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Abstract

We first studied two solution methods (1.solving equations,2.dissecting diagrams.) for calculations
on 4x4 checkboard. Using the method of dissecting diagrams, we proved that"'good nxn check-
board" exists if and only if n is even. Furthermore, the sum f(n) of those n* numbers in a **good"
nxn checkboard is equal to n(n+2)/4.

In studying the more general nx m checkboards, we found that the method of dissecting diagrams
does not work, However, by extending the method of solving equations,and by considering nx m
variable checkboards, we obtained a way of obtaining all **good nxm checkboards." By way of
computing the sum f(n,m) (n=7) of those mn numbers in a “good nxm checkboards," periodicity

in every 2(n+1) rows is observed.
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Admissible m x n boards

Huan-Chun Yeh
1FL, No 12, Alley 1, Lane 112, Shiouming Rd. Sec. 2, Wenshan Chiu, Taipei 116,Taiwan.R.O.C.
Taipei Municipal Shyr Jainn Junior High School
Motivation

We find [1] the following problem interesting:
In a 4x4 board, we assign each square a real number so that, for each square,
the sum of numbers in its neighboring squares is equal to 1. Here the neighboring
squares are those sharing a common side with the given square. Problem: Find
the sum of numbers over all 16 squares.
The above problem can be solved in a number of ways. I discover a clear solution by a method of

“diagram dissection” which is fun like playing a game. This motivates the study of more general cases.
Purpose

In an mxn board, we assign each square a real number so that, for each square, the sum of numbers
in its neighboring squares is equal to 1. An mxn board capable of such assignment is called an
admissible board and the sum of the mn assigned numbers is denoted by f(m,n). In this research, we

aim at answering the following questions:

(1) Under what conditions on m,n will an mxn board be admissible? o ®

(i1) Is there any method to find all the mxn admissible boards? o

(i11) Is f(m,n) well-defined?

(iv) How to compute the value of f(m,n) if it is defined? oo
Procedure Fig. 1

(1) Notation
For a square X of an mxn board, let N(X) denote the set of neighbors of X. Moreover, if T'is a subset
of squares, then define N(7) to be the union of all sets N(X), where X belongs to 7. A subset 7 of

squares of the mxn board is called an essential subset ( see Fig. 1) if each square in the mxn board is

adjacent to exactly one of the squares in 7.

(2) Analysis of the 4 x 4 board 04106]06/04(1 A} B) C| D
As shown in Fig. 2, the 4 x 4 board is admissible. We now 04]0f0f04f1E)F)GIH
give two solutions and prove that the sum equals 6 no matter how 06/ 0O OO T TIKIL
the assignment is made. This shows that f(4,4) is well-defined. 0.6]04{04]06] IM|N]O| P

Suppose that numbers A,B,...,P are filled according to Fig. 3. Fig. 2 Fig. 3



First method (diagram dissection):

We note that {A, D, E, H, N, O} forms an essential subset for the 4 x 4 board. Since
{{B.E},{C,H} ,{A,EI},{D,GL}, {JM,0}, {K.M,P}} forms a partition of the 4x4 board. That is
to say, {B,E},{C,H},{AEI},{D,GL}, {JM,0}, {K.M,P} are “disjoint” collections of squares
adjacent to A, D, E, H, N, O, respectively. Therefore, then f(4,4) is well defined and must be 6.
Second method (equations solving):

Set

X = A+D+M+P the sum of numbers at the corners;

Y = F+G+J+K the sum of numbers of the central squares and

7 = B+C+E+H+I+L+N+O the sum of the remaining squares.

Then the sum of all numbers in the board is equal to X+Y+Z.

Summing those numbers in squares adjacent to the corners yields T (1).
Summing those numbers in squares adjacent to the central squares yields 4=2Y+2............. (2).
Summing those numbers in squares adjacent to the remaining squares yields 8 =X+2Y+Z......... (3).

From equations (1),(2) and (3), we obtain X =2,Y =0 and Z = 4. Hence f(4,4) = 6.
(3) mxm admissible board

In considering a general mxm admissible board, we begin by studying the special cases of sizes 3x3,
5x5, 6x6...etc.. It is easy to prove that all 3x3 and 5x5 boards are non-admissible. The method of
equations solving appears tedious; the diagram dissection method, however, seems promising. Using
the method of diagram dissection, we would like to find an essential subset T, for the mxm board.
Set

Sagr2 = {(1,4i-2),(1,4i-1),(4q+2,4i-2),(4q+2,4i-1),(4i-1,1),(41,1)| 1 <i<q}

U {(4i+1,4q+2),(4112,4q+2)|0<i<q}
Saq = {(1,41),(1,41+1)| 1<i<q-1}U{(4i-3,1),(4i-2,1),(41-3,4m),(4i-2,4m),
(4q9,4i-2),(4q,41-1) |1<i<q}, and

St 2 = {(i+2,j+2)|(ij) € Sm }.
Theorem 1 Let m > 1. An mxm board is admissible if and only if m is even. Fig. 4
Proof (a) m = 2q+1 is odd. We set S ={(2i+1,2i+1)|0=i=q}and 7={(21,21)|]1 =i=q}(see Fig. 3).

It is easy to see that any pair of elements of S (respectively, 7) has no adjacent elements in common.

It implies that the sum of numbers in squares in N(S) (respectively, N(7)) is equal to the cardinality of

S (respectively, 7). But we have
NS)=N(T)and q+1=|S| # [T]=gq,
contrary to our assumption.

(b) m =2r is even. We can regard a 2r x 2r board as a disjoint union of rings.

Traversing inwards, we fill each cell in the first ring with 0.5, each cell in the
second with 0, each cell in the third with 0.5, and so on (see Fig. 5, the number Fig. 5
in yellow square is 0.5 and the number in white square is 0). It is obvious that 2r x 2r board is

admissible. Adding two rings exterior to the central m x m board, we obtain a (m+4)x(m+4) board.



The square located at (i,j) in the original m x m board will be located at (i+2,j+2) in the (m+4)x(m+4)
board. We sketch a proof for the following two cases : m = 4q and m = 4q+2.

(1) m =4q (see Fig. 6). When q =1, we take 74 = S4= {(1,1),(2,1),(1,4),(2,4),(4,2),(4,3)} and the
theorem holds. Now suppose that it's true for q = k.

When q = k+1, let Tuxia= (Tax+2) U Saka. We see clearly that Tyy4 is an essential subset. The

theorem holds in this case. Tel
Sa==uu=
[ )
e
il |
[ )

?HEEHEEHE

Fig. 6
(2) m =4q+2 (see Fig. 7). When q =0, we take 7> = {(1,2),(2,2)} and theorem holds. Suppose that it's
true for g=k.

When q =k+1, let Tuxrs = (Taks2 + 2) U Saxrs. We see clearly that Tux.6 is an essential subset. The
theorem holds in this case. ry ry

: :

Cmnr)

Fig. 7
From theorem 1, we see that the value of f(2m,2m) is well-defined. Then we have
Theorem 2 Let m be even. Then f(m,m)=m(m+2)/4.
Proof (a) When m=4q, |S44|=8q-2, then |T4q|=6+14+22+ .. .+(8q-2)=2q(2q+1)= m (m+2)/4.
(b) When m=4q+2, |S4q+2/=8q+2, and then |T4q:2[=2+10+18+ . .+(8q+2)=(2q+2)(2q+1)= m (m+2)/4.

(4) The difficulties with diagram dissection method SRSLAREE
Can we extend the above method to any mxn board in general ? As shown 0/0]-110/0

in Fig. 8, the 3x5 board is admissible. No essential subset, however, of this 0j1j1]1]0

board exists. The explanation is as follows: First fill the squares by A, B,...,0 Fig. 8

in order (see figure 9). Suppose there is an admissible subset T the 3x5 board.

Since N(A)={B,F}, in order that square A in N (T), exactly one of B and F AIBICIDIE

belongs to T; similarly, only one of L and F belongs to T. If B in T, then F not FIGIH|T|J

in Tand L in T. But N(B) "N(L)={G} forces both B,L not in T. By symmetry, K|LIM|N|O

both D,N not in T so that F in T. Since N(C)= {B,H,D}, in order that C in N(T), Fig. 9



then H in T necessarily. But N(H) " N(F)={G}, which is a contradiction. Thus, T does not exist.

An immediate difficulty is that the non-existence of any essential subset 7 for the m x n board does
not imply the non-existence of mxn admissible board. The method of diagram dissection fails to prove
or disprove the non-existence of admissible board. We now face the dilemma that the essential sets are

no longer essential in the argument for the admissibility!

(5) Methods for finding all mxn admissible boards.

We shall back up and examine the equation solving method applied to 1xn, 2xn,...etc..boards. These
examples suggest a method for finding all the mxn admissible boards. A board is said to be a variable
board (see Fig. 10) if the admissibility conditions is satisfied for all squares except those in the last
column. To find all the mxn admissible boards, we can use the mx(n+1) variable board and find the
values of a; ,a,,. . . am in the first column such that the numbers in the (n+1)st column are all 0.
Applying the above method to the 3xn cases(see Fig. 10), an 8-column-cyclic pattern is observed.

a |l-a as I[1-as | l-a | Ola: |l-a as 1[1-as |az
@ |laras  |a-l | Ofa |asta-l [l-a2 | Ol |l-a-as |a:-1 | O]-a: |astai-1
s |l-a a Il-a fa l-as | Ofas |l-a ai 1|1-a1 |az
Fig. 10
When n=8k, we have a; = a, = a3 = 0, the solution is unique; ;
O of o 11 1f 11 1f 0O o o of 11 1 1f 11 O
If 1f Of Of-1f-1f Of Of - 1If 11 of Of-1]-1f Of O
o o of 14 11 1f 11 0O o o of 11 11 1f 11 ©
When n=8k+1, we have a;=1- a;, a, =1, there are infinitely many solutions with a; as a free parameter);
a [O|l-ai| 1| a [Ifl-a1|0 ar
1101 0 (0 -1 |00 0|0 e 1
l-ar|{Of ar [1| 1-ar (1| a1 [ O 1-ar

When n=8k+2, we have a; = a; = 0 and a, = 1, the solution is unique;

ol of of 1| 1] 1] 1] ( 0| 0
1| 1] of of-1[-1f of of - |11
ol of of 1] 1] 1] 1] o 0 0

When n=8k+3, there is no solution in this case.

When n=8k+4, we have a; = a3 = 1 and a, = 0, the solution is unique;

1| 1] 1] 1] of of of o 11]1]1
o-1-1] of of 1] 1| of - [o]-1]-1]0
1| 1] 1] 1] of of of o 1111




When n=8k+5, we have a; =1- a;, a, = 0, there are infinitely many solutions with a, as a free parameter);

ai 1|1-a1|1 ai 0 1-a: 0 ai 1 [l-a:| 1 ai
O |l0f-1]10[01]O0) 1T (O] -- O [(0]-1]0f0O0
l-a| 1] ar [1|1l-a:/ 0] a |0 l-ai |1 a |1]]l-a

When n=8k+6, we have a; = a, = a; = 1, the solution is unique;

1{0(1]1]0(1]0]0 1{0f1]1]0]]1
11-1{0(0|-1{1(0|Of === |1 (-1{O0]|O[|-1|]1
110]1]1]0[1({0fO0 110]1]1]0]1

When n=8k+7, there are infinitely many solutions with a;,a;,a; as free parameters.

ar |l-a: as 1|1-as |a: l-a: | O ar |1-a: as 1|1-as |a: l-a:
a: |[l-ai—as |az-1 | O]-a: |astai-1 [|1-az | O] --- J|a: [l-ai—as [a=-1 | O-a: |astai—-1 [l-a:
as |1-a: ai 11-a:1 |a: l-as | 0 as |1-a: ai 1|1-a:1 |a: 1-as

Hence we have

8 k if m = 8%k
8k + 2 if m =8k + 1
8k + 2 if m = 8k + 2
not  defined if m =8k + 3
SBam) =gk 4 6 if m = 8k + 4
8k + ©6 if m =8k + 5
8k + 8 if m =8k + 6
8k + 8 if m =8k + 7

The discussion of the 1xn, 2xn and 4xn cases are entirely similar to that of the 3xn case, we have
f(1,4k) = 2k, f(1,4k+2) = f(1,4k+3) = 2k+2, but f(1,4k+1) is not defined;
f(2,3k) = 2k, (2,3k+1) = f(2,3k+2) = 2k+2;
f(4,5k) = 6k, f(4,5k+1) = 6k+2, f(4,5k+2) = 6k+4, f(4,5k+3) = 6k+6, f(4,5k+4) = 6k+6 °

(6) Column-cyclicity in an admissible board
When n is getting large, it becomes more difficult to obtain the values of f(m,n). However, we wish
to discuss certain interesting phenomena concerning mxn variable boards. Assume that the entries of
the first column of the mxn variable board are a;, a, ...,an. When m is a small number, we observe :
Fact1 Ifm iseven. The entries of the mth column are 1-an, 1-am.1,...,1-a; and the entries of the
(m+1)st column are all zero;
Fact2 Ifm is odd. The entries of the mth column are a,,, am-1-1, am.2, am-3-1,... and the entries of
the (m+1)st column are 1,0,1,..., ,0,1 if m is odd;
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Fact3 The entries of the (2m+1)st column are 1-a;, 1-a,,...,1-a, and the entries of the (2m+2)nd
column are all zero.
Suppose we have constructed the kx(2k+2) variable board (ajj), a;;= a;j for | =j=k.
We will prove that Facts 1, 2 and 3 are trus by mathematical induction below.
(For sake of typing, we replace a;, a,, a3, a4, ... by a, x, b, y, ...)
Step 1: For 1 =p=k+1 and i+j= k+1+p, replace the entry a;;, by
aijJr(-l)p'1 bp with b, = ai>.p if p 1s odd and by,=1-ay+2., if p 1s even(see Fig.11a and Fig.11b).
Then we construct a (k+1)x(k+1) partial variable board.

al l-x|b |1 al 1-x | b |1-y]0 al 1-x | b |1-y[0] |a| 1-x b 1-y c |1
x |1-a-blx-1| O jxl-a-bx-1+y1-b0 x|1-a-b|x+y-1{1-b|0] [x|1-a-b| x+y-1 | 1-b-c |y-1]0
b| 1-x | a]|l b|1-x-ylat+b-1{1-x]0 bl-x-ya+b-11-x03b1-x-ya+b-l+c1-x+1-y b |1
y| 1-b| x (l-a] [yl 1-b| x [1-a]0 y| 1-b x |1-a|0] |y|l-b-c| x+y-1 | 1-a-b [x-1]0
cll-y| b |l-x]a| [c]| 1-y b 1-x | all
Fig.11a
Fig.11b

Step 2: (i) Adding the (k+2)nd column with the entree all zeros if k+1 is even (see Fig.11a).
(i1) Adding the (k+2)nd column with 1,0,1,0....., if k+1 is odd (see Fig.8b)..
Then we construct a (k+1)x(k+2) partial variable board.
Step 3: (i) If k+1 is even (see Fig. 12a), the (k+2+i)th column is precisely the reversed ith

column;

al 1-x b l-y ¢ [1-z1 0
x |l-a-b| x+y-1 | 1-b-c |y+z-1|1-c| O
b |I-x-ylatb+c-1|2-x-y-z|b+c-1|1-y| O
y |1-b-c|x+y+z-1|2-a-b-c|x+y-1|1-b| O
cll-y-z| btc-1 | 1-x-y |atb-1{1-x| O
z| 1-c y 1-b x |l-a] 0
Fig. 12a
(i1) If k+1 is odd (see Fig.12b), multiply the entries in the reversed (k+1)x(k+2)
board by -1, and then add 1 to the entries in the odd-numbered rows.

al 1-x b 1-y c 1-z

x|1-a-b| x+y-1 1-b-c y+z-1 [1-c-d

b|1-x-y|a+tb+c-1| 2-x-y-z |b+tctd-1|2-y-z

1-b-c|x+y+z-1|2-a-b-c-d|x+y+z-2|1-b-c

<

c{l-y-z|b+tc+d-1| 2-x-y-z |a+b+c-1{2-x-y

1-c-d| y+z-1 1-b-c x+y-1 [1-a-b
d| 1-z c l-y b 1-x

N




Fig.12b
With the three steps above, we can construct the (k+1)x2(k+2) variable board.

By Fact 3, we prove that the entries of the (2m+l)th column of the mx(2m+2)
variable board are 1-ai, 1-a2,..,1-a» and the entries of the (2m+2)th column are all
zero, then we have
Theorem 3 Every mxn admissible board is (2m+2)-column-cyclic.

When m is even, if the entries in the first column are symmetric (i.e. a;= a2 for all 1), then, by

Fact 1, the mxn variable board is (m+1)-column-cyclic.

(7) The value of f(m,n)

The column-cyclicity of mxn admissible enables a fast calculation of f(m,n), especially when n is
large. Let n=2(2m+2)q+r, where q, r are positive integers and 0 =r=2m+1. Since the mxn admissible
board is (2m+2)-column-cyclic, then f(m,n) = f(m,2m+2)q +f(m,r). In order to compute the values of
f(m,n), we should compute f(m,2m+2) (see Fig.13)and f(m,r) for all 0 =r=2m-+1.

m 1 2 3 4 5 6 7 8

f(m,2m+2)| 2 4 8 12 18 24 32 40
Fig.13

Theorem 4 We have f(m,2m+2) = [(m+1)*/2], where [ | denotes the Gaussian notation.
Here we give the table of the value of f(m,2m+2),3=m=19, 0=r=2m+1 (see Fig. 10).

n\m 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

7 8 10 12 12 * 20 20 22 24 26 28 32 32 32 36 38 40

9 12 * 16 20 20 * 30 30 34 * 38 40 44 * 50 50
10 12 18 20 22 24 30 30 30 36 38 40 42 48 50 52 54
11 18 20 24 26 30 30 * 42 42 46 48 52 54 58 *
12 18 24 26 28 34 36 42 42 42 48 50 56 58 60 66
13 24 28 32 * 38 42 42 * 56 56 60 * 66 70
14 24 32 34 38 40 46 48 56 56 56 64 66 72 74




15 32 |36 | 40 | 42 | 48 | 50 | 56 | 56 | * | 72 | 72 | 78 | 80
16 32 | 40 | 44 | 48 | 52 | 56 | 60 | 64 | 72 | 72 | 72 | 80 | 84
17 40 | % | 50 | 54 | 58 | x| 66 | 72 | 72| * | 90 | 90
18 40 | 50 | 52 | 58 | 60 | 66 | 72 | 78 | 80 | 90 | 90 | 90
19 50 | 54 | x| 66 | 74 | 74 | 80 | 8 | 90 | 90 | *

20 50 | 60 | 64 | 68 | 74 | 78 | 86 | 8 | 96 | 100 | 110
21 60 | 66 | 70 | * | 80 | 88 | 92 | * | 102 | 110
22 60 | 72 | 76 | 80 | 88 | 92 | 96 | 104 | 108 | 116
23 72 | 78 | 84 | 90 | 96 | 100 | 108 | 114 | 120
24 72 | 84 | 88 | 94 | 100 | 104 | 112 | 120 | 126
25 84 | * | 96 | 104 | 112 | * | 122 | 130
26 84 | 98 | 102 | 110 | 116 | 122 | 128 | 134
27 98 | 104 | 112 | 120 | 126 | 130 | *

28 98 | 112 | 118 | 120 | 130 | 140 | 146
29 112 | 120 | 124 | * | 142 | 150
30 112 | 128 | 132 | 140 | 148 | 156
31 128 | 136 | 144 | 150 | 160
32 128 | 144 | 150 | 156 | 164
33 144 | * | 162 | 170
34 144 | 162 | 168 | 176
35 162 | 170 | *

36 162 | 180 | 186
37 180 | 190
38 180 | 200
39 200
40 200

Fig. 14

(8) Necessary and sufficient conditions for admissibility

After computing the value of f(m,r) for | =m=19 and 0 =r=39, we observe the necessary and
sufficient conditions for admissibility: An mxn board is non-admissible if and only if m =2 *' b-1,

and n = m + 2°q where a, q are positive integers and b is an odd integer.

Summary

Let m > 1. An mxm board is admissible if and only if m is even.

If m is even, then f(m,m)=m(m+2)/4.

Every admissible mxn board is (2m+2)-column-cyclic.

f(m,2m+2) = [(m+1)2/2], where [ | denotes the Gaussian notation.

An mxn board is non-admissible if and only if m =2*'p-1,and n=m + 2%q where a, q

N KA W N -

are positive integers and b is an odd integer.

8



References
1 2000 Autumn International Mathematics Tournament of Town (JO 1) °

http://ccmef.chiuchang.com

2 Chun-Chen Yeh, The problems of Flipping Chesses for Classification (in Chinese), Science
Education Monthly, 251(2002), 9-23 -

3 Huan-Chun Yeh, Puzzle games (in Chinese), Mathmedia 26(2001), 4, 68-82 -
4 Huan-Chun Yeh, Te-Tsung Yen and Hsin-Chin Lien, King Solomon’s mine (in Chinese),
Science Education Monthly, 245(2001), 10-17 -

5 Huan-Chun Yeh, Balancing Problem (in Chinese), Science Education Monthly, 248(2002),
16-25 -



	數學科
	n x n方格表中的計數問題
	作者簡介
	摘要
	Abstract
	研究動機
	研究目的
	研究方法或過程
	研究結果與討論
	結論與應用
	參考資料
	附錄
	評語
	英文
	Motivation   
	Purpose
	Procedure
	Summary
	 References






