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iES.

IS 4 0 g RO

10 CLS
20 DIM A#(8),B#(8)
30 FORI=1TO8
40 A#(D) =1
50 B#(I) =1
60 NEXT I
70 INPUT N%
80 FOR m =1 TO N%
90 A#(1) = B#(1) + B#(2) + B#(3) + B#(4) + B#(5) + B#(6) + B#97)
+ B#(8)
100 A#(2) = B#(1) + B#(5) + B#(6) + B#(7) + B#(8)
110 A#(3) = B#(1) + B#(5) + B#(6) + B#(8)
120 A#(4) = B#(1) + B#(5) + B#(7)
130 A#(5) = B#(1) + B#(2) + B#(3) + B#(4) + B#(7) +B#(8)
140 A#(6) = B#(1) + B#(2) + B#(3) + B#(7)
150 A#(7) = B#(1) + B#(2) + B#(4) + B#(5) + B#(6) + B#(8)

160 A#(8) = B#(1) + B#(2) + B#(3) = B#(5) + B#(7)
170 FORJ=1TO S8

180 SWAP A#(J), B#(J)

190  NEXT]J

200 PRINT B#(1), m
210 NEXT m
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10 CLS

55 LY BRI

20 DIM A#(13), B#(13)
30 FORI=1TO 13

40 A#(I) =1

50 B#(I) =1

60 NEXT I

70 INPUT N%

80 FORm=1TO N%

90 A#(1) = B#(1) + B#(2) + B#(3) + B#(4) + B#(5) + B#(6) + B#(7) +
B#(8) + B#(9) + B#(10) + B#(11) + B#(12) + B#(13)

100 A#(2) = B#(1) + B#(7) + B#(8) + B#(9) + B#(10) + B#(11) +
B#(12) + B#(13)

110 A#(3) = B#(1) + B#(7) + B#(8) + B#(9) + B#(12) + B#(13)

120 A#(4) = B#(1) + B#(7) + B#(8) + B#(12)

130 A#(5) = B#(1) + B#(7) + B#(9) + B#(10) + B#(11) + B#(13)

140  A#(6) = B#(1) + B#(7) + B#(8) + B#(10) + B#(12)

150 A#(7)=B#(1) + B#(2) + B#(3) + B#(4) + B#(5) + B#(6) + B#(10)

+ B#(11) + B#(12) + B#(13)
160 A#(8) = B#(1) + B#(2 + B#(3) + B#(4) + B#(6) + B#(10) + B#(11)
+ B#(13)

170  A#(9) = B#1) + B#(2) + B#(3) + B#(5) + B#(10) + B#(12)

180 A#(10) = B#(1) + B#(2) + B#(5) + B#(6) + B#(7) + B#(8) + B#(9)
+ B#(12) + B#(13)

190  A#(11) = B#(1) + B#(2) + B#(5) + B#(7) + B#(8) + B#(12)

200 A#(12) = B#(1) + B#(2) + B#(3) + B#(4) + B#(6) + B#(7) + B#(9)
+ B#(10) + B#(11) + B#(13)

210 A#(13) = B#(1) + B#(2) + B#(3) + B#(5) + B#(7) + B#(8) + B#(10)
+ B#(12)

220 FORJ=1TO 13

230 SWAP A#(I), B#(J)

240  NEXT]J

250 PRINT B#(1), m
260 NEXT m
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FINEL 677 n LV RUEPHE

10 CLS

20 DIM A#(21),B#(21)

30FORI=1TO 21

40 A#(1)=1

50 B#(1)=1

60 NEXT I

70 INPUT N%

80 FORm=1TO N%

90 A#(1) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(5)+ B#(6)+ B#(7)+
B#(8)+ B#(9)+ B#(10)+ B#(11)+ B#(12)+ B#(13)+
B#(14)+ B#(15)+ B#(16)+ B#(17)+ B#(18)+ B#(19)+
B#(20)+ B#(21)

100 A#(2) = B#(1)+ B#(10)+ B#(11)+ B#(12)+ B#(13)+ B#(14)+
B#(18)+ B#(19)+ B#(20)+ B#(21)

110 A#(3) = B#(1)+ B#(10)+ B#(11)+ B#(12)+ B#(13)+ B#(14)+
B#(18)+ B#(19)+ B#(21)

120 A#(4) = B#(1)+ B#(10)+ B#(11)+ B#(12)+ B#(14)+ B#(18)+
B#(19)+ B#(21)

130 A#(5) = B#(1)+ B#(10)+ B#(11)+ B#(13)+ B#(18)+ B#(20)

140 A#(6) = B#(1)+ B#(10)+ B#(13)+ B#(14)+ B#(15)+ B#(16)+
B#(17)+ B#(20)+ B#(20)

150 A#(7) = B#(1)+ B#(10)+ B#(13)+ B#(15)+ B#(16)+ B#(20)

160 A#(8) = B#(1)+ B#(10)+ B#(11)+ B#(12)+ B#(14)+ B#(15)+
B#(17)+ B#(18)+ B#(19)+ B#(21)

170 A#(9) = B#(1)+ B#(10)+ B#(11)+ B#(12)+ B#(14)+ B#(15)+
B#(16)+ B#(18)+ B#(19)+ B#(20)+B#(21)

180 A#(10) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(5)+ B#(6)+ B#(7)+
B#(8)+ B#(9)+ B#(15)+ B#(16)+ B#(17)+ B#(18)+
B#(19)+ B#(20)+ B#(21)

190  A#(11) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(5)+ B#(6)+ B#(7)+

B#(8)+B#(9)+ B#(15)+ B#(16)+ B#(17)+ B#(20)+ B#(21)

200 A#(12) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(8)+ B#(15)+ B#(16)+

B#(20)

210 A#(13) = B#(1)+ B#(2)+ B#(3)+ B#(5)+ B#(6)+ B#(7)+ B#(8)+
B#(9)+ B#(15)+ B#(17)+B#(18)+B#(19)+B#(20)
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220 A#(14) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(6)+ B#(8)+ B#(15)+

B#(16)+B#(18)+B#(20)

230 A#(15) = B#(1)+ B#(2)+ B#(6)+ B#(7)+ B#(8)+ B#(9)+ B#(10)+

B#(11)+ B#(12)+ B#(13)+ B#(14)+ B#(18)+ B#(19)+
B#(20)+ B#(21)

240 A#(16) = B#(1)+ B#(2)+ B#(6)+ B#(7)+ B#(9)+ B#(10)+ B#(11)+

B#(12)+ B#(14)+ B#(18)+B#(19)+B#(21)

250 A#(17) = B#(1)+ B#Q2)+ B#(6)+ B#(8)+ B#(10)+ B#(11)+

B#(13)+ B#(18)+ B#(20)

260 A#(18) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(5)+ B#(8)+ B#(9)+

BH#(10)+ B#(13)+ B#(14)+ B#(15)+ B#(16)+ B#(17)+
B#(20)+ B#(21)

270 A#(19) = B#(1)+ B#(2)+ B#(3)+ B#(4)+ B#(8)+ B#(10)+ B#(13)+

B#(15)+ B#(16)+ B#(20)+

280 A#(20) = B#(1)+ B#(2)+ B#(3)+ B#(5)+ B#(6)+ B#(7)+ B#(9)+

B#(10)+ B#(11)+ B#(12)+ B#(14)+ B#(15)+ B#(17)+
B#(18)+ B#(19)+ B#(21)

290 A#(21) = B#(1)+ B#(2)+ BH#(3)+ B#(4)+ B#(6)+ B#(8)+

B#(10)+B#(11)+ B#(13)+ B#(15)+ B#(16)+ B#(18)+
B#(20)

300 FOR J=1TO 21
310 SWAP A#(J),B#(J)

320 NEXTJ

330 PRINT B#(1),m

340 NEXT m
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Pattern Counting On Chessboards

I. Motivation

A problem in the lecture of our school’s science camp states that “if
we place black and white chess pieces in a row of cells with the restriction
that no two adjacent cells be placed with white chess pieces, how many
admissible patterns are there?” The answer is basically the famous
Fibonacci sequence. We are, therefore, curious about the situation where
the chessboards are rectangular or even of other shapes, for example,

annular.

I1. Purpose
Definition 1. A pattern of black and white chess pieces on a chessboard is
said to be admissible if no two lattices with a common edge are placed with
white chess pieces.
In this research, we wish to compute
1. the number R(m,n) of admissible patterns on an mxn rectangular
chessboard,;
2. the number D(m,n) of admissible patterns on an mxn rectangular

chessboard with a diagonal joining the upper right-hand corner with the



lower left-hand corner added on each cell;

. the number C(m,n) of admissible patterns on an mxn annular
chessboard,;

. the number Q(m,n,k) of admissible patterns on an mxnxk rectangular
polyhedral chessboard;

. the number U(m,n) of admissible patterns on an mxn rectangular
chessboard up to the action flipping from left to right;

. the number V(m,n) of admissible patterns on an mxn annular
chessboard up to the action flipping inside out;

. the number T(m,n) of admissible patterns on an mxn annular chessboard

up to rotation.



All of the above notations are illustrated in Table 1.

Notation |Shape of the chessboard Example of admissible patterns
R(m,n) rectangular
(m=2,n=3)
D (m,n) diagonal
(m=2,n=3)
C(m,n) annular
(m=3,n=3)
Q(m,n,k) rectangular
polyhedral
(m=2,n=2,k=2)
Flipping from left to right,
U(m,n) rectangular
(m=2,n=4) is transformed to s
so they are identified.
Flipping inside out,
V(m,n) annular
(m=2,n=3) 1s transformed to ,
so they are identified.
By rotation,
T(m,n) annular
(m=2,n=3) 1s transformed to ,
so | @ @ (O entified.
®Oe
Table 1. Notations for the numbers of admissible patterns on various
° ‘o °
kin ssboards %|%®

I11. Softwa

1. Spreadsheet ,ivgiwm Excel
2. Maple VIL /




IV. The process of research

Chapter 1. Method computing R(m,n)

Given an mxn rectangular chessboard A, how to count the number

R(m,n) of admissible patterns ? We have the following methods.

Section 1.1. Brute force

The rawest idea to count R(m,n) is to list out all of the admissible patterns
and count them one by one . It is suitable for m, n small. Once m, n grows,
it is not easy (even horrible) to list out all admissible patterns. For example,
what shown in Fig. 1 is all of the admissible patterns when A is 2x4 and

1x5, respectively.

0009 o000 T CTe
Cleee ~elelee s o s
g:f; 018100 STelC[ee
L I8N JL | OlIO©I18C e \® O
® O @O O08©® C I eI |
e @@ CISIS/S o & & O
oo OCle[e[e
Fig.1

Section 1.2. Computing R(m,n) by tree diagrams .
It is quite a good method to compute R(m,n) by tree diagrams.

Definition 2. 4 pattern on a column of cells is called a column pattern and



similarly we define the so called row pattern , .

Observing that any admissible pattern on an mxn rectangular
chessboard is composed of column patterns, it is natural to compute R(m,n)
by taking advantage of tree diagrams . For example, we show in Fig.2 the

counting of R(A) where A is 2x5 . In this case, there are 3 column patterns,

say% , ,and .
What can match with 1S E, , and ,what can match With
1S E and while and match with .

According to the above reasons, if we put a E on the fourth column, then

there are 3 patterns can be put on the fifth column, while there are only
two

patterns admissible on the fifth column if what put on the fourth column is

Now, if the third column position are placed E then there are totally
3+2+2 patterns are admissible. Similarly, the corresponding number is 5 if
there placed on the third column a or . Successively, we get
R(2,5)=99.



Column 1 Column 2 Column 3 Column 4 Column 5

41 17 7 3 1
® o ® ® ®
® o ® ® o
29 12 5 2 1
o o o o o
O O O O O
29 12 5 2 1
O O O O O
| J o ® ® o

Fig. 2 The tree diagram computing R(2,5)
Section 1.3. Computing symbolically
First we claim with examples the following identifications for the

sake of convinience.

(1) =[3.,4]
b
(2) ® =[5:]
(3) R( ) =R([2,3]) =R(2,3)

(4) Extend R to chessboards having chesses placed in some lattices of



[ ) b b
which, and R( s )~ R(BwD=RGw)
b b

In addition to the above 1dentifications, we define here the notion of

“complete term” and “residual terms”. Roughly speaking, Terms of the

b b

form R(m,n) or R(n, * ) are complete, while R(n,Py) with P, (") is

b b b b
residual . For example , R(2,3), R(3,2 ) = R(3,2) are complete and b
w b w

b
R@3, ,),R(4, ) areresidual.

Furthgrmore, we define

R(1,0)=R( |@])=R(1,b)=1,R(2,0)=R( % )= R(I,Z) = 1.

And in general R(m,0)=1, for men.

The following computation reveals the intimate relation between complete
terms and residual terms.

Section 1.4. Counting by computers

Based on tree diagrams, one can use computers to get the values of R(m,n).
In particular, we find it very convenient to perform such computations by

the spreadsheet program Excel, as shown in Table 2.

m/n 1 2 3 4 5 6 Ji 8
1 2 3 5 8 13 21 A 55
2 3 7 17 41 9 239 571 1393
3 5 17 63 22] 827 2999 10897 | 39561
4 8 41 22] 1234 6743 36787 | 200798 | 1095851
5 13 ) 827 6743 SS44T | 454385 | 3729091 | 30584687
6 21 239 299 36787 | 454385 | 5598861 | 69050253 [851302029

Table 2. Some values of R(m,n) counted by the spreadsheet.
7



Chapter 2. The recursion property of R(m, n)
Since R (m,n) = R (n,m), we fix m below and study the properties of the

sequence <R(m,n)>,c y.

Section 2.1. The recursion property of <R(1,n)>,c »

<R(1,n)>ne N 1s basically the Fibonacci sequence, which is verified as

follows :
R(Lm)=R( Lol b
_r([T 1@, gL 100,
P Y s e
=R(1,n-1) + R(1,n-2).
So we have

Proposition 1. R(I,n) =R (I,n-1) + R(1,n-2).

Moreover, R (1,0) =1, R (1,1) = 2.

In a word, <R(1,n)>,c n 1s the sequence 1,2,3,5,8,13,21...... , with the
first “1” of the Fibonacci sequence removed.
Section 2.2.The recursion property of <R(2,n)>, <

Observing Table 1, we conjecture that the recursion formula of



<R(2,n)>,c n 1s as follows

Proposition 2. R (2,n) = 2R (2,n-1) + R (2,n-2), for n=3.
Proof

R(2.n)=R( | " |

R( |~ Ld ®

® yir(| ® iR(| [@

...... | . |G N (@)
R J+R( D )+ R(

Ve [R( [ 8 g [ o
— nl — — -] — — ] —
+[R( ...... L )+R( ,,,,,, o )]
— nl — — n-1 —

+R(n-1,i)]

LY +R( | % Y+F[R( | oo ®
— n-l1 — -




+R( ...... % )+R( ...... % )]

— R ( }‘ ...... ) + R ( ...... I ) + R ( ...... I—
I-n — n-2 — — nl —

=R (2,n-1)+R(2,n-2)+R(2,n-1)

— 2R( ...... | ) + R( ...... — )
— nl — — n2 —
=2R(2,n-1)+R(2,n-2). Q.E.D.
. . R(2,n) .
Now we intend to compute the limit of ————. Imitating the

,n—1)

argument used to derive the Binet formula for Fibonacci sequence, we

argue as follows.

Let R@nm __ -
R(2,n-1)

From R(2,n) ol R(2,n-2) ,
R(2,n—-1) R(2,n—-1)

we getb,=2 + bl :

n-1

Suppose that exist <b,> converges to a real number x.

10



Taking limits,we get limb, = lim (2+bL),
e e n—1

1
hence x =2+ —,

X

so that we obtain x> -2x-1=0,
which has two roots 1++2 and 1-+2.

On the other hand, we know that for <R( 2, n )>, < v, it holds that

1 1"‘\/5—(n+1)_ 1_\/5—(n+1)
\/5—[( 3 ) (—2 ) ]

(Notice that the sequence <R( 1,n )>,cn 1s 1,2,3,5,8,13...... ).

R(l,n) =

Therefore, we predict that <R( 2, n )>,c 5 should have a similar formula .
Assume first that

R(2, n)=a(1++2)"+ B(1-v2)"
Since R(2, 1)=3, R(2, 2)=7, we have

3= (l+~2)+ B(1-A2),
7T=a(+~2)+ B(1-+2)2,

1+x/3
2

1—«/5.

and B = :

from which we obtain o =
Hence we guess that
Proposition 3. R(2,n) = %[ (1+~2)" + (1 =~2)"", for n>o0.
Proof we use iductiononn .
[1]. whenn=1,R(2,1) = ;_[(1 ) (1= A2)
= ;—[(3+ 22) + (3 - 2+/2)]

= 3.

11



whenn=2,R(2,2) = ;—[(1 + /2)2 (1= 2)%]
= L7+ 5V2) 4 (7 = 542
=7.
[2]. Suppose that for 1<n<k(k=>2),
R(2,n) = ;—[(1 +N2) (1= A2)
then R(2,k+1)=2R(2.k)+R(2,k-1)
= 2%[(1+\/5)k“+(1—\/5)k”]+%[(1+\/§)’f+(1—\/5)"]
= —[2(1++2)"" +2(1—J§)"“]+%[(1+\/§)k +(1-+2)"]

[(1++2) (3+2v2) + (1=+2) (3-2+2)]

[(1+\/5)k+2+(1_\/§)k+2]

Proposition 3 then is proved by mathematical induction. Q.E.D.

Now that for n>0, R(2,n) = ;—[(1 +2)" + (1= A2)",
we have

- R(2,n) A+ 2"+ -A2)
lim —— 7% =] — 1 >
nlﬁmoo R(2,7’l — 1) nlinw (1 + /2)n + (1 _ /_2)’1 + A/ )

which says that 1im _R@2,n)

indeed exists and equals 1++/2.
n>e R(2,n—1)

Section 2.3.The recursion formula for <R( 3, n )>,c

To study <R(3,n)>,c n, we need the following preliminary identities .

12



b b b
=R|n,b [=R|n-1b [FTR n-1,w
w b b

R
b b

g
{
[n

w b b
Rl n,b |=Rln-1,b TR n-1w]|.

w b b

b w b
w|=Rln-1b|+Rln-1b [+R[n-156 |+R n-1,b
w

w

w

w

w b b
Rnb—Rn1b+Rnlb+Rn1w+Rn1b+Rn
b b w

b
+Rln-1b

],

w
Lb
w

Imitating the method deriving the recursion formula for <R(2,n)>,c v, we

calculated as follows

b w b b w
R(3,n) =R n,b +R n,b +R nw +R n,b +R n,b
b b b w w
w b b
:R(3,1’1-1) +R n,b +R nw +R n,b +R
b b w
b b
:R(3,1’l-1)+R n—1b +R n—1Lw +R n—1,
b b
w w b
+R n—1b +R n—15b +R n—1b +R | n
b w b
b
+R n—1Lw
b
=R(3,n-1)+4 R(3,n-2)+2R|n-1,» [+3R
b

13

w
n,b
w
b b
b |+R n—1b +R]| »
w b
w b
-1,b +R n—1Lw +R
b b
b b
n—1Lw +2R n—15b
b w

b

-1,b

w

+R

|

b
n—1b
b

w
n—1b

w

|



b b b
=R(3,n-1)+4R(3,n-2)+2R| n-2,6 [+2R|n-2,w [+2R|n-2,5
b b w
b b w w b
+3R n—2,b +3R n—2,b +3R n—2,b +3R n—2,b +2R n—2,b
b w b w b
w b b b
+2R n—2,b +2R n—2,w +R n—2,b +R n—2,w
b b b b
w b
= R(3,n-1)+4R(3,n-2)+8R(3,n-3)+5R | n-2,» [+5R n2,w]
b b
b w
+5R n—2,b +3 R n—2,b
b b b
— R(3,n-1)+4R(3,n-2)+8R(3,0-3)+5R | n-3,6 [+5R | n-3,w [+5R ns,b]
b b w
b b w w b
+5R | n-3,6 |+5R|n-3,p [+5R|n-3,p [+5R|n-3,b |+5R|n-3.b
b w b W b
w b b b
+5R n—3,b +5R n—3,w +3R n—3,b +3R n—3,w
b b b b

= R(3,n-1)+4R(3,n-2)+8R(3,n-3)+18R(3,n-4)+10R

w
n—3,b
b

b b w
+13R n—3,w +10 R n—3,b +5R n—3,b
b w w

It was annoying that we could not eliminated the 3 types of residual terms

b b

w w
Rln-kb FR|n-k,b |, R|n-k,w|, and R| n—k,b ], where k is an integer .
b w b w

14



Fortunately, it came to us that we could solve this problem by the

following algorithm, called “The Method of Residual

Terms”(abbreviated as MRT).

Step 1 Taking advantage of the preliminary identities successively to get
4 equations relating complete terms and residual terms .

Step 2 Solving the first 3 equations to express residual terms in terms of
complete terms .

Step 3  Substituting the result obtained in step 2 into the fourth equation
gives us the desired recursion formula .

The details are as follows.

We have
w b b w
R n,b + R n,w +R n,b +R n,b =R(3,n)- R(3,n-1),
b b w w
w b b 7
2R|nb [+ 3R|nw [+ 2R|nb [+ Rlnb |= R(3,Il+1)- R(3,Il)- 4R(3,I1-1),
b b w w
w b b w
5R|nb - SR|mw [+ 5R|mb [+ 3R|nb |= R(3,n+2)- R(3,n+1)- 4R(3,n)
b b w w
- 8R(3,n-1),
w b b w
10R| b [ 13R| mw [+ 10R| np [+ 5R|nb |= R(3,n+3)- R(3,n+2)- 4R(3,n+1)

b b w w

_8R(3,n)-18R(3,n-1).

15



w b b w
Let X=R|nb :Rn,b,Y:Rn,w,Z:Rn,b,
b w b w

we obtain that

OXAYAHZ = R(B,0)-RBN1), oo
AXA3Y+Z = RGB,n+1)-R(3,0)-4RGBN-1), ooeeeeeee oo,
10X+5Y+3Z = R(3,n+2)-R(3,n+1)-4R(3,0)-8R(3,0n-1), e vvvvvveveen.

20X+13Y+5Z = R(3,n+3)-R(3,n+2)-4R(3,n+1)-8R(3,n)-18R(3,n-1).....

By (1), (2), and (3), we get

X = %R(3,n+2)—R(3,n+1)—§R(3,n)—R(3,n—1),

Y = —%R(3,n+2)+%R(3,n+1)+%R(3,n)—%R(3,n—1),

/= —%R(3,n+2)+%R(3,n+1)+%R(3,n)+%R(3,n ~1).
Substitute them into (4)
we get at once that R(3,n) = 2R(3,n-1)+ 6R(3,n-2) — R(3,n-4).
Therefore, we have
Proposition 4. The recursion formula of <R(3,n)>,c y is

R(3,0)=1 R(3,1)=5 R(3,2)=17,

R(3,n)=2R(3,n-1)+ 6 R(3,n-2) — R(3,n-4), for n>4 .

R(3,
Next, we want to calculate again the limit of (3(n’i)l) :
_ R(3,n)
Letb, = RGA-D) "
R(3,n) R(3,n—1) R(3,n-2)  R(3,n-4)
From -7 —+ =2 - 1 +

R(B,n—-1) < R@G,n-1) R(3,n—=1) ~ R@G,n-1)"

16



6 1

We get bn = 2 + bn | - bn_3bn_2bn—l '

Assume that <b,> converges to a real number x.

. . 6 1
We haVG }[Lmoo b" = }ll_>m°<, (2+ bn_ “b,3b, 50, )’

1

6 1
hencex=2+ — - —

X x>

So that, x* - 2x° - 6x* +1 = 0.
By intermediate value theorem, there are four roots a,, a,, 03, and oy
for this equation and
2<a;<-1,-1<0,<0,0<035<1, 3 <ay<4.
In fact, using intermediate value theorem repeatedly, we have
-1.568 <o <-1.567 , -0.453<0,<-0.452,
0.388 <03<0.389 , 3.631 <043 <3.632.
As before we have
Proposition 5.  There exist constants C,, C,, Cs, and C4 such that
R(3,n)= C;(0u)™+ Cy(0)™+ Cs(0t3)™+ Ca(0)", for n>0 .
Proof
Substituting n = 0, 1, 2, 3 into the identity asserted in proposition 5, we get
Ci+Co+C3+Cy=1,
C1041tC0,1tCs03+C404=5,
Ci(e) +Ca(a2) +Cs(as) +Ca(0s) =63,

C1 (o) +Cal ) +C3(at3) +Cy(tg) =17.

17



1 1 1 1

o, o, o, «a,

2 2 2
o, o, o; o)

a, o) o
the above equation has a unique set of solutions C;,C,,C;, and Cy4_
Assume that, for some k>4, we have
R(3,n) = Cl(a;)"+Cy(0az)"+C3(03)"+Cy(aty)", for Osn<k-1.
Then
R(3,k) =2 R(3,k-1) + 6 R(3.k-2) - R (3,k-4)
=2[C,a} " +C,of " + Coaf T + CLaf 1T 6[Cof T+ Cok T+ Ca T+ Cu ]
-[Cof ™+ Col Tt + G+ Cuoy Y
= Co (2 + 60 —1)+Cai (202 + 602 —1)
+C,of (208 + 60 —1)+C,o e, + 60, — 1)
= Cafa'+Ca" o' +C o o' +C,o) ‘ox)

= Ca"+Co*+Ca+Cf.

Hence for n =2 n=Cca"+Ca"+Ca"+C,, ,and

n a n a n a n
G a4(c4+c3(073) +C2(a—2) +C1(a—1 )
lim >/ =lim : : ; =a,, Q.E.D.

n—yeo 39 _]- n—ee n— (04 n— 104 n— o n—
G =D e, (P, (P e (P
o, a, a,

Section 2.4. The recursion formula of <R( m, n )>,c 5, for m>4

By means of MRT we can investigate the corresponding problems when

18



m=>4.
For example, for m = 4, we have
Proposition 6.
[1] For n>5, R(4,n)=4R(4,n-1)+9R(4,n-2)-5R(4,n-3)-4R(4,n-4)+R(4,n-5),
and R(4,0) =1, R (4,1) =8, R(4,2) = 41, R(4,3) = 227, R(4,4) =1234.
[2] For nz5, R(4,n)=d B, +d,B,+d,B,+d,B, +d,B;,
where the dj's are constants are constants and B; B, B3 B4 andps

are distinct real numbers.
In fact, the characteristic equation
X' —4x" =9x’ +5x* +4x—-1=0
gives us 5 distinct real roots B, B>, B3, B4, and Bs, where
-1.79087<B;<-1.79086, -0.63176<B,<0.63175,
0.21634<B5<0.21635, 0.74856<P4<0.74857,

5.45770<Bs<5.45771.

Section 2.5. The number of residual terms

b

Let me N and Py= b be an admissible column pattern of length m .

Any residual terms of the form R(n-k,Py), k a positive integer, are viewed
of the same type . Denote by S(m) the number of different types of residual

terms present in deriving the recursion formula of <R(m, n)> ne N .
19



According to MRT, the order of the recursion formula equals S(m)+1 .
With the expectation to get a unified recursion formula for R(m, n), we
think it essential to derive a formula for S(m) .

Given an admissible column pattern Py, denote by P, the pattern
obtained by flipping the upside of Py down . P, together with R(n-k, Py),
are said to be symmetric if Py= P, . Obviously R(n-k, Py)=R(n-k, Py).

It is apparent that, counting S(m) is equivalent to count thf number
of admissible column patterns up to symmetry with the pattern
excluded. b

Denote by S;(m) the number of symmetric residual terms and S,(m)

the number of nonsymmetric residual terms. Then we have
S(m)=S,(m)+S;(m) b
b

= Sy(m)+(R(m, D-R(1, | | )-Si(m))

=%(R(m, 1)+S,(m)-1). \”

Now we discuss below according to either m is even or odd .
Case1l.misodd.

If Po# | | is a symmetric admissible column pattern of length m, then P,
b

must equal to either

20



q,

q, b
A=| b | or B=| w |,

q*l b

) | g

b
Where q» | | is admissible with length — 5 while q, is admissible with

b

length mT_.Asaresult.
S (m)=R("=L, 1)-1+R(">2 1) and
S(m)= L (R(m, D+R("LIHR("221)-2)

Case 2. m is even.

If Py# | | 1s asymmetric admissible column pattern with length m, then
: g
P, must be of the form ,

b
b

where q# : is admissible of length mT_z Thus

—2

—(R(m 1)+R( 1) 2).

Combining the above discussions, we have

Proposition 7.

[1] If m is odd, then S(m)——(R(m ])+R( I)+R( I) 2).
[2] If m is even, then S(m)—— (R(m, ])+R( I) 2)
Chapter 3. Diagonal chessboards

We consider here a kind of special chessboards, called ”diagonal
21



chessboards”. Note that a diagonal chessboard with m rows and n columns

has 2mn triangular cells.

For convinience, We identify, for example, with the

. ° .
notation <4,7> and W with <3,Z;//2V>.
°

We begin with the following definition.

Definition 3. With the restriction that no two cells with a common edge are
both placed with white chess pieces, the number of admissible patterns on

an m*xn diagonal chessboard, which has 2mn cells in total, is denoted by

D(m,n)=D( [{]7""""" ]“ )
o.] b b
. b b
=D( |====——— 17 )=D(n+1,. .)
) .
R n+l ~ b b

It turns out that MRT works well here. For example, we discuss below the

recursion property of D(1,n) and D(2,n), respectively.

22



Section 3.1. The recursion formula of D(1,n)

Since D(n,b/w) =D(n,b/b), we have
D(1,n) = D(n+1,b/b)
= D(n,b/b) +D(n,b/w) + D(n,w/b)
= 2D(n,b/b) + D(n,w/b)
= [2D(n-1,b/b) + 2D(n-1,b/w) + 2D(n-1,w/b)]
+ [D(n-1,b/b) +D(n-1,w/b)]
= 5D(n-1,b/b) + 3D(n-1,w/b)
= 6D(n-1,b/b) + 3D(n-2,w/b) — D(n-1,b/b)
= 3D(n-1,b/b) + D(n-2,b/w) + D(n-2,w/b)]- D(n-1,b/b)
= 3D(n,b/b) — D(n-1,b/b)
=3D(1,n-1) — D(1,n-2).

Therefore, we obtain

Proposition 8. D(l,n) = 3D(1l,n-1) — D(1,n-2) for n>2
and D(1,0) =1 > D(1,1) = 3.
What worth noting is that
D(1,n) =R(1,2n)
Hence
D(1,n) =R(1,2n)
=R(1,2n-1) + R(1,2n-2)
= [R(1,2n-2) + R(1,2n-3)] + R(1,2n-2)
= 2R(1,2n-2) + R(1,2n-3)
=2R(1,2n-2) + [R(1,2n-2)] - R(1,2n-4)]
=3R(1,2n-2) - R(1,2n-4)

=3D(1,n-1) -D(1,n-2)

23



Section 3.2. The recursion formula of D(2,n)

We start with the following basic identities.

b/b blw blw b/b

D(m,, )=D(, )=D(, ~)=D(, )
_ D lb/b)+D( lw/b)+D( lw/b)+D( 1w/b)
+D(n lb/w)+D( lb/w)+D(n1 )+D(n-1,b/ ),
w
w/b w/b
D(,, . )=D, )=D(n, )
=D(n—1 )+D( 1W“’)+D( 1W“’)+D( 1W”’)
+D(n-1, )+DB(H-1, ),
D(n,b”’)=D(n-1 )+D( 1W”’)+D( 1W”’)+D(n1 )
/b
w
Now MRT gives us that
Proposition 9. D D D D n>3
D D D

Chapter 4. The number of admissible atterns u tos mmetr

In preceding sections the rectangular chessboards are viewed as fixed
on a desk .We are curious about that, what 1s the number of admissible
patterns if we identify patterns up to the action that flipping from left to

right? (Since the problem of counting admissible patterns up to flipping

24



upside down is the same as that of flipping from left to right, we consider
only the latter.)

Definition 4. Two admissible patterns P; and P, on a rectangular
chessboard are said to be LR equivalent if P; can become identical with P,
via flipping from left to right .If an admissible pattern P is invariant via
flipping from left to right, it is called LR symmetric. The number of LR
equivalence classes on an mxn rectangular chessboard is denoted by
U(m,n).

We compute U(m,n) as follows.

Case 1. If n is odd, consider the subchessdoard B formed by the ” ;1

columns of A counting from the left . Observe that by flipping an
admissible pattern on B over the right half part of A, we obtain a LR
symmetric admissible pattern on A . Obviously all of the LR symmetric
admissible patterns on A can be obtained in this way . Hence the number

1
, _ ROnm)+Rom," )
of LR equivalence classes is 2

2

Case 2. If n is odd, then evidently the midst two columns of A must be
placed with black chess pieces . Argue as in case 1, we conclude that the

R(m, n) +R(m,§—1)

number of LR equivalence classes is :

25



Chapter 5. Admissible patterns on annular chessboards
In addition to rectangular and diagonal cases, we intend to study in
this section the corresponding problem where the chessboards concerned

are annular.

be an annular chessboard with m rows and n columns . We shall say

abbreviately that A is an mxn annular chessboard . Choose any one of the

n columns of A as the first column and then number the n columns

clockwise .

For the sake of convinience, we claim the following identifications.

1. If A is an mxn annular chessboard, then A is identified with the pair
(m,n) .

2. Let A be an mxn annular chessboard. The state that there placed on the
first column of A an admissible column pattern Py is identified with the
symbol (n,Py).

3. Let A be an mxn annular chessboard. The state that there placed
clockwise an admissible row pattern P, on the outmost row of A is

identified with the symbol (m,Py) .

26



For example,

b

is identified with (n, ) and also with the
b

b b
° ° b
d ® .
rectangular chessboard 171 T:1 ,thuswith( =~ ,n+1, )
° ° A .

[2] ‘.’ 1s identified with (3, b ) and also with the rectangular
w

b

o w)_

chessboard

, thus with (”, 4,
w

Oe®

For example, ‘.‘ is identified with the (2, bwb)

e

and Q@@. is identified with (3,bw) .

Now let A be an mxn annular chessboard belonging to one of the 3

types described above. Then we denote by C(A) the number of admissible
patterns on A . With the above identifications, we have naturally the

notations below.

27



[1].C(m,n)=C(

For example, C(2,3) =(( ).

[21.C( g )=C(n ,Py) .
-y

For example, C( ‘.’ )= C(3, ’ ).
b, B

[3].Since | is identified with ,

| n+1 |

=

we see that C( ™ Bl )y =R(Py, n+1,Py) .

| n+1 |

For example, C(3, b ) =R( b 4, b ).
w w w
[4]. Let A be an mxn annular chessboard with an admissible row pattern P,

on the outmost row. Then C(A) = C(m,Py).

For example, C( ‘.‘ ) =C(2, bwb).
<>
&>

28



Adopting the above notations, we want to study the recursion property of C(m,n)
by fixing m and n respectively .

Section 5.1. The tree diagrams computing C(m,n)

For a pattern P on an mxn annular chessboard to be admissible, it is
necessary that the first and m-th column patterns of P must match. It is this
nature that makes things complicated and one might thought that there is
no tree diagram computing C(m,n) at all. In fact, the tree diagram does
exist and is composed of several subdiagrams, as shown in Fig.3. Notice
that each of the subdiagrams is a variation of the diagram computing

R(m,n) and the number of subdiagrams equals to that of residual terms.

41 17 1 12 5 2 1
% 0 ® 0 ® 0
L] 0 0 0 0
12 20 /N 3 W2 V)1
O O O O
@ @ @ @ @
8 4 1 1
e e e e
Ol Ol Ol [¢]

Fig.3. The tree diagrams

®0|x (005 Oes @0

ik
Y

Section 5.2. The recursion formula of <C(m,n)>,c y for m fixed

Olejv @0~ [@evCle @0y e w

Ole]- [@[0]- e/e~Ce— 0[O |ee]

Clej«[0[C]~ [@0e/wO@- [0C] | ee~

Ole|
Ole|

C(2,5)

When m = 1,it is very easy to get that, for n>3
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C(1,n) = C(n,b) + C(n,w) = R(1,n-1) + R(1,n-3) = C(1,n-1) + C(1,n-3).
Next, we desire to derive the recursion formula of<C(2,n)>nc ». To
deal with this problem the following identities is preliminary.
[1] For »>1,R(2,n)=R(2,n-1)+2R(n, 2”) .
[2] For »>1,C(2,n) =R(2,n-1) + 2R(Z,n+1,;:) .
(The identity [2] 1s, in fact, arised from the process we deriving the
recursion formula of C(2,n) below.)
Now we have
C2.n)=C (n,))+C(n,") + C(n,”)=R2n-1) +2C(n,")
=R(2,n-1) + 2R(Z,n+1,;:)
=R2n-1) + 2[R(”, n,i) R(Y, n,i)]
")

=R(2,n-1)+2R(n -1,2”)+ 2[R(:, n-1,

=R@2n-1)+2R(},n, )+ 2R(", n,

b
b
b
b

)+ R(;:a n'lazj)]

=R(2,n-1)+2R(n -1,2”) + 2R(;:, n-1,") + 2R(Z, n-1,")

b
=R@n-1)+2R(n-1,7) +2R(n -2, )+ 2R(;, n-1, )
= R(2,n-1)+[ R(2,n-1) - R(2,n-2)]+] R(2,n-2) - R(2,n-3)]

+ C(2,n-2) - R(2,n-3)]
=C(2,n-2)+2R(2,n-1)-2R(2,n-3),

so  C(2,n)- C(2,n-2) = 2R(2,n-1)-2R(2,n-3), for n=4 .

(Checking in details tells us that the above identity holds only for »>4.)
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Furthermore, for »>2, R(2,n)=2R(2,n-1)+R (2,n-2)
Thus, for n>6,
C(2,n) - C(2,n-2) =2[C(2,n-1) - C(2,n-3)]+ [C(2,n-2) - C(2,n-4)]
Therefore, we obtain
Proposition 10.
C(2,n)=2C02,n-1) + 2C(2,n-2) — 2C(2,n-3) - C(2,n-4), for n=e.
On the other hand, we found by chance that the sequence
<C(2,n)>nc y seems satisfies the following shorter formula that , for n>2,
C(2,n)=2 C(2,n-1)+ C(2,n-2)-2(-1)".
Noticing that, for n>3,
R(n,")=R(Y 0, ) RC 0, +R(Y 0, ),
we verified the above shorter recursion formula as follows.

Since

C(2,n)=C (n,i ) +C(m,")+ Cln, i )=R(2;n-1)+2C(n,")

b

=R(2.n-1) + 2R, n+l, ) = R2,n-1) + 2[R( nf;) FR( .0, )]
=R(2,n-1) +2 R(n—l,;:) + 2R(Z, nai)

=R(2n-1)+2R(n-1,") + 2[R(n,")- R(n-1,") - R(} . n, )]
=R(2n-1) + 2 R(-1,})- 2R(,n,”)

= R(2,n-1)+[ R(2,n) - R(2,n-1)]-[ C(2,n-1) - R(2,n-2)]

= -C(2,n-1)*R(2,n)+R(2,n-2),
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we have, forn>3, C(2,n) +C(2,n-1) = R(2,n)+R(2,n-2) .

Therefore, for »>3, C(2,n) +C(2,n-1) = [2R(2,n-1)+R(2,n-2)]+ R(2,n-2)
=2R(2,n-1)+2R(2,n-2),

thus C(2,n) —2R(2,n-1) =-[ C(2,n-1)-2R(2,n-2)] .

As aresult, C(2,n) 2R(2,n-1) = (-1)" .

Combining with the recursion property of R(2,n), we obtain that

Proposition 11. C(2,n)=2 C(2,n-1)+ C(2,n-2)-2(-1)", for n>4.

Section 5.3. The recursion formula of <C(m,n)>,c 5y for n fixed
1.The recursion formula of <C(m,1)>,,c v
Since C(m,1) = R(m,1) = R(1,m),
We have C(m,1)=R(1,m)=R(1,m-1)+R(1,m-2)=C(m-1,1)+C(m-2,1)
thus we conclude that
Proposition 12. Form=>2, C(m,1)=C(m-1,1)+C(m-2,1),
and C(0,1)=1 > C(1,1)=2.
2. The recursion formula of <C(m, 2)>,c »
We have
b b b
C(maz): C( am)+C( ,m)+C( 9m_1)
b w w
= C(m-1,2)+2[C(] ;m-1)e(” m-1)]
w

= C(rn—l,2)+2C(m-2,2)+2C(2V,m—1).
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Hence
C(m,2) = C(m-1,2)+2C(i,m) = C(m-l,2)+2C(m-2,2)+2C(;V,m—1).
Using MRT, we get
Proposition 13. For m=>2, C(m,2)=2C(m-1,2)+C(m-2,2),

and C(0,2)=1 » C(1,2)=3.

3. The recursion formula of <C(m, n)>,c y where n>3 is fixed .

By means of MRT, we obtain

Proposition 14. For m=>2, C(m,3)=3C(m-1,3)+C(m-2,3)
and C(0,3)=1 - C(1,3) =4.

Proposition 15. For m=23, C(m,4)=5C(m-1,4)+C(m-2,4)-C(m-3,4)
and C(0,4)=1 - C(1,4)=7 » C(2,4)=35.

Proposition 16. For m>3, C(m,5)=7C(m-1,5)+C(m-2,5)-C(m-3,5),
and  C(0,5)=1 > C(1,5)=11 > C(2,5)=81

What worth noting is that, deforming suitably, an mx4 annular

chessboard can become a 2x2xm rectangular polyhedral chessboard .

Therefore, the numbers of admissible patterns on the two chessboards are

equal. That is, C(m,4)= Q(2,2,m) and so we get from Proposition 15 that,

Proposition 17. Q(2,2,m)=50(2,2,m-1)+0Q(2,2,m-2)-Q(2,2,m-3), for m=>3.
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Chapter 6. The number of admissible patterns on annular
chessboards up to symmetries

The number C(m,n) is the number of admissible patterns on an mxn

annular chessboard. As before, we are interested with the problem of

counting admissible patterns up to some symmetry.

Definition 5. Given an mxn annular chessboard A.

[1] Two patterns P; and P, on A are said to be rotational equivalent if P,
can become identical with P, via rotation.

[2]A pattern P on A is called k-cyclic if P is invariant under the rotation
that rotates the first column of P to the (k+1)th column of P.

[3]A pattern on A is said to be of order k if P is k-cyclic while P is not
[-cyclic for 1<i1<k-1.

[4] The number of rotation equivalence chess pieces on A is denoted by
T(m,n).

[6] The number of admissible patterns of order k on A is denoted by

C *(m,n,k).
Definition 6. Given an mxn annular chessboard A.
[1] Two patterns P;and P,on A are said to be reflexively equivalent if P,

can become identical with P, via the action flipping inside out.
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[2] A pattern P on A is called reflexively symmetric if P is invariant under
the action flipping inside out.

[3] The number of reflexive equivalence classes of admissible patterns on

A is denoted by V(m,n).

Section 6.1. Rotational symmetry

To start, notice that, if p is prime, then we get at once that
C(m,p)—1
T =1+
(m, p) =1+ ——
In particular, according to the equality that

C(2,n)=2R2,n-1)+(-1)", for n>2,

we obtain for p prime that

2R(2, p-1)+(-1)" -1
) .

T2,p)=1+

In general, for a composite number n, we have 7(m,n)= ;%’m
However, the key point is, how to compute C(m,n,k) ?

Since the only admissible pattern that is 1-cyclic is the one with all
cells placed with black chess pieces, we have C*(m,n,1)=1.

Moreover, if k>1 is a factor of n, a k-cyclic pattern on an mxn annular
chessboard is in fact produced by coping an admissible pattern on an mxk
annular chessboard % times, so that the number of k-cyclic patterns on an

mxn annular chessboard is the same as C(m,k).

On the other hand, a k;-cyclic pattern on an mxn chessboard must be
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k,-cyclic whenever k| is a factor of k,. Thus to compute C*(m,n,k), the
number of admissible patterns of order k on an mxn annular chessboard,
one must take advantage of set theoretical techniques .

We take T(2,6) as an example .

C'26D , C'(262)  C(263) C'(266)

First, 7(2,6)=
1 2 3 6

Due to the above argument, we have

T(2,6)=1 =1+3+4+30=38

N C(2,2)-1 N Cc(23)-1 N C(2,6)-C(2,2)-C(2,3)+1
2 3 6

Section 6.2. The symmetry with respect to flipping inside out

A moment of reflection tells us that we can completely follow the
argument counting LR equivalence classes on rectangular chessboards, and
we have the following result.

Proposition 18.

C(m,n) + C(% —1,n)

[1] If m is even, then V(m,n)= -

Clm,m) + c<’"2“,n>

[2] If m is odd, then V(m,n)= )

Chapter 7. Recursion formulae for rectangular polyhedral
chessboards.
Now we consider the corresponding problem for rectangular

polyhedral chessboards “ Under the restriction that no two cells with a
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common face are not placed with white chess pieces, how many patterns
are admissible on an mxnxk rectangular polyhedral chessboard ?”
Denote by Q(m,n,k) the corresponding number. Imitating preceding

notations, we have, for instance, the following expressions

bb
Q )=Q(22,3)=Q(4, ,, )

As before, MRT tells us the recursion formulae for this case. For example,
we have

b b
Q2K =Qk+1," )

b

b

_ b w b b w b b b b
= Q! QU 1Rk (K, QUK.

)

QUK Ty +Qk,” ™)
= Q.2k-1)+4Q(k, " z)+2Q(k,Z fv ),

computing in this way successively, we get by MRT that, for >3,
Q(2,2,k)=5Q(2,2,k-1)+Q(2,2 k-2)+Q(2,2,k-3),

which is identical with Proposition 17 .

Chapter 8. Inequalities concerning R(m,n)
It 1s trivial that R(m,n) increases with m and n. In addition to it, we

have the following inequality.
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Proposition 19. [fm=>2 and n>2, then R(m,n)<R(1,mn)

For example, R(2,6)<R(1,12) and R(3,4)<R(1,12).

Proof As shown in Fig.4, any admissible pattern on the mxn chessboard

A can be transformed to an admissible pattern on the 1x(mn) chessboard B.

Since this transformation is evidently injective, we have R(m,n)<R(1,mn) .

(1,1) (1,2) (1,3) | (1,n)
(2,1) (2,2) (2,3) | (2,n)
(3,1) (3,2) (3,3) | (3,n)
(4,1) (4,2) (4,3) | (4,n)
(m, 1) (m,2) (m,3) | (m,n)
(1,1) (1,n) [ (2,n)|(2,n-1) 2,DH|GB,D| ... |B3n)| ... [(mk)

Fig.4d (when m is even, k=1;when n is odd, k=n)

On the other hand, since m>2 and n>2,it 1s obvious that there exists

an admissible pattern on B that is not transformed from any admissible
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pattern on A . As a result, R(m,n)<R(1,mn). Q.E.D.

In general, if m;xn;=m,xn,, can we compare R(m,n;) with
R(my,n,) without knowing the values ? Numerical data reveals that, the
more the shape of the rectangular chessboard is similar to a square, the less
the number of admissible patterns is. For examples,
R(3,4)=227<239=R(2,6) and R(4,4)=1234<1393=R(2,8) .

However, so far we do not know how to verify this phenomenon.
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V. Results

1. Some values of R(m.n) computed with the spreadsheet

m/n 1 2 3 4 5 6 7 8
1 2 3 5 8 13 21 A 55
2 3 7 17 4 ) 239 oS77 1393
3 5 17 63 227 827 2099 10897 39561
4 8 41 227 1234 6743 36787 | 200798 | 1095851
5 13 ) 827 6743 55447 | 454385 | 3729091 | 30584687
6 21 239 299 36787 | 454385 | 5598861 | 69050253 | 851302029

Some values of C(m,n) computed with the spreadsheet

m/n - 5 6 7 8 9 10 11
1 7 11 18 29 47 76 123 199
2 35 81 199 ATT 1155 2785 0727 16237
3 181 021 2309 8303 30277 | 109753 | 398857 | 1447931

2. Recursion formulae for rectangular chessboards
Form=1,2, and 3 we have
(A)R(1,0)=1,R(1,1)=2, R(1,n) = R(1,n-1)+R(1,n-2), for n>2.
(B) R(2,0) =1,R(2,1) =3, R(2,n) = 2R(2,n-1)+R(2,n-2),for n>2.
(C)R3,0)=1,R3,1)=5,R(3,2)=17,R(3,3) = 63,
R(3,n) = 2R(3,n-1)+6R(3,n-2) — R(3,n-4), for n>4.
3. Recursion formulae for diagonal chessboards

For m =1, and 2 we have

(A)D(1,0)=1,D(1,1)= 3, and D(1,n) =3D(1,n-1)-D(1,n-2), for »>2
(B) D(2,0) =1, D(2,1) =8, D(2,2) = 53,
D(2,n)=8D(2,n-1)-11D(2,n-2)+4D(2,n-3), for ne N,n>3
4. Recursion formulae for rectangular polyhedral chessboards
For m=2,n=2 we have
Q(2,2,0)=1,Q(12,2,1)=7,Q(2,2,2) =35, Q(2,2,3) = 181,
Q(2,2,k) =5Q(2,2,k-1)+Q(2,2,k-2)-Q(2,2,k-3), for k>3.
5. Recursion formulae for annular chessboards with the number n of
columns fixed

For n =1,2, and 3 we have
(A) C0,1)=1,C(1,1)=2,C(m,1) = C(m-1,1)+C(m-2,1), for m=>2
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(B) C(0,2)=1, C(1,2) =3, C(m,2) = 2C(m-1,2)+C(m-2,2), for m>2

(C) C(0,3)=1, C(1,3) =4, C(m,3) = 3C(m-1,3)+C(m-2,3), for m=>2

6. Annular chessboards with the number m of rows fixed

(A) C(1,n) =C(1,n-1)+C(1,n-3), for n>3

(B) C(2,n) =2C(2,n-1)+C(2,n-2)+2(-1)", for n=>4

7. The number U(m,n) of equivalence classes in which two patterns on
a rectangular chessboard are identified as the same upon flipping
from left to right

n+1

R(m,n)+ R(m,——)
(A) If m 1s odd, then U(m,n) = 2

2

R(m,n)+R(m,~ -1
(B) If m is even, then U(m,n) = 2

2

8. The numbers of equivalence classes up to symmetries on an annular
chessboard
(A) Symmetry with respect to rotation

T(m,n) = zl(The number of admissible patterns of order k).

k‘n

(B) Symmetry with respect to flipping inside out
C(m,n)— C(m;l,n)

if m is odd, then V(m,n) = C(mTJrl ,n )T 5

Clm,n)—C(™ ~1,n)
if m is even, then V(m,n) = C(%—l )t 2 :

2

V1. Discussion

1. It is highly desirable to obtain a formula for R(m,n) in terms of m and n.
Thus far, we are able to solve for R(m,n) once an individual m is given.

2. In deriving the recursion formula of <C(m,n)>,c v, for each fixed m, the
result obtained does not appear to be the shortest. On the other hand, we
believe that the recursion formula of <R(m,n)>,c y derived by MRT is
indeed the case. (So far we are unable to supply the proof of this claim.)

3. The number of admissible patterns on a square chessboard in which two

patterns are regarded as the same if rotation is taken into consideration,
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remains open.

4. It 1s evident that the case of annular chessboards is isomorphic to that of
cylindrical chessboards.

5. If m>2, n>2 then the inequality R(m,n)<R(1,mn) holds.

6. Using tables and figures generated by the spreadsheet program Excel,
R(m,n+1)
> R(m,n)

value, as shown in Fig.5 and Fig.6

we find that for each fixed m appears to approach a finite

3.8
3.7
3.6
35 |
3.4

Fig.5 Graph of R(3,n+1)/R(3,n)

5.7

55 F
53

5.1

Fig.6 Graph of R(4,n+1)/R(4,n)

R(m,n+1)
R(m,n)

For the cases m = 3, 4, the limiting values of can be obtained

by means of the Binet formula after solving the characteristic equations

with the software Maple. For example, from the Binet formula
R(2,n) = Sloev2rva-v2] for n=o0,

we obtain 1++/2 as the limiting value for m = 2.
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VII. Conclusion

We went through the process of (1) brute force, (2) tree diagram, (3)
spreadsheet computation, and (4) MRT recursion formulation in seeking
the solution to our combinatorial problem. We believe that a large number
of similar problems can be tackled this way.
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