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Y ffifel (Abstract)

The Discovery of Geometry Inequalities by Brocard Point

This paper takes Brocard Point as a core. We proved some properties about Brocard geometry to confirm 1its
accuracy, and deduce some other properties, and then derive some geometry inequalities by these properties.
The content may divide into four parts:

a) Derives geometry inequality by Brocard Angle, Crux Mathematicorum and properties which known or
deduced.

b) Unifies "Fagnano problem", "Fermat Point", "Euler formula" to derive several geometry inequalities. In
particular the inequalities between triangle area and length of side, or circumradius inradius and the length of
side, 1s quite 1nteresting.

¢) Derives geometry inequalities about length of sides in triangle by the distances between incenter centroid
circumcenter and Brocard Point. Especially, these inequalities were elegant which derived by incenter and
centroid, but it was complicated derived by orthocenter.

d) According to the relation about incenter centroid and Brocard Circle derives a series of inequalities.
Discover Weitgenberk inequality makes us excited.
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-cosAcosBcosCsin*® 6

=sindsinBsinCcos @ (sin”> @+cos’ @ )-cosAcosBcosCsin @ (cos” O+sin’ )-sinfcos’ &

=sinAdsinBsinCcos @ -cosAcosBcosCsin @ -sin @ cos > O
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E 1 s A+B+C=7 =>sin’ A=sin’ B+sin’ C-2sinBsinCcosAd-++++- (ﬁ%ElBﬁ%E'E )
sinBsinCcosAZ% (sin” B+sin” C-sin’ A)
[FJ%FF H cosA4sinBsinC+sindcosBsinC+sindsinBcosC

:% (sin” B+sin’ C-sin’ A)+% (sin® A+sin’ C-sin’ B)+% (sin® B+sin’ 4-sin” C)
:% (sin® A+sin” B+sin” C)
:% (2c0sAcosBcosCH+2)-+ -+ (ﬁﬁiﬁﬁﬁgﬂﬂ 4)

sindAcosBcosC=sin4 - % (cos(B+C)+cos(B-C))
=% sinAcos(B+C)+% sin4cos(B-C)

:_% sinAcosAvL% sin(B+C)cos(B-C)

=- l sin2A+l . l (sin2B+sin2C)
4 2 2

:% (-sin24+sin2B+sin2C)
[ﬁjfﬁ' fi' H sindcosBcosC+cosAsinBcosC+cosAcosBsinC
:i (—sin2A+sin23+sin2C)+i (sin2A—sin23+sin2C)+% (sin24+sin2B-sin2C)

:% (sin24+sin2B+sin2C)

% AsindsinBsinC---- (U T)

“»sin’ @=sin(4- 6 )sin(B- & )sin(C- )
=sindsinBsinCcos @ -cosAcosBcosCsin & -sin § cos *
sin@ (sin® @+cos” @ )=sindsinBsinCcos @ -cosAcosBcosCsin &
ﬁﬁ sin = sin4sinBsinCcos @ -cosAcosBcosCsin &
e f | [ﬁJ =1'] sin@ # 1=sindsinBsinCcot & -cosAcosBcosC

:1+cosAcosBcosC

R = cotd
TS sin Asin BsinC

= ! +cotAcotBcotC

- sin 4sin Bsin C
=cscAcscBcscC+cotdcotBeotC

~HHETT- (1) > cot@=cotd+cotB+cotC M [T (3)

HE- 17 BpvE=" » cotd+cotB+ceotC=cscAcscBescCHeotdcotBeotC
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FIERTS (3) » cotg— LT eosdcosBeosC o,
- sin Asin Bsin C

BI'TF;‘:'D“[H [ 1] : sin® 4+ sin® B sin” C=2cosAcosBcosC+2

sin? A+sin” B +sin* C

[ T > coto=

2sin Asin Bsin C
E“'l‘ik@fr_: 3) > C01:‘9:1+.cosA‘cosB‘cosC 0
- sin Asin BsinC
Bﬁf::IEH Hl D a’+b* +c? =8R*(1+cosAcosBcosC)
HETH cotd= a’ +b*+c? :a2+b2+c2:a2+b2+c2
) grz. 4. b ¢ abe 4A
2R 2R 2R R
2 2 2
PR 1T 5 cotg =2t
4A
. a*+b*+c? —— )
&R > cotd :TLWI?Z[* f1[4] : 8 A’=abc(acosA+beosB+ccosC)
e a’ +b*+c?
riEH cot=———
i 1 4A
:(a2 +b> +c?)A
4N
:a2 +b% +¢? .abc
2R 8A’
a’+b*+¢?
_ 2R
N
abc

asin A+bsinB+csinC
acosA+bcosB+ccosC

asin A+bsinB+csinC

RNI=HERTH 5 cotf=
acosA+bcosB+ccosC
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Q
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<q%ﬂ"{ - >
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fHE#E50 - Q E¥ AACD [iY Brocard Point
(— )AABP~AACQ
AP _BP _AB ¢
=== >
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(Z)ABCP~ADAQ
e P 2
BP CP BC—%—a—z:BP —DQ
DQ AQ DA b b b?

a

(= )AACP~ADCQ
AP _CP_AC _
DO CQ DC

2 \g“|@

(I*) AAPQ~AQCP

UP A0 PO o
— === PO =AQ % CP [ ICP——A
oo <240 <Hi@)cp

-0’ =t = Polcp

—
o AP p Q_c b*> _bc
S T
a a a
b 19
F1(2) % (6)4! BP= % w cP=2C0
C
—
i BP c c
e

E“@b@;ﬂBP—a— DO 4 =% 0
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ab

a’ a
_bc c’

a’> ab
szc a02
b . c . a

a b c

[N fr s J P—ét ; BPZEt , C_Pzzt,
b c

EI@ ) @ ’ @k’<ﬁ%ﬂ—{ Bl
E:E)—i-]?_Q-|-@

~5p+2CP+S 1P
a a

c ba_  cb

—tt+t——tt——t

b ac aa

_a

2 v a’h? + b’ )

2
a“bc

E“<[ﬁH >l IfY AABD ' JE[IBD =c +(

EIHIIGR

)

) -2-c- b— cos ZBAD

a
b4 2

+_2+ cosB
a a

+b4 +2b2c a’+c’-b’
a’ a 2ac

_a202 +b4 —‘,—azbz +b202 _b4

2
a

_a2b2+b202+cza2

—_— 2p2 2.2 2 2\2
E“@V;UBDZZ(" b”+b’c +ca ] ;2

a’be

2
a

[ a4b262 1
D - @ o= RS

a’b? + bt +c%a?

272 2
abc
21.2 2 2 2 2
a’b”+b°c” +c'a

abc _\/a2b2 bzcz +c a

e = “ BD

Ja*b? +b7c? +2a’
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FRF=h PR i S [T o
A ABC [i Brocard Point P = = TE@FTA * B~ C pUHHEER1E
ﬁ+ﬁ+@=(ﬁ+f+ﬁ}
a b ¢
:bzc+acz +a’b ' abc
abc \/azb2 +b%ct +cta’
b’c+ac* +a’b

\/azb2 +b%ct +cta’

F<[piH = >
AABPZ%C APsin®
1 b abc )
=—Cc-'— sin @
2 a o+ b+t
b*c?

sin @

2\/a2b2 +b%c? +cta’

ABCPZ%a BPsin6

1 ¢ abc

—a Ppe—

2 b’ +bcP +cPd’
a’c?

2\/612132 +b%ct +cta’?

sin@

sin@

AACPzéb CPsin@

lb 4 abe sin@
2 ¢ \Ja*h? +b2c? +c2d?
a’b*

2\/612132 +b%ct +cta’?

sin @

FESIZ W= #%4 AABP ~ ABCP > AACP Vi » i (e

AABP : ABCP : AACP=b’c’: a’c’: a’b’

:L.L-L
a2 b2 C2
Ei|<[ﬁl{ - >F,J'¢;
2A
sinfg=—= 49 _ a 2A
BD \d*b? +b7c* +c’a’ \/azb2 +b’c* +c'a’
a
sin? g= 4s(s —a)(s—b)(s—c)

a’b* +b*c’ +c*a’
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_ 2s(25s —2a)(2s = 2b)(2s — 2¢)

- 4(a’b* +b*c* +c’a’)
_(a+b+c)a+b-c)b+c—a)(c+a-Db)
- 4(a’b* +b*c* +c’a’)

1 :a2b2+bzcz+c2a2
sin’ @ 4N°
:4R2(a2b2 +b°c® +c’a’)
a’b’c?
PRSI | 1 1
=4R (a_2+b_2+c_2)
1 1 1
- a’ b’ i c?
4R*> 4R* 4R’
1 1 1
+

:.2 .2+.2
sin“"4 sin“B sin"C

PP EPERTS ¢ ese’ @ =csc” A+csc’ B+cesc’ C
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51 cotA+cotB+cotC> 43
pf * AL55 cotAcotB+cotBeotC+cotCeotA=1

cot(A+B)=cot(7 - C)

cot AcotB —1
cot A+cotB

cotAcotB-1=-cotAcotC-cotBcotC
= cotAcotB+cotAcotC+cotBcotC=1

=-cotC

(cotA+cotB+cotC) >
=cot > A+cot* B+cot > C+2(cotAcotB+cotAcotC+cotBcotC)

= cot® A+cot” B+cot® C+2
SR

(cot> A+cot® B+cot” C)* > (cotAcotB+cotAcotC+cotBeotC) >
= cot’ A+cot”>B+cot* C>1
Hll(cotA+cotB+cotC)* > 14+2=3 FFI'Y cotA+cotB+cotC> +/3

[Sﬁ“?tF [ Menelaus's Theorem

AR BS CQ

RB SC 04

A4RQ  ABSQ ABCQ _

ABRQ ACSQ AABQ

AR - AQ sina BQ .BS - sm;/ BQ CQ sing
BR- BQ sin SQ CS-sind AQ BQ sin(z — 3)

:AR BS CQO QA sinasinysing _
BR cs @ @ sin #sinosing

%. sinasiny -

SQ sin Bsino

sinp sina siny

sin ¢ . sin 8 sing

IF=£% Trigonometric Form of Ceva’s Theorem

=
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F% A+B+C=7 » 5 : sin® A=sin’ B+sin’ C-2sinBsinCcosA
pf: sin’ B+sin’ C-2sinBsinCcosA
=sin’ B+sin > C-(cos(B-C)-cos(B+C))cosA
= sin” B+sin’ C-cos(B-C)cosA+cos(B+C)cosA
= sin” B+sin* C+cos(B-C)cos(B+C)-cos > A
= sin’ B+sin’ C+cos” B-sin”* C-cos > A
=1-cos* A

=sin’ A

B
l%“ A+B+C=7 > FZF : sin” A+sin” B+sin > C=2cosAcosBcosC+2
pf: sin® A+sin’ B+sin’ C
:l—cos2A +1—cos2B +1—cosZC
2 2 2

=% -% (cos2A+cos2B+co0s2C)

(£l cos2A+cos2B+cos2C
=cos2A+cos2B+cos(2A+2B)
=2c0s(A+B)cos(A-B)+2cos * (A+B)-1
=2c0s(A+B)[cos(A-B)+cos(A+B)]-1
=2cos (7 — C)-2cosAcosB-1

=-4cosAcosBcosC-1
ﬁ'ﬁ sin” A+sin” B+sin’ CZ% -% (-4cosAcosBcosC-1)

=2cosAcosBcosC+2
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F% A+B+C=7x > 55 ¢ sin2A+sin2B+sin2C=4sinAsinBsinC

pft sin2A+sin2B+sin2C
=2sin(A+B)cos(A-B)+2sinCcosC
=251nCcos(A-B)+2sinC(-cos(A+B))
=2sinC[cos(A-B)-cos(A+B)]
=2sinC-2sin Asin B

=4sinAsinBsinC

B+
rl%AvLBJrC=7z » L a’+b*+c¢?=8R 7 (1+cosAcosBcosC)
pf: a’+b*+c?

=(2RsinA)* +(2RsinB)* +(2RsinC)

=4R’ (sin* A+sin’ B+sin’ C)

=4R ? (2+2c0sAcosBcosC) «+-+++ (ﬁ% Fusﬁr—z,a IR

=8R * (1+cosAcosBcosC)

O
Tt AABC |1 > 3455 8 A *=abc(acosA+bcosB+ccosC)
pf - acosA+bcosB+ccosC

=2R(sinAcosA+sinBcosB+sinCcosC)

=R(sin2 A+sin2B+sin2C)

=4RsinAsinBsinC«+++++ (ﬁ% LIS [2))

abc(acosA+bcosB+ccosC)

=4RabcsinAsinBsinC

=2a’ bcsinBsinC

=2(absinC)(acsinB)

=2-2A-2A

=8A°
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EEA AABCHI v al+bi e 2443 A (Weitgenberk FRZ(F 1 T 575Y)
pf: a’+b’+c 2443 A

—a’+b>+a> +b* -2abcosC-2/3 absinC
=2(a2 +b° —abcosC—«/gabsinC)

=2(a+b? -2absin(C+%))
>2(a’+b*-2ab)>0

“:”@ LC—}—Z:E ’ ZC:E , Cf
6 2

3 - a=b > JJAABC i 1-= £
fifze 4
l+l+l:i ! + 1 + 1 2L.3.3\/ 1
a b ¢ 2R\sin4 sinB sinC 2R sin Asin BsinC

— smA+51r;B+smC > 3/sin Asin BsinC = 3 1

<
sin A+sin B+sinC  3/sin Asin BsinC

- sinA+sinB+sinC < E ﬁ S ! 2\/5
2 sin A +sin B+sinC 3\/_ 9
EI” +_ +1>i 1 Zi ! >ix&—\/§
a b ¢ 2R \sinAsinBsinC i

2R sinA+sinB+sinC 2R 9 R

4=
C a

ab+bc+ca= 4RA + 4RA + 4RA =4R A ( ! le lj
a c

V3

24RAT=4\/§A
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