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Random recursive sequences and chaos phenomena

Abstract

For a given fixed number p € (0,1), let ko=0 and p, be randomly
distributed in (0, 1). Define

k= inf{k > 1: R_ﬁsu,

and

S L
Pi1= l'p .

Similarly, for given p,_;, we define

k, = inf{k > 1: T_%sl},

and
— P&
Pn: 1'pn-l ’

Then {p,, n > 0} is a sequence of numbers belongs to (p,»). For each
n=1,2,.., letl, := {p € (0,1); there exists k, such that pk« /(1-p,.;) =1},
and denote [, = {p € (0,1); pkn /(1-pny) <1 forallk and k,}. In this
way the open interval (0,1) can be decomposed into union of sets
I,..., L.

In this article, we study the distribution of p, when p is fixed and
Po is randomly distributed in (0, 1), and we decide whether p, will form
chaotic phenomena. We also study the cases when all the p,’s
concentrate on the same point p, when k, = 1 or k, =2, and we calculate
the value of p which let p, = 1. Also we discuss which range of p,
produce the smallest value of Lyapunov Exponent when p is fixed.
Our main results show that

1. When p, is randomly distributed in (0, 1), the probability

density function of py, fi(p;), is % . And f,(p,), the probability
(1-p)p



density function of py, is —-—-—p——2 Z ——p——. Whenn=2,

(1—p)p2 kkl(mm)(l_pk)z
o= [ f,,_l(l——p—)ﬁ—}.

2
k:k"(min) pn pn

2. Last year [ found that if we let k=1, and expand the ratio of p,,
then we have the recursive relation ag(p) =1, ai(p) = 1-p,
P an1(p)
a1(P) = an(P) - P 2na(P) (021), Pa= ", () -

In order to make p, = 1, we let ay(p) - p an.i(p) = 0, that is
ane1(p) = 0. Then the polynomial a,(p) relate with the Fibonacci
polynomial fo(x) =1, fi(x)=%, fun(x)=x1f(x)+ fri(x) (n=1). A
simple transformation leads into

1
e [, for n=1,2,....
T

nt+3

2
4cos

3. When po = p and k,, = 2, the solution of p, = 1 is

|

p=" . - This value is also the positive square root of the

2¢0s 03
solution of p,, =1 when k, =1.

Ka
{)il— , then
“Pn-1
(a) If py > pa.i for all n > 0, the sequence p, converges to 1.
(b) If there exists an integer n in which p, = po.i, and letk, =k,

p. converges to the unique number x between 0 and 1 which is the root
of X' +x-1=0.

4. 1f we change the recursive formula to p, =

5. When p is fixed and py is uniformly distributed in (0, 1), for
given n, times of substitution, and kg, we find the largest interval (a, b)

4




so that after n+1 substitutions of any number in (a, b), the value k,,; is
not the expected value. We find that the smallest Lyapunov Exponent
occurs at (a, b). And the smallest Lyapunov Exponent is
(1-p)-(p"' - p")

b—a

n

log,

Keywords. random recursive sequence, chaos,
probability density function, Lyapunov Exponent.
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Chaos29.bas:
DIM R#(6, 2)
CLS
SCREEN 12
LINE (0, 0)-(639, 479), , BF
DO
LOCATE 1, 1
INPUT "P="; P#
LOOP UNTIL P# > .25 AND P# < .99
Kmin=1
Pl#=P#/ (1 - P#)
DO WHILE Pl#>1
Kmin =Kmin + 1
Pl#=Pl# * P#
LOOP
DO
LOCATE 2, 1
INPUT "K="; K
LOOP WHILE K < Kmin
R#(0, 1) = 0: R#(0,2) =1
FORL=1TOS5
DO
CHECK =1
LOCATEL +2, 1
PRINT USING "Range #"; L;
INPUT R#(L, 1), R#L, 2)
IF R#(L, 1) >= R#(L, 2) THEN CHECK =0
REM IF R#(L, 1) <R#(L - 1, 1) OR R#(L, 2) > R#L - 1, 2) THEN CHECK =0
LOOP WHILE CHECK =0
LINE (70, 150 + L * 50)-(570, 150 + L * 50), 0
FORI=0TO 500 STEP 5
IF IMOD 50 =0 THEN
LINE (70 +1, 151 + L * 50)-(70 + I, 160 + L * 50), 0
ELSE
IF I MOD 25 =0 THEN
LINE (70 + 1, 151 + L * 50)~(70 + I, 155 + L * 50), 0
ELSE
LINE (70 + 1, 151 + L * 50)-(70 + I, 153 + L * 50), 0
END IF
END IF
NEXT 1
REMIF L>1THEN
REM  LINE (70 + 500 * (R#(L, 1) - R#(L- 1, 1)) / (R#(L - 1, 2) - R#(L - 1, 1)), 150 + 50 * (L - 1))-(70, 150
+50*L),8
REM  LINE (70 + 500 * (R#(L, 2) - R#(L- 1, 1)) / (R#(L - 1, 2) - R#(L - 1, 1)), 150 + 50 * (L - 1))-(570, 150
+50*L),8
REM END IF
FORI1=0TO 499
T=0
PO# = RH(L, 1) + (R&(L, 2) - RHL, 1)) * 1/ 500
IF PO# > 0 THEN
DO
T=T+1
A=1
P1#=P#/ (1 - PO#)
DO WHILE P1#> 1

Pl#=Pl# * P#
A=A+1
LOOP

IF P1# =1 THEN EXIT DO
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PO#=PI1#
LOOP UNTILA=K
END IF
IF PO#>0AND T <=6 THEN LINE (I + 70, 150 + L *50-T * 5)-(1+ 70,154 +L*50-T *5),L
NEXT I
NEXTL
END
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Chaos30.bas:

CLS
SCREEN 12
LINE (0, 0)-(639, 479), 15, BF
DO
INPUT "PO="; P#
LOOP WHILE P# <=0 OR P# > .98
DO
INPUT "Enter two numbers between 0 and 1 as the range"; B, E
IF B<EAND B >=0AND E <=1 THEN EXIT DO
LOOP
INPUT "Times:"; T
B#=B:E#=E
C# = (E# - B#)/ 500
LINE (0, 0)-(640, 480), 15, BF
LINE (70, 100)-(570, 100), 6
FORI1=0TO 100
IF IMOD 10 =0 THEN
LINE (70 +1*5,90)-(70 +1*5,99), 6
ELSE
IF IMOD 5 =0 THEN
LINE (70 +1*5,94)-(70 +1* 5,99), 6
ELSE
LINE (70 +1*5,97)-(70 +1*5,99), 6
END IF
END IF
NEXT 1
REM LOCATE 1, 1
REM PRINT "P0="; P#
REM PRINT "Range:"; B; "to"; E
REM LOCATE 6, 8
REM PRINT B
REM LOCATE 6, 71
REM PRINT E
DIM A(500)
PO# = P#
R=1
FORI=1TOT
A=0
DO WHILE PO#<1-P#~"AORPO#>=1-P#"(A+1)
A=A+1
LOOP
Pl#=P#+ (1 -P#) * (PO#-(1 -P#"A))/(PE NA-PEN(A+ 1))
D= (P1#-B#)/C#
IF 0 <=D AND D <500 THEN
A(INT(D)) = A(INT(D)) + 1
IF A(INT(D)) =375/ R THEN GOSUB SUB3 ELSE GOSUB SUBI1
END IF
IF IMOD 1000 = 0 THEN

LOCATE 3, 1
PRINT USING "Times: ##HH#H####,"; 1;
END IF
IF P1# = 1# THEN S =I: LOCATE 25, 41: PRINT P1#: EXIT FOR
PO# =P1#
NEXTI

S=1-1
REM LOCATE 3, 1
REM PRINT USING "Times: ######,"; S;
FOR I1=0TO 499
PO# = B# + (E# - B#) * (I1/ 500)
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A=0
DO WHILE PO#<1-P#~AORPO#>=1-P# (A+1)
A=A+1
LOOP
P1#=P#+(1-P#) * (PO#-(1-P#"A))/ (P A-P#"(A+1))
PSET ((70 + I), (100 - P1# * 100)), 12
NEXTI
IF P# - B# > -.0000001# AND P# < E# THEN LINE (70 + (P# - B#) / C#, 0)-(70 + (P# - B#) / C#, 100), 3
LINE (70, 100 - B# * 100)-(570, 100 - (B# + C# * 500) * 100), 1
REM LOCATE 29, 10
REM PRINT "Press any key to continue";
DO
LOOP WHILE INKEY§ =""
CLS
PRINT "PO="; P#
FORI=0TO 24
FORJ=0TO9
LOCATEI+2,J*8+1
IFP#-(B+(J*25+1+1)* C#)>=-.0000001 THEN
PRINT" -"
ELSE
IF A(I+1J *25)<1000000 THEN
PRINT USING " ##HHH##"; AL+ ] * 25);
ELSE
PRINT "E"; MID$(STRS$(A(I + ] * 25)), 2, 5)
END IF
END IF
NEXTJ
NEXTI
DO
LOOP WHILE INKEY§ =""
FORI=0TO 24
FORJ=10TO 19
LOCATEI+2,(J-10)*8+1
IFP#-B+J*25+1+1)*C#)>=-.0000001 THEN
PRINT" -"
ELSE
IF A(I+1J *25)<1000000 THEN
PRINT USING " ##HHH##"; A(L+ ] * 25);
ELSE
PRINT "E"; MID$(STR$(A(I +J * 25)), 2, 5)
END IF
END IF
NEXTJ
NEXTI
END

SUBI:
PSET ((70 + INT(D)), (100 + A(INT(D)) * R)), 2
REM PSET ((70 + INT(D)), 245 + ((P1# - B#) / C# - INT((P1# - B#) / C#)) * 200), 0
RETURN
SUB3:
LINE (70, 101)-(570, 475), 15, BF
R=R/2
FOR X =0 TO 499
IF A(X) > 0 THEN LINE (70 + X, 100)-(70 + X, 100 + A(X) * R), 2
NEXT X
LOCATE 5, 1
PRINT "Ratio: 1:"; 1/R
RETURN
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Chaos32.c

#include <stdio.h>

#include <math.h>

double p,pa;

int kn[101],k[11],upper[12],lower[12];
int want,level krange;

long work,limit;

FILE *fout;

void test(int depth,int warning);
void cal(int depth,int warning);
void range(int ka[11]);

void correct(void);

void test(int depth,int warning)
{ . .
int i;
if(depth<=level){
for(i=kn[warning+1];i<=kn[ 1 ]+krange;i++){
k[depth]=i;
if(i==kn[warning+1])
test(depth+1,warning+1);
else
test(depth+1,0);
}

}

else
/*if(depth>=2)*/
cal(depth,warning);
§

void cal(int depth,int warning)
{
int i,pass=1,words;
double pl,pu;
if(warning==0)
k[depth]=want-1;
else{
if(want-1>=kn[warning+1])
k[depth]=want-1;
else
pass=0;

i
if(pass==1){
for(i=1;i<=depth;i++)
upper[i]=lower[i]=k[i];
upper[0]=lower[0]=depth;
lower[depth-1]--;
lower[depth]++;
if(warning>0){
for(i=1;i<=warning+1;i++){
lower[lower[0]]=0;
lower[0]--;
i
lower[lower[0]]--;
}
if(want<kn[2]){
correct();
!
if(work==limit){
printf("The number of lines output exceeds which you required (%ld).\nProgram terminated.\n",limit);
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exit(0);

}

words=7;

fprintf(fout,"from");
for(i=1;i<=lower[0];i++){
fprintf(fout," %d",lower[i]);
words+=(int)log1 0(lower[i])+2;
}

if(lower[1]==0){

fprintf(fout," %d",0);
lower[0]=1;

words+=2;

}

fprintf(fout," to");
for(i=1;i<=upper[0];i++){
fprintf(fout," %d" ,upper[i]);
words+=(int)log10(upper[i])+2;
}

for(i=1;i<=40-words;i++)
fprintf(fout," ");

range(lower);

pl=pa;

range(upper);

pu=pa;
fprintf(fout,"%13.101f\n",pu-pl);
work—++;

H
H
void range(int ka[117])
{ . .

int i;

pa=1;

for(i=ka[0];i>=1;i--)

pa=1-pow(p,ka[i])/pa;

if(ka[1]==0)

pa=p;

fprintf(fout,"%13.10f",pa);

}

void correct(void)

{

int i,wrong;
wrong=lower[0]-1;

while(lower[wrong]!=kn[1]&&wrong>0){

}

wrong--;

if(wrong>0){

for(i=lower[0];i>=wrong;i--){
lower[i]=0;
lower[0]--;

}
if(i>0)
lower[i]--;

H
if(want==kn[1]){

upper[upper[0]]=0;
upper[0]--;
upper[upper[0]]--;
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}

main()

{

}

int kcount,n,i;
double p0,p1;
fout=fopen("c:\chaos32.out","w");
scanf("%I1f%d%d%d%ld",&p,&want,&krange,&level, &limit);
if(p<=0[[p>=1)
printf("The value p you entered is incorrect. The range of p is 0 <p < 1.\n");
else{
if(limit==0)
limit=-1;
p0=p;
n=0;
do{
p1=1/(1-p0);
kcount=0;
do{
pl*=p;
kcount++;
twhile(p1>1+(1e-13));
nt++;
kn[n]=kcount;
p0=pl;
}while(p0<1-(1e-13)&&n<100);
for(i=1;i<=100;i++)
fprintf(fout," %d" kn[i]);
fprintf(fout,"\n");
if(p0>1-(le-13))
printf("The value n you entered will arrive 1 after %d step(s).\n",n);
else{
if(want<kn[1])
printf("The value k you want is incorrect, it has to be at least %d.\n",kn[1]);
else{
work=0;
test(1,0);
}
}
H

printf("Lines output: %ld\n",work);
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Chaos34.c

#include <stdio.h>

#include <math.h>

int n,kwant,a[32],k[32],upper[32],lower[32],optl[32],0ptu[32];
long work;

double p,pa,maxgap,ol,ou;

void cal(int depth,int warning);

void range(int ka[31]);

void correct(void);

void test(int depth,int warning){
int 1;
if(depth<=n){
warning++;
a[depth]=k[warning];
test(depth+1,warning);
a[depth]++;
test(depth+1,0);
H
else{
/*for(i=1;i<=depth-1;i++)
printf("%d ",a[i]);
printf("(%d)\n",warning);*/
cal(depth,warning);
H
}

void cal(int depth,int warning)
{
int i,pass=1;
double pl,pu;
if(warning==0)
a[depth]=kwant-1;
else{
if(n-1>=k[warning+1])
a[depth]=kwant-1;
else
pass=0;

i

if(pass==1){
for(i=1;i<=depth;i++)
upper[i]=lower[i]=a[i];
upper[0]=lower[0]=depth;
lower[depth-1]--;
lower[depth]++;
if(warning>0){
for(i=1;i<=warning+1;i++){

lower[lower[0]]=0;
lower[0]--;

§
lower[lower[0]]--;
§
if(n<k[2]){
correct();
}
range(lower);
pl=pa;
range(upper);
pu=pa;
if(pu-pl>maxgap) {
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ol=pl;

ou=pu;

maxgap=pu-pl;

optl[0]=lower[0];

for(i=1;i<=optl[0];i++)
optl[i]=lower][i];

optu[0]=upper(0];

for(i=1;i<=optu[0];i++)
optu[i]=upper[i];

H
work++;
b
}
void range(int ka[31])
int i;
pa=1;

/*

}

for(i=ka[0];i>=1;i--){
pa=1-pow(p,ka[i])/pa;

i
if(ka[1]==0)
pa=p;
for(i=1;i<=ka[0];i++)
printf("%d " ka[i]);
printf("-->%.101f\n",pa);*/

void correct(void)

{

int i,wrong;
wrong=lower[0]-1;
while(lower[wrong]!=k[1]&&wrong>0){

wrong--;
}
if(wrong>0){
for(i=lower[0];i>=wrong;i--){
lower[i]=0;
lower[0]--;
}
if(i>0)
lower[i]--;
}
if(n==k[1]){
upper[upper[0]]=0;
upper[0]--;
upper[upper[0]]--;
}
main()
double pO;

int i,count;
while(scanf("%I1{%d%d",&p,&kwant,&n)==3){
p0=p;
count=1;
work=0;
maxgap=0;
do{
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k[count]=1;
p0=p/(1-p0);
while(p0>1){
pO*=p;
k[count]++;
H
count++;
}while(count<=n+2&&p0<1-1le-13);
count--;
for(i=1;i<=count;i++)
printf("%d " k[1i]);
printf("\n");
test(1,0);
printf("from ");
for(i=1;i<=optl[0];i++)
printf("%d ",optl[i]);
if(optl[0]==0)
printf("0 ");
printf("to ");
for(i=1;i<=optu[0];i++)
printf("%d ",optul[i]);
printf("\n");
printf("%.101f %.101f %.101f\n",0l,0u,maxgap);
printf("Case tested: %91d\n",work);
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