17
213211231131122212322211331222113112211 12

P’;=311322113212221
P’,=13211322211312113211
P’ =1113122113322113111221131221

211131221121321132132111213532212311322113212221 15
23113112221121113122113121113123112112322111213211328211318113211 =

2132113213221123113112221131112311311121321122112132231121113122113322113111221131221 =
$11213211321322113311213211331121113122122211211132213211231131122212322211331222113112211 =

112321121113122123211231131122113221123113221113122112132113213211121332812311322113212221 =

$11321222113282112132113223113112221121113122113121113123112118328111213211322211312113211 2
$1132213211321322112831181122211311183113111281321122112132431121113122113322113111221131221 =

1112132113213221133112132113311211131221222112111328213211231131122212322211331222113112211 =

Sp3=1321132132111213322
Sp,=1113122113121113123112112322
Sp;=31131122211311123113111213211221121322

Se,=132113213221133112132113311211131221222112111322

SA3:12
SA4:1112
SA1:3112
SA2:132112

P’,=31131122212322211331222113112211

(Sar)+ 4(Ser) +4(Sar) +......
+4(Spr) +*(Sar) +%(Spr) +(Sar)+ P’ :
X=["¥|x4>nz15,

;JEI'{1110d4), r=1,2, 3,4

The formula for the non-repetitive area can only be written using the original look-and-say iteration:

M=311311121321123113213221121113122113121113222, f""*(M) » n=15

Starting with p

All sequences starting with a single digit ita rting with 2 Eta rting with 3 Etamng with p
are exactly the same except for the last digit (the |12 13 1p
initial digit.) They also have repetition and 1112 1113 11ip

S ' 3112 3113 311p
cracks, so using similar methods, their general 132112 132113 13211p
formula can also be derived. 1113122112 1113122113 111312211p
Calculati C , tant d th 311311222112 (311311222113 31131122211p
alcula Ing Onway s constant an e 13211321322112|113211321322113{1321132132211p

percentages of 1s, 2s, 3s

Here we introduce the idea of Conway’s 92 elements. Professor John H. Conway did some

research on the Look and Say sequence. He had an idea similar to our cracks, and he called them
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splits. He cut every possible split in the sequence and called the string between two splits an
element. He found that there were only 92 elements in the whole sequence, and they are related in
iteration. We combine the idea of Conway’s 92 elements and matrix to calculate Conway’s constant
and the percentages of 1s, 2s and 3s.

Calculating Conway’s constant
Define matrix X ,,,, as the initial status of the Look and Say sequence; X, ; means the

quantity of element i. Define matrix A,,,o, as the iterations of Conway’s 92 elements, and A; means

the quantity of element j resulting from the iteration of each element i. Define matrix d _,, as

number of digits of each element; d, means number of digits of element i.

A 0 0
» 0 4 S . _ .
A=PDP", Dy, =| . 0 is a diagonal matrix consisting of eigenvalues of
0 -~ 0 4,
matrix A.
d (An+1 XO)
Growth rate =————~
d(A"X,)
:limd(AnHXO) ' d .PDn+1P71.X0 Clim Cl/llnﬂ+C212n+1+.“+c‘)2192n+1

— = lIm Py - . .
n—w d(AnXO) n>» d.PD"P 1_)(0 oo AT +C,A" N+ + Coy Ay,

n+l1 n+l1 n+l1 n+l1
AR 7 A LV A
= lim 4, m i " =), "=,

T et ) et ) () ca(*7, )

We can see that A, the largest eigenvalue in "
modulus of the matrix A, is the growth rate of the Look ' ° 0 2% 4o,
and Say sequence, which is 1.303...., and it’s obvious that v :o 3 " N =
the growth rate is not related to the starting row. ) o o o:g / 1.303
The percentages of 1s, 2, 3s 1 & ¢ R

Using similar methods, we can also get the as g :"0
percentages of s, 2s, and 3s. Define X, as the status of ) ) :e " ot ;"o '
the nth row, which means X, = A"X, . Define matrix a; as —

number of 1s in element i, bj as number of 2s in element i, Cj as number of 3s in element i and d; as

number of digits in element i.
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A" =PD"P!

92 ]
n n n Clkﬂ'kn
C1,1/11 +C1,2/12 +"'+C1,92ﬂ92 kZ::‘ '
Xn=AnXO=PDnP_1X0: : = :

092,1/21n + 092,2/1; oot C92,9zﬂnzn i Cyp k/’ikn
=

-192x1

92 92 92
Number of 1s in the (n+1)" row =a, D e AN+, D G A g Y oy A
k=1 k=1 k=1

92 92
= Z(aikzci,kﬂ’knj
i=1 =1
The percentage of 1s in the (n+1)™ row
92 92 92 2
Z(aikzci,kﬂ’knj Z(aici,mj’mn) (aiCi,m)
=1

. i=1 . i
=lim - =lim & ==l
n—o

Sadear] " Lloa.t) S(de.)

i=1 i

o

O
[\S]

i=1 i=1

To calculatec; ,, we use another matrix D, ., . Let Dy | =1

(4, 0 0 | [0 0 0]
0 4 0 0
Dosvor = 1 — Diyr = . 1
.0 .
K 0 A, | 0 0 0]

€, 0"+ 4C 1"+ 4 C g, 0" :
so that PD""P™'X, = : = ¢

n

n n
092,10 +~--+c(,2,m1 +-~+c92,920

| Com |

With the help of Matlab, we can derive the percentages of 1s, 2s, and 3s being respectively
47.25%, 34.24%, 18.51% as the row number n— co. Also, they are not related to the starting row.
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