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Abstract
In this paper we enumerate the number of antichains, chains, and independent
sets of a binary tree of size n. After that we focus on the extreme values
(maximal/minimal). we calculate the extreme values and discuss the possible graphs

of trees when achieving these extreme values. Moreover, we offer algorithms for
listing all the objects in each extreme case.
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On enumerations and extreme values of Anti-chains,

Chains, and Independent Sets of Binary Trees

Wu, Tsung-Yin Tsou, Cheng-Hsiao

Taipei Municipal Chien-Kuo senior High School, no.56, Nanhai Rd., Taipei,
Taiwan 100

Abstract

The Binary Tree is one of the most important data structures in computer science.
The concept of Binary Tree can be applied to data sorting and searching. In this
project we study the statistics of Chains, Anti-Chains, and Independent Sets in a
Binary Tree. The Chain can be used to sort/search a set of correlated data; on the
contrary Anti-Chain can be used to sort/search a set of independent data, while the

Independent Set can be used to classify the data, which are interfering with each other.

In this project we propose algorithms to enumerate the number of Anti-Chains,
Chains, and Independent Sets of any given Binary Tree. Also we calculate the extreme
values of these three statistics of Binary Trees of fixed sizes and discuss the extreme
graphs when these extreme values are attained. We prove the dual property of extreme

graphs between Anti-Chain and Chain of Binary Trees.
Finally we compare the relation among these three statistics of a Binary Tree.

Keyword: anti-chain, chain, independent set, binary tree



A. Problem

The Binary Tree is one of the most important data structures in the computer
science. The concept of Binary Tree can be applied to data sorting and searching.
On top of that, we think that it is possible to analyze some statistics by ourselves.
Therefore, we focus on three statistics, namely, the Anti-chain, Chain, and
Independent Set of a Binary Tree.

The notion of Anti-chain, Chain, and Independent Set has been studied outside
computer science for a long time. In this project we study interesting combinatorial

problems arisen from this notion under the setting of Binary Trees.

B. Engineering Goals

In a recent (1997) paper which Klazar[1] published, he analyzed many statistics of
Rooted Trees, included Chain, Anti-chain, and Independent Sets. He obtained the
recursive enumeration and the asymptotic formula of these statistics and compared
their sizes. But he didn't acquire the exact formulae. In fact, this paper didn't really
consider the situation when extreme values were present, but we could appreciate the
beauty of extreme values. As a consequence, we try to analyze the three statistics of a

Binary Tree. Then we focus on exact extreme values, graphs, and formulae.

C. Method

Firstly we listed by hand all Anti-chains, Chains , and Independent Sets of
a given (small) Binary Tree. After careful observation and analysis we then guessed
and proved the (recurrence) formulae for enumerating these statistics on a Binary Tree.
We analyze our recurrence formula and then designed algorithms to list all the subsets
and algorithms to enumerate effectively the exact numbers of these three statistics of a
Binary Tree. Next, we focused on the extreme values (maximum/minimum) and the
extreme graphs. We first calculated the extreme values from the formulae developed
above. We then discussed whether these extreme values could be obtained, and finally

found the extreme graphs for each case, respectively.

D. Bibliography

1. Klazar, Twelve counting of trees, European J. Combin (18), 1997,
195-210.

2. H.S. Wilf, The Number of Maximal Independent Sets in a Tree, Siam J. Alg.
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1.Introduction

Binary tree is one of the most important data structures in computer science.
The concept of the binary tree can be applied to data sorting and searching. The
analysis of the structure of the binary tree is valuable not only for the theory but also
for the application in computer science. In what follows all binary trees are assumed
full: each node has either no child or two children, a left binary subtree, and a right
binary subtree. Let U(n) denote the family of all binary trees having n internal nodes.

Klazar[1] investigated the number of anti-chains, chains, and independent sets of
a rooted tree. He obtained the recursive relations, the asymptotic formula and the
statistics based on these parameters. But little is known about the exact formula. The
purpose of our project is to analyze the three basic structures of a binary tree. In this
study we focus on the exact enumeration and the derivation of the closed form of the
related formulae.

In Section 2, we investigate the number of anti-chains. We calculate the extreme
values and characterize the extreme graphs. Section 3 and Section 4 are devoted to the

study of the number of chains and independent sets.



2.Anti-chain

Definition of anti-chain

Recall that a subset of a tree i1s called an anti-chain if no two elements of the

subset are comparable in the induced partial ordering.

Example:

A
All anti-chains in the full binary tree of two internal nodes are

¢ 0 {1} {2} > {3} > {4} > {5} > {2,3} > {3,4} > {3,5} > {4,5} > {3,4,5} /\ 3
4 5
Enumeration of anti-chains

This following algorithm can be applied to enumerate the number of anti-chains of

a binary tree recursively.

Algorithm: A-CCOUNT(A)
if A=NIL
then return 1
Else
//let left[A] and right[A] denote the left and right subtrees of

m}AwN_

return A-CCOUNT(left[A])* A-CCOUNT (right[A])+1
The time complexity is O(n).

Lemma 1:

For a binary tree T, we let T” and T”” denote the left and right subtrees of T and
a(T) the number of anti-chains contained in T.
The number of anti-chains of any given binary tree is expressed by the formula:

a(T)=a(T)a(T”’)+1



Proof:

The union of an anti-chain contained in T’ and an anti-chain contained in T is
an anti-chain of T because no node of T’ is comparable with any node of T”’. On the
other hand, other than {root}, every anti-chain A contained in T is a disjoint union A =

(ANT)UANT”) of anti-chains contained in T* and T respectively. Therefore

there are a(T*)a(T””)+1 anti-chains contained in T.

Example: o(T) / ( o))
¢ 2 7 /¢’{3}

)
RN /\

4 9

¢ A2} {30 {4}
{53423} (3.4} 3.5} >
{4,5} » {3,4,5}

The total number of the binary tree of two internal nodes is 11
Lemma 2:

For a node x of a binary tree, let D(x) denote the descendants of x:

D(x):{ ye T| y<x} together with the edges.

If we interchange the descendants of b and ¢ with depth of b = depth of c+1
assuming a(D(b))>a(D(c)). Then the resulting tree has more anti-chains.

Proof:

This follows from the Lemma 1 and the fact that:

If z<y, then (xy+1)z+1=xyz+z+1<xyz+y+1=(xz+1)y+1.



Maximum value of anti-chains of U(n)

Let max a(n) denote the largest number of anti-chains of members of U(n).
Recall that a binary tree is said to be complete if the depth of all leaves differs

by either 0 or 1, and all leaves are placed toward the left.
Theorem 3:

The maximum value of anti-chains of U(n) will be attained in the case when the

tree is complete.
Proof:

Unless a tree is complete, we can always increase the value of a(T) in view of Lemma

2 and the Chebyshev Inequality[3].
Theorem 4:

Recall that a perfect binary tree is a complete binary tree with all leaves of the
same depth; all internal nodes have two children. Let P(i) be the number of
anti-chains in the perfect binary tree of depth i. Then P(1)=2, P(i)=P(i-1)*+1 for i =

2,3,... For a natural number n, let the binary expansion of n+1 be ag...aa;ap so that

k
n+1=>a2", Then

i=0

1 k-1

[TPG+a)+1

k-1 k=1 k-
=0 i=j

maxa(n) = [ [(PG+a,))+

J

If we want to count max a(7};), we have to know that

n=13=2%-1+0-2"+1.2" +1.22

And then
2 . 2 2 ‘
[I(pGE+a)+ Z1I(pGi+a;)+1
i=0 j=0i=0

= (P(0+ 0)xP(1+ 1)xP(2+ 1)) + (P(0 + 0)xP(1 + 1)xP(2 + 1)+ P(1+ 1)xP(2 + 1) + P2 +1))
=2%26%677+2%26%677+26%677+677+1
= 88688



Proof:

This follows from Lemma 1 and Theorem 3.
There is another recursive algorithm to calculate max a(n).

We define a,=max a(n)-1.

Algorithm: max_a(n)

ifn=0 /lap=max a(0)-1=2-1=1
then return 1

i—[log on]+1

if n=3%2"-1
then p<—2i'2-1

else _
p(_21-1 -1

g<n-p-1

9 return (max a(p)+1)(max a(q)+l)

0NN N B W

And then the steps will change into this one:
a3 = (as +1)(a; +1)
a; = (az +1)(az; +1)
as = (a3 +1)(a; +1)
ay =(a; +1)(a; +1)
a; =(ag+D(ag+1)=2%2=4

a3 = 2596{5 =130’a7 =676,a13 = 88687

maxa(13) = a,; + 1 = 88688

Minimum value of anti-chains of U(n)
Let min a(n) denote the smallest number of anti-chains of members of U(n).
Theorem 5:

The minimum value of anti-chains of U(n) is expressed by the formula:
min a(n)=2""2-2"-1

Proof:
It follows from Lemma 2 that the minimum value is attained when the tree /\
takes the form, shown on the right: /\

We now prove the formula by mathematical induction. When n=0, there are /\
two anti-chains: empty set and {root}, so that min a(0)=2=22-2°-1 and the /\
theorem holds. Now suppose that the formula holds for n=k. When n=k+1, it
follows from Lemma 1 that the tree has 2(2°"%-25-1)+1=2""3-2%"11 anti-chains. The

proof is now complete.



3.Chain

Definition of chain

Recall that a subset of a tree is called a chain if any two elements of the subset
are comparable in the induced partial ordering. / 1\

3
Example / \
4 5

All of the chains in the binary tree of two internal nodes are
{1,23741,337{1,437{1,5}°{2,4}°{2,5}" {1,2,4}"{1,2,5}

Enumeration of chains

This algorithm is used to enumerate the number of chains recursively:
Algorithm: CHAINCOUNT(A key)
if A=NIL
then return O

else
key < key*2+1
//let left[A] and right[A] denote the left and right subtrees of A .
return

key+CHAINCOUNT(left[ A],key)+CHAINCOUNT (right[A] key)

The time complexity is O(n).
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Theorem 6:

For a binary tree T, let ¢(T) denote the number of chains, h(T) denote the height
of T and A, the number of nodes of depth m (m=h(T)). Then c(T) is expressed by

the formula:
h(T)
c(T)=> 4,(2°" -1)
k=1
Proof:

If we add a node to a binary tree T of depth k, the number of chains will be increased
by C/'+C;" +-+C =2""—1, since the new chains consist of the new node

and some of the nodes which are comparable with the new node in the partial ordering

of T.



Maximum value of chains of U(n)

Let max c(n) denote the largest number of chains of members of U(n).
According to Theorem 6, we know the maximum value of chains of U(n) is
expressed by the formula:

max c(n)=2"">-2n-4

The maximum value of chains of Binary Tree of size 5 is calculated as follows:

max ¢(5)=2°*?-2.5-4=114

Minimum value of chains of U(n)

Let min c(n) denote the smallest number of chains of members of U(n).
From Theorem 6, the minimum value of chains of U(n) is expressed by the
formula:

min c(n)=(4"""+2)/3-2"""+m*2"2-2m, where n=2"-1+m, k=[log 2(n+1)]
If n is give by 12, we could know that k=3, m=5 by solving the equation:

12=2"—1+m, 0<m<2*. Then the minimum value of chains of Binary Tree of size

12 is calculated as follows:

431 12

min c(7},) = —27 5% 232 _2x5=220




4.Independent set

Definition of independent set an edge

noae 1 noae 2

A subset of nodes in a binary tree is said to be

independent if no two nodes are linked by an edge.
Example:

1
The number of independent sets of the given Binary Tree (shown / \

3
at right) equals to fourteen, and / \
4 5

all the objects of independent sets are listed as follows:

¢ A2 B4 LA 2,31 3,41 743,50 74.5)
{1,4,5}°{3,4,5}

Enumeration of independent sets

The following algorithm enumerates independent sets recursively:
Algorithm: I-SCOUNT(A)
if A=NIL
then return 1

/et left[ A] and right[A] denote the left and right subtrees of

return [-SCOUNT(left[A])*I-SCOUNT (right[A])+
I-SCOUNT(left[left[ A]])*I-SCOUNT(right[left[ A]])*

1
2
3
4
A.
5
6
7 [I-SCOUNT (left[right[ A]])*I-SCOUNT (right[right[ A]])




Lemma 7:

For a binary tree T, let I(T) denote the number of independent sets included in T.
Assume that the hierarchy is indicated in the right
figure:

Then the number of independent sets of T is

expressed by:
I(M=LU)*I(U2)+
I(W1i)*I(W12)*I(W21)*I(W22)

Example:

The number of independent sets of the given Binary Tree (shown at / \
right) is calculated as follows:
I(T))=2-2+1-1-1-1=5
And then the number of independent sets of the second given Binary Tree

(shown at right) is calculated as /\

follows: /
I(T,)=5-2+2-2-1-1=14 \



S.Summary

Anti-chain Chain Independent set
Max Min Max Min Max Min
Exact extreme eI e Work in
raph formulae rogress
grap obtained prog
Theorem | Theorem | Theorem | Theorem
3 5 6 6
Formula of Recursive .
Theorem | Theorem | Theorem | Theorem Work in
exact extreme 4 5 6 6 formulae OOTESS
value obtained | P"°%
Fonns .Of Lemma 1 Theorem 6 Lemma 7
enumeration
Complexity O(n) O(n) O(n)
6.Conclusions

B The number of anti-chains, chains, and independent sets of the binary tree are

formulated.

B Closed form solutions of anti-chains and chains are derived, while the

enumeration algorithm for the independent sets is proposed.

B Applications
cryptography.
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