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Recursive sequences and chaos phenomena
Abstract

For a given fixed number p € (0,1), let ng=0, py=p,
k
k, = inf{k > 1: P_—p <11,

and
_ b&
pPi1-= l‘p .
By induction, for given p,.;, we define
k
k, = inf{k > 1: 11; <1,
“Pn-1
and
_ Pk
Po: 1'pn—l .

Then, {p,, n >0} is a sequence of numbers belongs to (p,e). For each
n=1,2,..., let I, := {p € (0,1); there exists k, such that pk /(1-p,.;) =1},
and denote I.. = {p € (0,1); pk /(1-p,.;) <1 forall kand k,}. Itis
noted that the open interval (0,1) can be decomposed as a countably
union of I;,I,,..., and L..

Motivated by the problem of random number generation in
computer simulation, in this article, we study the behavior of the
recursive sequence {p,, n = 0} for various p € (0,1). In particular, we
explore the relationship between p and I, for n=1,2,...,00. Our main
results shows that

1. When 0 <p < 1/4, then p € L. and the sequence {p,, n =0} is
monotone increasing with limit (1-/1-4p)/2 .

2. When 1/4 <p <1 and is a rational number except 1/3 and 1/2,
then p € L. and p, are distinct from each other for different n. That is,
pi # pj for i #].



3. For each n=1,2,...,1,, is not empty. We first find explicit element

1 1 242
in each I, for small n, for instance, 5 € I, 3 € I;, 5 € Is,
5+/5
10 e I7, 2_ 3 e 19.

4. In general, we let k,=1, and expand the ratio of p, to get

recursive ag(p) = 1, ai(p) = 1-p, an+1(p) = an(p) - p an.1(p) (n21),

_ p 3n-1§92

Po™ ap)

In order to make p, = 1, we need a,(p) - p a,.1(p) = 0, that is a,;(p) = 0.
Then the polynomial a,(p) has relation with the Fibonacci polynomial
fix)=1, fix)=x, f(x)=x1f(x)+f.1(x)(n=1). A simple
transformation leads that

1
e I, forn=1,2,....

2 T
4cos 03

5. By using the result form part 2, we find that for a suitable initial
point p € (0,1), the recursive sequence {p,, n = 0} can provide an
example of chaotic systems. To be more precise, when .25 <p<1,a
chaotic phenomena happens and it approaches to uniform distribution as
p approaches to 1. Then the sequence {p,, n =0} can be used to produce
random numbers.

Keywords. chaos, Fibonacci polynomial, recursive sequence.
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P
=

7 1
IR P p2 p3 p* p5 p6 p7 p8 P9 pIO p“
bo(p) |1
bi(p) |1 -1
by(p) |1 -1 -1
bs(p) |1 12 [
ba(p) |1 13 2 [
bs(p) |1 -1 |4 3 3 -1
be(p) |1 1 -5 4 6 |30 |-
bs(p) |1 1 -6 5 106 |4 |+1
bs(p) |1 -1 -7 6 [+15]-10 |-10 +4 |+1
bo(p) |1 -1 -8 7 |21 |-15 [-20 [+10 [+5 |-1
big(p) |1 -1 -9 +8 [+28 |21 |-35 [+20 [+15 -5 |-1
bi(p) |1 -1 [-10 +9 [+36 |-28 |-56 |[+35 [+35 |15 [-6 |+1

PIK pr=1 BYERA > FIF Mathematica & 5L

bs(p) = 1-p-Tp*+6p>+15p*-10p°-10p®+4p +p® = 0 [ >
5E] bg(p) =0 5 8 {&f## -
p=0.50866 09187 58394... » {1tk p EE P AMuls > WFEA

NE 16 A
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Chaos7.bas :

CLS
1 INPUT P, Q
IF Q=0 OR P > INT(P) OR Q > INT(Q) THEN 1
IF(P/Q)<=0O0R (P/Q)>=1 THEN 1
M#=P: N#=Q
GOSUB SUBI
P=M# Q=N#
PO#=P/Q
POP# = P: POQ# = Q
FORI=1TO 20
A=0
DO
A=A+1
PIP#=POQ# *P" A
P1Q# = (POQ# - POP#) * Q * A
P1#=PIP#/ P1Q#
M# = P1P#: N# = P1Q#
GOSUB SUBI
PIP# = M#: P1Q# = N#
P1#=PIP#/P1Q#
LOOP UNTIL P1# < 1.00000000001#
PRINT USING "##) #HHHHHEHHHHH, | SRR, =
B A T PIPH; PIQ#; P1#
IF P1#>.99999999999# THEN END
POP# = P1P#: POQ# = P1Q#
NEXT I
END

SUBI:
S# = M#: TH = N#
DO
T#=T# - S# * INT(T# / S#)
IF T# = 0 THEN R# = S#: EXIT DO
S# = S# - T# * INT(S# / TH)
IF S# = 0 THEN R# = T#: EXIT DO
LOOP
M# = M# / R#: N# = N# / R#
RETURN
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Chaos9.bas

CLS
SCREEN 12
LINE (0, 0)-(639, 479), 15, BF
DO
INPUT "P0O="; P#
LOOP WHILE P# <=0 OR P# > .98
DO
INPUT "Enter two numbers between 0 and 1 as the range"; B, E
IF B<E AND B >=0 AND E <=1 THEN EXIT DO
LOOP
B#=B
E#=E
C# = (E# - B#) / 500
LINE (0, 0)-(640, 480), 15, BF
LINE (70, 100)-(570, 100), 6
FORI1=0TO 100
IF IMOD 10 =0 THEN
LINE (70 +1*5,90)-(70 +1* 5, 99), 6
LINE (70 + 1 * 5, 234)-(70 + 1 * 5, 243), 0
LINE (70 + 1 * 5, 245)-(70 + 1 * 5, 444), 5
ELSE
IF IMOD 5 =0 THEN
LINE (70 +1*5,94)-(70 +1* 5, 99), 6
LINE (70 + 1 * 5,238)-(70 + 1 * 5, 243), 0
LINE (70 + I * 5, 245)-(70 + 1 * 5, 444), 12
ELSE
LINE (70 +1*5,97)-(70 +1*5,99), 6
LINE (70 +1*5,241)-(70 + 1 * 5, 243), 0
LINE (70 + 1 * 5, 245)-(70 + 1 * 5, 444), 13
END IF
END IF
NEXT I
FOR 1=245 TO 440 STEP 5
IF (I+5) MOD 50 =0 THEN
LINE (59, 1)-(68, 1), 0
LINE (70, )-(570, 1), 9
ELSE
IF (I1+5)MOD 25 =0 THEN
LINE (63, 1)-(68, 1), 0
LINE (70, )-(570, 1), 2
ELSE
LINE (66, 1)-(68, 1), 0
LINE (70, I)-(570, 1), 11
END IF
END IF
NEXT I
LINE (69, 244)-(570, 445), 0, B
LOCATE 1, 1
PRINT "PO="; P#
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PRINT "Range:"; B; "to"; E

LOCATE 6, 8

PRINT B

LOCATE 6, 71

PRINT E

DIM A(500)

LOCATE 1, 1

PO# = P#

IF P# < .8 THEN T = 25000 ELSE T = 10000
R=1

FORI=1TOT

A=0

DO
A=A+1
Pl#=P#" A /(I - PO¥)

LOOP UNTIL P1# <= 1

D= (Pl# - B#)/ C#

IF 0 <= D AND D < 500 THEN
A(INT(D)) = A(INT(D)) + 1
IF A(INT(D)) = 133/ R THEN GOSUB SUB3 ELSE GOSUB SUBI

END IF

IF I MOD 100 = 0 THEN

LOCATE 3, 1

PRINT USING "Times: ######,"; I;

LOCATE 4, 1

PRINT USING " P ####HI#H#HHH", P1#;
END IF

IF P1# >=.9999999899999999# THEN S = I: LOCATE 25, 41: PRINT P1#: EXIT FOR

PO# =P1#
NEXT I
S=1-1
LOCATE 3, 1
PRINT USING "Times: ######,"; S;
FOR I=0 TO 499

A=0

DO

A=A+1
P1#=P#" A/ (1 - (B#+C#*1))

LOOP UNTIL P1# <=1

PSET ((70 + I), (100 - P1# * 100)), 12
NEXT I
IF P# - B# > -.0000001# AND P# < E# THEN LINE (70 + (P# - B#) / C#, 0)-(70 + (P# - B#) /
C#, 100), 3
LINE (70, 100 - B# * 100)-(570, 100 - (B# + C# * 500) * 100), 1
LOCATE 29, 10
PRINT "Press any key to continue";
DO
LOOP WHILE INKEY$§ =""
CLS
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PRINT "PO="; P#
FOR I=0TO 24
FORJ=0TO 19
LOCATE 1+2,] %4+ 1
IF P#-(B+(J *25+1+1)* C#) >=-.0000001 THEN
PRINT" -
ELSE
IF A(I+1J * 25) < 10000 THEN
PRINT USING "####"; A(I +J * 25);
ELSE
PRINT "E"; MID$(STRS(A(I +J * 25)), 2, 3)
END IF
END IF
NEXT J
NEXT I
END

SUBI:

PSET ((70 + INT(D)), (100 + A(INT(D)) * R)), 2

PSET ((70 + INT(D)), 245 + ((P1# - B#) / C# - INT((P1# - B#) / C#)) * 200), 0
RETURN

SUB3:
LINE (70, 101)-(570, 233), 15, BF
R=R/2
FOR X =0TO 499
IF A(X) >0 THEN LINE (70 + X, 100)-(70 + X, 100 + A(X) * R), 2
NEXT X
LOCATE 5, 1
PRINT "Ratio: 1:"; 1 /R
RETURN
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Densel5.bas :

SCREEN 12
CLS
LINE (0, 0)-(639, 479), 15, BF
DO
INPUT "P="; P#
LOOP UNTIL 0 < P# AND P# < 1
CLS
LINE (0, 0)-(639, 479), 15, BF
PRINT "P="; P#
COLOR 0
LINE (15, 20)-(15, 440)
LINE (15, 440)-(635, 440)
FORI1=0TO 100
IF I MOD 10 = 0 THEN
LINE (5, 1%* 4 + 40)-(14, 1 * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 450)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 450)
ELSE
IF IMOD 5 = 0 THEN
LINE (10, I * 4 + 40)-(14, T * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 445)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 445)
ELSE
LINE (12, 1 * 4+ 40)-(14, T * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 443)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 443)
END IF
END IF
NEXT I
LINE (15, 20)-(5, 30)
LINE (15, 20)-(25, 30)
LINE (625, 430)-(635, 440)
LINE (635, 440)-(625, 450)
PO# = P#
LINE (14, 440 - PO# * 400 - 1)-(16, 440 - PO# * 400 + 1), 0, BF
FOR =1 TO 200
K=0
DO
K=K+1
Pl#=P#~K /(I - PO¥)
LOOP UNTIL P1# <= |
LINE (15 + (I- 1) * 3, 440 - PO# * 400)-(15 + I * 3, 440 - P1# * 400), 0
LINE (15+1%3-1,440 - P1# * 400 - 1)-(15+ 1% 3 + 1,440 - P1# * 400 + 1), , BF
IF P1#>.999999999999# THEN EXIT FOR
PO# =P1#
NEXT I
END
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Recursive sequences and chaos phenomena
Abstract

For a given fixed number p € (0,1), let ng=0, py=p,
k
k, = inf{k > 1: P_—p <11,

and
_ ba
pPi1-= l‘p .
By induction, for given p,.;, we define
k
k, = inf{k > 1: 11; <1,
“Pn-1
and
_ bk
Po: 1'pn—l .

Then, {p,, n >0} is a sequence of numbers belongs to (p,e). For each
n=1,2,..., let I, := {p € (0,1); there exists k, such that pk /(1-p,.;)=1},
and denote I.. = {p € (0,1); pkn /(1-p,.1) <1 forall kand k,}. Itis
noted that the open interval (0,1) can be decomposed as a countably
union of I;,I,,..., and L..

Motivated by the problem of random number generation in
computer simulation, in this article, we study the behavior of the
recursive sequence {p,, n = 0} for various p € (0,1). In particular, we
explore the relationship between p and I, for n=1,2,...,00. Our main
results shows that

1. When 0 <p < 1/4, then p € L. and the sequence {p,, n =0} is
monotone increasing with limit (1-/1-4p)/2 .

2. When 1/4 <p <1 and is a rational number except 1/3 and 1/2,
then p € L. and p, are distinct from each other for different n. That is,
pi # pj for i #].



3. For each n=1,2,...,1,, is not empty. We first find explicit element

1 1 242
in each I, for small n, for instance, 5 € I, 3 € I;, 5 € Is,
5+/5
10 e I7, 2_ 3 e 19.

4. In general, we let k,=1, and expand the ratio of p, to get

recursive ag(p) = 1, ai(p) = 1-p, an+1(p) = an(p) - p an.1(p) (n21),

_ p an—l(E)

Po™ ap)

In order to make p, = 1, we need a,(p) - p a,.1(p) = 0, that is a,;(p) = 0.
Then the polynomial a,(p) has relation with the Fibonacci polynomial
fix)=1, fix)=x, f11(x)=x1f(x)+ . 1(x)(n=1). A simple
transformation leads that

1
e I, forn=1,2,....

2 T
4cos 03

5. By using the result form part 2, we find that for a suitable initial
point p € (0,1), the recursive sequence {p,, n = 0} can provide an
example of chaotic systems. To be more precise, when .25 <p<1,a
chaotic phenomena happens and it approaches to uniform distribution as
p approaches to 1. Then the sequence {p,, n =0} can be used to produce
random numbers.

Keywords. chaos, Fibonacci polynomial, recursive sequence.



I. Research motive :

With a majority of random numbers found in day-to-day living
being a series of random number values, it is more than often that a
computer simulator is needed in search. A Random Number Generator
allows random numeral values be generated using the recursive
functions of recurring decimals. To which, I have defined p value to be

pkn

0<p<Il and that py = p, pn = I-poy in which k, being the smallest

n-1

positive number that produces p,=1 with which to observe the numeral
values generated in each simulation and how they are distributed within
the given parameter of p and 1.

Il. Research process:

In computer simulation, the reason for adopting the reversal

. kn . . . . .
function p,= . lies in that k, being the smallest positive number
“Pn-1

that produces p,=1 can help observe the value distribution of such
function.

(I)  Some phenomena concluded from the computer simulation show
that when p i1s smaller than or equals to 0.25, p, will gradually
increase, but p- will always equal to a value less than or equals to
0.5. This serves to validate that,

1. No validation by mathematical inductive means would prove p,
to be greater than 0.5

0.25 1
Given n =1, equation p; = lf)po = 1.025 ~ 3 <0.5 > will

withstand,
Given n = k is to withstand > which indicates p, = 0.5 >



0.25

Given n = k+1, equation py; = 1-py = 105 = 0.5 would
therefore also withstand
2. This also validates that p,,> p,_
. B P B . .
Givenn=1, 1-pg > p = po 1s to withstand,
Given n =k is to withstand, which indicates py > py_1 °
Therefore given n =k + 1, equation py+; = 1 f)pk > l_gk_l = Pk

would also withstand.
3. At which, p, will coverage to a numeral value p~thatis =0.5;

For instance, given p=0.2 :

Graph 1

Pr+1
1-

0.9
0.8

0.7 -

0.6—§

0.5

0.4

0.3
024"

0.1

0 01 02 03 04 05 06 07 08 09 1



In the foregoing chart where the horizontal axe being p, ’ the
pkn+1

1 “Pn
k,.1bieng the smallest positive number that ensures p,; =1 ) » the
green line being p,+1=p, , the point where the two lines intersect,

Ko+
i_Lpl = pn, would be the value of p--.

vertical axes being p,+; > the blue line being p,1 = ( where

In which, the blue line is not only noticeably of an incomplete
curve but segments of its graph tend to become vertical when p,
approaches 1 as its denominator becomes very small when p, n

Ky
nears, hence the rate of k,, in {? will ac accelerate .
n

4. Calculating the p- value:

P, pn<0.5,aslong asp <1-p, andk, equals to 1, equation

'
{? < 1 will withstand.

Given x = p- > then —1% =X
p= X(I-X),

P = x-X’,

x*-x+p =0,

1+ﬂ t(-ﬁz

will arise to contradict

Do =

1- 1-4
but > will conform

1+/1-4p

Spe = >

[}

(IIT) Given 0.25<p<I, attempts are made to validate that all rational

1 1
numbers, except 3 and 5 - would belong to I , and that

none will be 1dentical to I, and I;:
1. Given P being a rational number and its denominator other

3



than 1:

4 3
(1) Taking to the example of p= 11 and p= - a logical
order can be observed by repeatedly replaced the both:

@® Where p= 14—1
Table 1

po | 4/11
P1 4/7
p | 28/33
p; | 48/55
ps | 320/847
ps | 308/527

ps | 2108/2409

p; | 14016/36421

ps | 13244/22405

po | 89620/100771
pro | 586304/1349271

Given that the numerator of p= 1] aneven number, the
value of numerator derived in each replacement will also

produce an even number.

@ But an odd number to the numerator of p does not always
produce an odd number to the numerator of p,,

5
For example, when p = 19



Table 2

p, | 5/14

p, | 70/171
ps | 45/101
ps | 505/1064
ps | 280/559

ps | 2795/5301
p; | 1395/2506
ps | 12530/21109
Py | 5555/8579
p1o | 42895/57456

In spite not all numerators are in odd number but rather
multiplications of 5, this can be deduced to the fact that the
number of p being 5.

® The numerator is then modified to 3 to observe whether the

e 3
numerators of p, are multiplications of 3, where p= 7

Table 3
Po 3/7
P1 3/4
P, | 36/49
ps | 9/13
ps | 117/196
ps | 36/79
pe | 237/301
p; | 387/448
ps | 1728/2989
po | 549/1261
plo | 3783/4984

Upon replacing 10 times, it has been found that the numerators
are consistently multiplications of 3 in each validation.



Under the premises that the numerators of p are multiplications
to a quantifiable number m, validation is made that the
numerators of p, will contain said quantifiable number m:

(2) Upon validating p as a rational number using the inductive method
and converting to a simple divider, where its numerators contains
primary factors and its denominators other than the multiplications

of m, set to mby+cy, this indicates that p= , where none of

mb0+Co
its numerators of p, would be multiplications to m, and its
denominators multiplications other than that of m:

. _ o may .
@ Given n=0, pg =p Would withstand.
: . ma,
@ Given n=/ , meaning p,= , then when , n=/+1
mb,+c,
may
+1
pkﬁl (mbo+00) mbﬁcg (mao)km
= = = X b
P p | ma mibeayte, T (mboteo)
mb,+c,

Where neither the numerators or denominators of
mb,+c,
m(b,-a,)tc,
multiplications of m, and the numerator, mby+c, , the power
of ma,, which are multiplications of m, it can be concluded
that the numerators of n=/+1 are multiplications of m, but

not the denominators. And suppose the fraction can be
further subdivided, the m factor in the numerator cannot be
weeded out for none of its denominators contain m factor,
leaving the simplified numerator fraction as multiplications

of m, but not the denominators, hence n=¢/+1 will also
withstand.

to left were multiplications of m were

® As validated through ® and @ , the equation is to withstand

6



irrespective whatever the number n is.

(3) The above experiment indicate that although a host of p, values
concluded from the same p varies as both the denominators and
numerators go up, despite occasionally reducing through
subdivision, the velocity of their expansion will accelerate, and
that no identical p, values will be repeated.

But suppose a given p, be identical to p, that previously occurred,
but p,.; and py.; being dissimilar, this indicates that replacing the
both numbers would arrive at the same numeral value.

To demonstrate using the example of p = 5 it 1s intended to

2
calculate whether there are any other p, that allows p,+ = 3
2
except p; = 3 >
2
(g)k“ 2
1p =3 where k, being a positive number,
dp, _ 3
2. 27
(ks

32
I-pa =75 X(Ph,

Givenk,=1, 2, 3,...,
2 19 113 601

Pn= 595> 125 > 625 >

Yet bound by the criterion that the numerator of P must be an odd

: 2 :
number, this concludes that only 5 meets the requirement.

This indicates that only an optimal k, value derived can the



numerator of p, and p contain the identical primary factor as
further validated below:

(4) Givenp= ,all probable values of p, can be deduced from

mb0+C0
. . ma +1
a known which is set to y
Post > mbyp1+Cpty
k
_ protl
For Pn+1 l‘pn
kn-ﬁ-l
l—p,= P
! Pn+1
kn-ﬁ-l
This will conclude p, = 1 - 2=~
Pn+1
. (mb0+co) el
meanin =1-
&P map+;
mby1+Ch1
_ mby, 1 +Cyg (mao)kn+1
map+1 (Il’lb0+00)kn+1

Given the numerator of p, must be a multiplication of m and its
denominator not; therefore,

may+ _ m(byii-ap:1)tChis
mb,.1+Cpi mb,.1+Cpi

l-pn=1-

mb, 1 +Cphig (mag)Kn+1
Map| (mby+co)Knt1

Where only neither the simplified numerator nor the denominator
are multiplications of m, and neither mb,:;+c,+; and (mbgy+c)n
are multiplications of m can they cancel each other after
simplification being that the number of m factors under (mag)kn+

8



(3)

2.

(I10)

and ma,.; must be identical. Suppose a,.; contains a “d” number

(1P

of 2 factors, and ay contains an “e” number of 2 factors, and that k,

d+1
must equal to ol and p, pn+1, Knt1 have all been established,
this will allow the one and only p, be concluded, meaning that only

one specific p, value can be used to produce a specific p; .

Assuming two numbers amongst py, pi1, P2,... have been repeated
and the first two repeated numbers being p, and p, (b>a) , this can
be concluded from the preceding (2) to conclude that and
should be 1dentical, a fact that contradicts with the initial
hypothesis assuming that p, and p, will be the first to repeat to rule
out all probabilities that any two numbers will recur.

Suppose under the scenario where p being a rational number and
its numerator being 1:

1
Of all tangible fractions that are greater than 0.25, only 3 and

1
5 produce numerator of 1.

1
2 1

() p=37 ’p1=—1=1’thus 5611 o
)
1 1 1

1 3 1 3 2 3

(2) p= 3 ’p1=ll=2 ’pz=ll=3 ! p3=12=1’

3 2 3

1
thus 3 € Iz o

Given 0.25 <p = 0.5, some of the p values, upon undergoing
conditional computations, can be concluded to 1:



1. For example taking to the foregoing 5 and 3> which can be

graphed as indicated below,

N | —

Where p =

Graph 2

Prt+1
15

0.9
0.8

0.7 -

0.6—§

0.5

0.4

0.3

0.2

0.1

0 01 02 03 04 05 06 07 08 09 1
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1
Where p = 3

Graph 3

Pnt+1

0.9—2
0.8
D?
0.6—2
05
0.4—_2
0.3
0.2
01

0.1 0.2 03 04 05 06 07 08 09 1



2.

Validation is then performed to locate what other figures would
produce 1 as they are plotted in:

(1) Validation method:

An n value, where (n=1,2,3,...) is chosen to condition p,=1,
whereby p is gradually increased from 0.25 as p, value also
increases, and keep adjusting the p until it reaches p,=1 to locate
pel, -

Graph 4 below has the p value plotted in with py, p, and ps
concluded, where it indicates that as p increases from 0, p, will
also increase with it; however, when p, reaches 1 and p continues
to increase, p, will diminish to become closer to p, a method that
deploys examining the value of p to condition p, equals to 1.

Graph 4

Pr+1

I
0.9-
0.8
0.7]
0.6]
0.5]
0.4]
0.3-
0.2-
0.1

M
Pz
P3

L I I R L I R A R R A RN A ML RS A AR p
01 02 03 04 05 06 07 08 09 1
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(2)

Experiment scenario where p,=1

@ By increasing P from 0.25 to stop at p; = 1, the value of p; will increase
alongside P before reaching one, but it will require diminished the p

value as p; becomes closer to that of p when exceeding 1.

Table 4

p

p7

Over or
underrated P
value

0.25

0.44444 44444 44444

Underrated

0.26

0.52087 17671 73351

Underrated

0.27

0.68191 59224 35899

Underrated

0.275

0.89008 27805 49313

Underrated

0.28

0.48331 38401 55949

Overrated

0.276

0.96475 80974 21005

Underrated

0.277

0.29445 79839 85269

Overrated

0.2765

0.27934 10174 99825

Overrated

0.2764

0.27657 81470 72783

Overrated

0.2763

0.99128 91275 48333

Underrated

0.27635

0.99593 32506 04733

Underrated

0.27637

0.99780 96069 24777

Underrated

0.27638

0.99875 18499 75209

Underrated

0.27639

0.99969 68190 50126

Underrated

This indicates that given 0.27639 <p < 0.27640 if the
experiment continues, it can be established that p = 0.27639
32022 50021...

A scenario by repeatedly replacing the p value seven times
shows,

13



Table 5

Po 0.27639 32022 50021
p1 0.38196 60112 50105
P> 0.44721 35954 99958
P3 0.50000 00000 00000
P4 0.55278 64045 00042
Ps 0.61803 39887 49895
Ps 0.72360 67977 49978
P7 0.99999 99999 99998

® A phenomenon observed from the above table 5
The last p; that has not fallen on 1 has been the insufficient
number of decimal points taken.

\/5-1

, Ps should be >

EE .

value of 1 - ps , meaning >

, and p; the

N =

Also when p; equals to

34/5
@ Calculating p value using p; = 42[ :
p 345 ,
Suppose I-p =p1= 5
3+\5 3+/5 3+/5

Then p= 7 (I-p), p+ » PT 5

i_i 3%5(0
2 P7 - PT5.4f5

® The p value is then plotted in seven times for validation :

EENE A5 1 5-1/5

P = 2 s P2~ 5 > p3:§9 P4 5 )

14



5-1 5+4/5
Ps = 2 » Pe6= 10 ’ p7:1 °

5405

Where p; has indeed been validated as 1 > hence 0 € I; °

It has also been observed when p = 0.2, the value of p--

1-4/0.2  5-4/5
7>~ 10 - Willalso fall on the this value.

5-4/5

Graph 5 below depicts how 10 is plotted in seven times

to achieve the result of one:
Graph 5

Pr+1
15

0.9

0.8

0.7

0.6
0.5 j

0.4

0.3
0.2

0.1

0 01 02 03 04 05 06 07 08 09 1

3. Scenarios where ps =1 and py = 1:
(1) Two p values concluded from the experiment, which are
plotted in five and nine times respectively, would produce

15



results that are in close proximity to 1:

Table 6

Po 0.29289 32188 13452 (0.26794 91924 31122
P 0.41421 35623 73094 (0.36602 54037 84437
P2 0.49999 99999 99998 (0.42264 97308 10372
P3 0.58578 64376 26902 (0.46410 16151 37752
D4 0.70710 67811 86451 [0.49999 99999 99996
Ps 0.99999 99999 99977 10.53589 83848 62240
Ps 0.57735 02691 89617
P7 0.63397 45962 15546
Ps 0.73205 08075 68845
P9 0.99999 99999 99877

(2) The process in which p — I5 shown to left is plotted can be observed

that,

1
plz\/5 _17 p2: E 9p4.:' 2

P P 1
. 1_p1 2, . .2_\/5 2 N
2
p = o
: 2-4J2 :
Scenario where p = > is plotted in:
1 2
plz\/i'la P2= 5 p3=2-\/§, P4232£,
2-1/2
which validates 42[ els -
: : 2-~2
Graph 6 below depicts a scenario when p = >

16

ps=1

is plotted in:



Graph 6

Pr+i
15

0.9
0.8

0.7

0.6
0.5 j

0.4

0.3

0.2

0.1—2

0 01 02 03 04 05 06 07 08 09 1

(3) The process in which p value - Iy 1s plotted in as shown to the
right column of Table 6 on page 16, which belong to p.16 can
be observed that :

Py =20/33, ps=

P _
" 1-p; P4

> P8 = \/5'1 ’

N | —

_pP

.°.4_2\/§
p=2-13

A scenario that depicts p being replaced with 2-

b

N

=

3-1 3-43
Pi="5 ., ;=3 , =233, ps=

N | —

17



\3 343

ps = 4_2\/§ » Pe~ 3 > P7 = 2 » P8~ \/5_1 s P9~
1 (0]

Which validates 2- /3 €l -

Graph 7
Pn+1

15

0.9
0.8

0.7

0.6

0.5

0.4—§

03—/

0.2

0.1—2

O~ —————— i
0 01 02 03 04 05 06 07 08 09 1

(IV)  While it may be unfeasible to validate through experiment
whether I, consists of all tangible elements being that the
number of a set, I, can be infinite. In light of which, the
premise of k, = 1 has been taken in an attempt to ascertain a p
value that produces p, =1:

1. Assuming k,, = 1, po, p1, P2.... are expressed in p:
Po=p”’

p _ P

-Po 1-p

’

p1:1

18



p _ pp
1

P27 1 T 12p
_p_ _p2p’
P37 1p, T 1-3ptp”
p _ p3pHp

P4™ Tps © 1-4p+3p’

_ D _ _p-4p™3p’
PS™ 1-p; ~ 1-5p+6p’p’

P p-5p™+6p’-p’
~ 1-ps 1-6p+1 0p2—4p3

Ps

. _ap) __p _ _pb® S

. Assuming p, = b(p) » then ppyy = I-p, — b(p)-a(p) » in which
the numerator being the denominator of p, times p, and the
denominator’s a(p) being the denominator of p,.; times p, the
denominator of p,.; will equal to the denominator of p, minus the
denominator of p,_; times p.

Thus for any random natural number n, its p, can be expressed as

p an-l{E)

» in which ag(p) = 1, ai(p) = 1 - p, ap1(p) = an(p) — p

an(p)
a,.1(p) ° as indicated in the table blow :
Table 7

vl N S O A

ao(p) 1
ai(p) |1 -1
ap) |l -2
as(p) 1 -3 +1
as(p) |1 -4 +3
as(p) |1 -5 +6 -1
ag(p) |1 -6 +10 -4
a;(p) |1 -7 +15 -10 +1
ag(p) |1 -8 +21 -20 +5
as(p) |1 -9 +28 -35 +15 -1
alo(p) 1 -10 +36 -56 +35 -6

19



3. All polynomials above have been derived from the Fibonacci
polynomial:

(1)The Fibonacci polynomial’s inductive equation is defined as
fn+1(X) =X fn(X) + fn-l(X) > where an+1(p) - an(p) -p a'n—l(p) times
p being a,_; instead of a, , hence the coefficients produced will
be the opposite to the sequence of Fibonacci polynomial,
meaning the sequential ranking will be exactly the opposite.
While the “Minus” that appeared the computation of a,(p) and
a,.1(p) would result in a conditional value to a,(p) , thus
producing constants within to cover both positive and negative
integrals.

(2) While the varied integrals in the Fibonacci polynomial, where
f, =1, f, = x, would produce polynomials with a deviation of 2
amongst every two adjacent polynomials, meaning there are
omission in between every two, there will not be any omission
with a,(p).

4. To conclude a solution, where p, =1

P an-l(p)
an(p)
= a,(p) ° in which the conversion allows a,(p) - p a,.1(p) =0

be substituted with a,.(p) =0 °

(1) To condition p, = =1 1t is necessary that p a,_1(p)

(2) The solution for Fibonacci polynomial using f,(x) = 0 will
conclude

xe€ {21 cos % ,1J=1,2,...,n-1} o

(3) Suppose the x* in the Fibonacci polynomials are substituted
with p, where any odd number is simplified with an x, a
polynomial, g,(p) , can therefore be concluded, and the
solution to polynomials g,(p) = 0 wil always be the square
root to the solution where g,(p) =0

pe {-4 cos %c ,1J=1,2,...,n-1} o
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4

()

(6)

|TC SR
Moreover, for cos JE = COoS (irjl)— » one half of the

solutions will be repetitive, hence the dissimilar solutions
would be:

L n
n sJ_laza ceey [2]}

For example : fi(x) = x° + 4x° + 3x, then g¢(p) =p°+ 4p + 3,
The solution where gq(p) = 0 will conclude -3, -1, 0 °

pe {-4 cos

By converting all elements under g,(p) to fall within the
positive and negative integral and a leading coefficient as
positive will conclude h,(p) , and the solution to h,(p) will
be the exact reserve number of that for g.(p) :

T n
pe {4 cos? JE ,1=1,2, ---,[5]} °

For example: The solution to he(p) =p*-4p +3, he(p) =
Owillbe 3,1,0

Finally, all h,(p) coefficients are sequentially reserved to
arrive at the initial a,.,(p) for hy(p) corresponds to ay(p) ,
and the solution to where a,,(p) = 0 will be the reverse
number of the solution for h,(p)

1 -1
pe { : ,j=1,2,...,[—n ]}  Where j = . emerges as
T 2 2
4cos n

. . I : 1
incoherent since cos 5 =0> thus rendering p = 0

meaningless.
For example : The solution to as(p) =3p>-4p + 1 > ay(p) =0
1

will be 3 , 1o

And the solution to p, = 1 will be that of the solution of
an+1(p) = 0, meaning,

21



1 n+2

pe{——— ,]j=1,2,..., [7]} o
4cos” I
n+3
e : 1
5. Validation is then made to certain that only T of all
4cos’ — 7

n+3

solutions found where a,;; =0, meaning j = 1, will produce the
optimal result:

(D

(2)

The solution for where p,:; = 0 must be smaller than the
solution where p, = 0 for it i1s necessary to reduce the
value of p, in order to delay the occurrence of where p, = 1
since p, does increase alongside increasing p, before
reaching 1.

When the mathematical recursive method is applied:
Given n = 1, only one solution where a,(p) = 0 can be

1
obtained, which is 5’ and j = lis to withstand.

Given where n = k is to withstand, this indicates a rational

solution will be ;n ’
4cos’ k3
S : : 27
Then when n =k + 1 and j being two or higher, since )
S
k+3
27 T
COS 114 <COS ;3
1 1
> ,

would only arise to contradict would only allow j be set at
1.

22



V)

1
(3) At which » ———— €1, ¢ It is feasible that at least one
- p

2 T
4cos 3

value that befores to I, can be located in any random set of
natural number n.

Observation on findings concluded from replacing certain p
values:

. The p values close to 0.25, which are repeatedly plotted in do not

produce a consistent distribution of p, values but rather occurred
around the proximity of 0.5:

(1) Distribution of p, when p=0.250001 :

In Fig. 8 below where the deep blue curve being where p,.; =
pn, the blue diagonal line being, in between the light blue
parameter are the axial position of p, and the square at the
center has had 500 grids divided to cover from O to 1, this has
been made to depict the distribution of p, in various segments
when p is plotted in 25,000 times. The grids below are
subdivision of each segment in 200 shares, in which a
corresponding black dot is placed when a p, value falls on a
certain point within a segment.

23



Graph 8
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Table 8 below represents the numeral figures shown in the
vertical grid in the center portion of Graph 8, where it consists
of 20 rows and 20 columns, in an up-down and left-right
configuration, where numbers that fall below P to result in no

pn value within the parameter are shown with a strike.

Table 8

PoO= 250001

11
11
15
15
18
£1
26
29
37
45
55
71
95
132
198
326
639
51682
58858

|

|

|

|

|
SO OORNOOOOOmREDDoDo = Doo
NS SMNMO R D00 DD DD
Pt ek LT ek D ek 6T L D DN ek b ek ek D N ek D DD e DD
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78856
61752
8 637
6 327
9 196
10 133

94
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27
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(2) Condition where p = 0.251 is plotted in 200 times and the

Pt
1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0
0

corresponding p, values are mapped into a curve:
Graph 9

n

1020 30 40 50 &0 70 30 20 100 110 120 130 140 150 160 170 1=0 190 200

Graph 9 above indicates that as p, gradually diminishes from
0.25 as it approaches 0.5, its rate of increase tapers and picks
up again as it approaches 1, and that thereafter has no specific
pattern and can be anywhere between p and 1, depending on
the previously p,. What follows is the same repetitive
process, and the slowest point of increase in p, is still at
around 0.5, being that as p approaches 0.25 and p, approaches

0.5, T-%n = % = 0.5 » regulating the p,.; and p,
produced to contain little variation.

This also indicates that despite p, values are largely
concentrated at around 0.5 when p approaches 0.25 but the
distribution has not been an even one.
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2. Under the scenario where 0.25<p<0.5

assuming p = 0.3 for instance,
A fluctuation curve using p=0.3 as shown in Fig. 8, page 21
indicates:

Graph 10

Pnt+1
1

0.9
0.8
0.7
0.6
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Graph 11 below depicts a flowchart mapping the positions of p,
through ps five times each, where p = 0.3:

Graph 11
Pn+1

/p41 0.814

'rmTrmeﬂTmﬂTrmT”'”TrmeﬂTrmeTm"TrmeﬂTrm'l
O 01 02 03 04 0.5 06 0.7 08 09 1

Graph 10 from the previous page shows p, has a exceptionally
high occurrence at roughly five spots of 0.300, 0.428, 0524,
0.642, .814, which are also roughly coincide with that appears
between p, through p, where p=0.3 as depicted in Graph 11. A
more in-depth observation is now made through replacing p 200
times and connecting all p, values produced into a flowchart
format.
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Graph 12

010 20 30 40 50 60 Y0 w0 30 100 110 120 130 140 150 160 170 150 1320 200

Graph 12 above provides a few observations as follows :

(1) At the starting point where p=0.3, p, has begun incrementally
increasing and has already reached 0.8 or higher before
replacing the fourth time, and it is evident, when compared
with that in Graph 11 of the previous page, that the value of
ps 1s tied to p4 and ks when fifth replacement takes place,
instead of continuing to increase.

(2) The process is then repeated — Where 2 when p, < 0.7 and
ka1 1s defined as 1 until a certain value arises to indicate p,im
> (.7, it can be concluded from Graph 10 that when p,+m > 0,
Pnrm+1 Can be any number between p and 1 but most probably
a smaller value being that the cure appears milder when p,4
in Graph 10 is relatively smaller, hence a greater area of p, is
being projected onto a relatively smaller p, .
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(3) Following the same method and upon repeated replacement,
where a given replacement that reaches 0.7 or higher tends to
produce a p value equals to 0.3 but less frequently on other
figures. While continuing to plot in these figures four more
times and the results will become closer to py, p», p3 and py;
however, upon the fifth replacement, the figures may not
always come near ps, which is because when p4 >7, it can be
observed from Graph 10 that when p, value increases, any
minute difference can result in a greater disparity on pj:.
Which explains why there is a concentration of p, in the
parameter encircled by py, p1, p», p3 and p4 as observed in the
center block in Graph 10.

(4) Yet noticeably is that once the sequence of replacement
reaches 0.7, the ones that follow tend to become less orderly
and are scattered between p and 1, and the smaller the
numbers, the higher the frequency that they appear. While
0.3 being a rational number, no p, generated will be repeated,
thus the chaos phenomenon after repeatedly replacing p will
make p, values generated even more unpredictable.

The chaos phenomenon, taking to the characteristics of
certain graphic fragments, has had such characteristics largely
came from the accumulation of a particular repetition. And
the ability to ascertain a set of rules with which to randomly
execute the replacement would allow the grappling of certain
configuration traits simply by repeating these rules as the
scale gradually goes down. At which, it can be concluded
that the more fragmented a configuration, the simpler the
rules would become.

2. Scenario where p > 0.5 :

The greater that p is, the distribution of p, will become more
evenly as can be demonstrated when p = 0.8,

The graphic below depicts a scenario on sequence of replacement
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where p=0.8, and the graph has been proportionally increased for
easier reading, indicating only the range between 0.8 and 1 since p,
= 0.8.

The upper half of the coordinate shown in the graph depicts the
values of p,+; when p, is repeatedly replaced. In which, the area
between 0.7 and 1, subdivided into 500 grids, indicates a square
block, in which the number of p, in each grid is tallied as p is
repeatedly replaced 25,000 times. The square below is a
subdivision of 200 from each grid, where a dot is placed wherever it
corresponds to a certain p, value.
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Table 9 below depicts the numbers that represent the 500
straight lines appeared in the center block in Graph 13, where it
consists of 25 rows and 20 columns in an up-down, left-right
configuration.

Table 9

45 47 45 51 56 59 42 57 49 61 61 49 47 47 52 S0 54 H3 41
64 48 54 65 52 48 54 54 50 43 43 Y1 47 34 3I6 52 41 38 45
50 44 61 B0 65 52 55 62 64 OB 53 44 44 53 43 H6 S8 40 39
48 53 29 57 68 S50 54 52 Y1 45 52 46 56 50 3§ 35 3IF 35 5Z
5% 41 4?7 60 51 55 46 67 44 49 45 49 44 47 55 56 57 42 38
64 41 49 58 61 61 47 50 40 70 43 42 3?7 40 483 46 46 46 45
46 52 46 69 61 V1 59 S0 62 63 60 56 47 54 51 39 42 SH2 46
52 33 3B 66 71 59 56 50 60 54 50 61 49 40 S0 45 50 41 Z8
54 38 4?7 56 57 61 47 56 54 59 43 61 45 31 6 62 42 44 2B
52 5 39 b3 54 55 55 62 61 62 43 41 52 50 48 42 41 47 4L
63 36 56 V2 60 49 53 53 6¢ 54 57 41 48 50 50 40 38 3I¢ I?
% 44 58 64 56 59 52 44 53 46 47 36 66 38 41 I 39 51 29
47 40 55 58 54 56 54 63 60 63 57 45 51 46 43 30 36 50 45
33 58 39 57 61 67 52 57 52 59 54 48 51 49 45 47 43 36 45
43 59 59 54 53 67 64 52 46 60 57 45 41 57 41 S0 52 36 T
46 43 32 58 56 67 52 48 59 42 44 48 30 53 38 48 45 44 41
5 58 46 67 53 YO 62 Y3 4¢Y 51 42 45 57 51 S0 36 46 42 39
49 56 51 61 64 48 60 S50 44 46 51 40 54 49 52 5H6 42 37 36
599 52 43 59 60 66 47 B0 56 45 54 42 43 44 47 41 32 44 J8
55 44 51 50 60 51 56 52 59 42 41 44 47 49 44 52 39 47 51
5% 42 38 61 60 46 47 62 50 55 51 43 S50 39 50 39 43 S0 40
42 33 52 55 59 68 56 42 5¢¥ 48 43 56 45 55 39 40 48 39 39
37 46 57 65 62 5 66 54 51 50 45 51 54 39 44 36 38 40 33
44 50 53 59 64 53 56 58 4¢Y 47 47 54 53 42 54 44 31 L0 44
94 57 60 Y1 61 49 56 51 46 43 56 42 45 41 33 45 38 43 39

What can be seen in Graph 13 is that the disparity amongst the
distribution of p, has become less ominous, which stems from that
only the incrementally increasing figures would occur when the
8™ replacement first takes place, similar to what occurred on the
third replacement, where the first four K, can be taken to the
smallest value of 1 and that only the fifth placement would K,
become some other numbers as the incrementally increasing
rhythm stops. Whereas when p=0.8 and k=, p; =0.8388608,
and when repeated up to n,, the maximum sequence of
replacement of 8 no longer applies but rather by 9, under which
the incrementally increasing rhythm will immediately come to a
halt as soon as p, = 0.8329303..., which has stemmed from the

0.8k
relatively larger gradient of p,, = ﬁ that is approaching a
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straight line that no longer represents a curve, which means any
Pnt1 » M between 0.8 and 1, derived from p, used in the next
sequence of replacement process will produce a nearly even
distribution, which can be used for simulating random numbers.

(VI)  Applications of p, values derived from replacing the p values,
where 0.25 <p < 1, using a random number generator:

1. Given that p, generated when p approaches one would appear an
indirect even distribution, linear function, where r =
b(pn-p)
1-p
of between a and b for generating a set of random numbers
between given aand b. To weed out the first few numbers that
may not have been as evenly normalized, the first few p, values
generated may be scrapped as demonstrated in Table 10 below,
where random figures derived from replacing the P values, where
p=0.9, have had the random figures begin at P

a-+ , can be used to convert the value of p to 1 into that

r; =0.7644915..., 1r,=0.5658556..., r;=0.7643012...,
r4=0.5581310..., r5=0.5936046..., so on and so forth

Table 10

1).964770902183612 2).970508520843624 3).94500309673849Z  4).951594729868443
5).973061132485150 6).929198491216439 7).912562740599305 8).912270622656701
9).909232978649651 10).976449153866438 11).956585568823122 12).976430120724319
13).955813107120308 14).959360468966092 15).938791405241909 16).950025682387580
17).942509857518431 18).910325858376755 19).988349367969318 20).924865160613559
21).955479499995319 221 .952171657343451 £3).984798643571927 24).972339738981343
£5).9049645277400650 261 .932592631882362 £7).958512707090255 28).919607903333041
29).992217473905698 30).908400486485661 31).967574802486815 32).953059865558774
33).903089835166414 34).914551960041752 35).933508166083718 36).971710585898658
371).983153586876528 38).974878340444946 39).996413274173846 40).942751712122974
41).914171676455297 421 .929372027583961 43).914804951665213 44).936280272574271
45).912586091502338 461.912514317775938 47).911765686099131 48).904029731182470
49).923508731282576 50).938535861320232 51).946075846047458 52).970525441137113
533.943621890110441 54).928281622162509 55).900896267323153 56).993676903568007
571.905634914572590 58).939217940566622 59).956692444203495 60).978839777391401
61).958192168649778 621 .912557317984198 63).912214049684090 64).908647030530762
65).970186100259932 661 .932061615181347 67).962639656285516 68).919071796162667
69).985644550288110 70).926672094171494 71).979024260382969 72).966619530973894
731.925785505244521 74).967328538794436 75).945876102332696 76).966943726492773
7713.934865037823350 Y8).991952965552336 79).976156777054526 80).944855466748701
81).949047171443835 82).924409660997373 §3).94972187870061Z B84).936814776590232
85).920305949160431 861 .900817539237712 97).992660152416208 B88) . 994066648203076
89).965123440007528 90).984524798613644 91).955133479197681 92).944828293283331
931.948579741632754 94).916006423695162 95).949673136757217 96).935907464473602
971.907277837043756 98).955859725126879 99).960373681339030100) . 962795529256995
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2. Means for applying smaller p when p, values appear unevenly
distributed:
Table 11 below indicates figures concluding from replacing p 25
times, where p=0.3.

3
Given that P=10 is of a rational number, and hat all p, values are

of rational number , meaning of limited decimal points or
repetitive decimal numbers, a certain p, values that are in limited
decimal points may simple have all the decimal points of such a
number taken, whereas those taking to repetitive decimal numbers
may allow the number of a repetitive cycle be taken. To weed
out the numbers generated from being unevenly normalized, the
first few decimal points of the figure may be dropped, and that the
first few p, values may also be dropped since the smaller
numerator and denominator may risk shortening the repetitive
cycle, or have a portion taken, such as that from ps, or that from
the third decimal point, if a repetitive cycle should become
excessive.

Ps, being a repetitive decimal of 0.4846153 would allow 46153
be taken.

Ps, being having an extended repetitive cycle of 0.58208966...,
may allow that except the first two numbers 58 be taken, or
simple the 10 digits after that.
P;, being a mixed repetitive decimal of 0.717857142, may allow
7857142 be taken.

And the final figure blending the above findings would conclude
4615320895522387857142..., which can be used for generating
random numbers.
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1)
2]
3
1)
5]
6]
7]
8l
9]
107
11)
12)
13
14)
15)
16)
17
18)
19)
20)

Table 11

3

£1

12

57

63

39

201

126

237

807

903
Z,094
4,437
2,226
26,847
22,710
146,559
78,429
344,613
491,967

T T T O T T T T T T .

36

7

40

19

70

130

67

280

395

538
1,505
1,396
Z,465
7,420
£,983
75,700
48,853
261,430
114,871
364,420
990,350

oo oo Do

-4285714285714285
L5250000000000000
.6315789473684210
.8142857142857143
.4846153846153846
L5820895522388060
.7178571428571429
.3189873417721519
- A4105204460966543
L5362126245847176
.6468481375358166
. B494929006085192
L9979784366576819
. M62286288970835
.3546499339498019
.4648639736941846
L5606051333052825
L6EZYS? 1797929852
.94564787868211404
A967607411521179



lll. Research finding & Discussion:

D Research findings on the hypothesis that p< 0.25:

1+/1-4p

pn Will converge to p- = 5

1) Research findings on the hypothesis that 0.25 <p <1 :

1 1
1. Suppose p being a rational number other than 5 and 3 then

pe I , and that no two dissimilar a and be would conclude [,=I .

1 1 2-2 5-4/5
2. 5 el;, 3 els, 42[ els, ﬁ)[ el;,, 2-3 €lyo
3. Given that any natural number n exists within 5 € I,
4cos2E

thus none of the I, values would be an empty set.

(IIT)  Given k, =1, and that p, 1s expressed as p, the fraction concluded

Q an—1£92
an(p)
polynomial , , would be a,+1(p) = an(p) - p an-1(p),

a(p)=1, a)=p.

would be , in which the recursive equation of

To condition p, =1, the numerator and denominator of this
fraction would need to be identical:

an(p) -p a'n—l(p) = 09

meaning a,.(p) =0 o
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The polynomial can be deduced from the Fibonacci polynomial,
and its differences to that of a straight Fibonacci polynomial are
excerpted in Table 12:

Table 12

Heading The denominator [Fibonacci The differential of
of p, minus the  [polynomial, square roots, where
numerator, fa(x) both polynomials
an+1(p) equal to zero

Sequential order |Once Twice Givenp=x",

of two adjacent
numbers

concluding the
solution, where
an+1(p) =0, would
require taking the

square root, where
fu(x) = 0.

Minimum
replacement

Constant number
of zero times

The minimum
replacement
would be constant
1f n 1s of an odd
number, whereas
1t would be at 1
when n 1s of an

Given that extracting
x bears no relation to
the solution of a
Fabonacci
polynomial,
an+1(p)=0 , for the
solution generated

odd number hypothesizing x=0
cannot be used for
concluding a solution,
where a,1(p)=0 °
Positive and The constant All positive Where upon taking

negative numbers are the square root
coefficients intermittently assuming f,(x) =0 >
positive, positive the figures are then
and negative multiplied with —1 o
Coefficient The constant The maximum  |The findings
sequence numbers must be |replacement being|concluded as stated

1, and in an order
that is exactly the
opposite of the
Fibonacci
polynomial

1

above will need to be
reserved being that its
coefficient sequence
1s reversed
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(IV)  The graph below depicts the result of p value, of between 0 and
1, being replaced three times, where blue indicates p;, green p,,
and red ps.

Graph 14

‘ ““’,I\\W‘M, e

| bR
0.8 ll 1“ | J‘ 1‘” ‘

What can be concluded from Graph 14 are that:

When p increases from 0, the blue line, p;, will incrementally increase
from 0 t ol before reverting to values identical to p, where the line can
be broken down to infinite sections, hence the values of k,, can be from 1
to infinity, and the values of p matched at the topside will belong to I; .
The closer p values approach 1, the more likely that numbers belonging
to I; will occur.

The subdivision of green line p, further divides each segment of
graph p;, where each segment represents a K, value in the second
replacement, one that belongs to I, also contains an infinite number.

Similarly, all conditions after I3 will be identical, thus the graph will
be come fragmented, and a randomly enlarged graphic would indicate
the same conditions as depicted in Graph 14.
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(V)  Where given k=1, findings on the numerators and
denominators concluded, shown in p, and p, will be related to
the Fibonacci polynomials; however, given k,=2, then,

2

_»
p1= 1+p
_ pp’
P27 1pp”
2 3 4

P27 1p-2p™+p’

_ _pp’-2ptp’
P47 1-p-3p™+2p™+p’

) p-p-3p*+2p>+p
Ps™ 1-p-4p™+3p™+3p*p’

_ p2_p3_4p4+3p5+3p6_p7
P6™ 1-p-5p™+4p’+6p*-3p>-p’

y

_ p2_p3_5p4+4p5+6p6_3p7_p8
P 1-p-6p™+5p>+10p*-6p™-4p°+p’

Given the numerator of p, being p* b,.1(p) * and its denominator
being b,(p) > the coefficients of b, (p) will be:
Table 13

Constant p pz p3 p4 p5 p6 p7 pS
bo(p) |1
bi(p) |1 -1
by(p) |1 -1 -l
bs(p) |1 -1 -2 +1
bs(p) |1 -1 -3 +2 +1
bs(p) |1 -1 -4 +3 +3 -1
bes(p) |1 -1 -5 +4 +6 -3 -1
b;,(p) |1 -1 -6 +5 +10  |-6 -4 +1
bg(p) |1 -1 -7 +6 +15 |-10  |-10  |+4 +1
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(VD)

What come to deviate from a,(p) in Table 7 are:

1

. For every one increased to k, the number of replacement to b,(p)
will also increase by one, whereas only two increases to k in
the previous a,(p) would the number of replacement be
increased by once.

2. The coefficient of the constant and the first derivative has been

constant at 1 and —1, and the positive-negative sequence is
repeated as “-,-,+,+” every fourth time.

3. By grouping the vertical columns in a group of two starting

from the constant column in Table 13, the number appeared to
the left of a certain column can be found to the next column to
its left and right except in opposite integral, and the rest will be
identical to that of a,(p) if the numbers to the left of each
grouping were deleted.

This portion is still under study.

When p > 0.25, the chaos phenomenon will occur:

pn Will begin to incrementally increase when k, is taken to the
smallest value; for example, given p=0.3, and the smallest value
of k, being 1, replacing p; through ps would conclude k=1,
indicating that the first p, values taken are incrementally
increasing. Whereas given p=9 and 8 taken as the smallest of
k,, only from py to p; will incrementally increase since 8 has
been taken for k,, and 9 is filled in for K.

When the replacement reaches a p, tier, where no more smallest
nubmer can be taken for k., , the generation of p,:+; will depend
on p,, where a smaller p will tend to conclude a smaller p,; as it
approaches p, whereas when p approaches 1, a more even
distribution can be found. Whereas when p, approaches 1, any
slight variation to p, may likely to conclude a p,. that is way off.

And by repeating the process a few more times, the values of p,

will become unpredictable, hence a chaos will occur. When P
remains smaller, p, will incrementally increase and return to the
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vicinity of p when it can no longer increase incrementally, which
allows the observation of more concentrated occurrence of the
first few p values when p, 1s at py, p;, po, ... Whereas as p
grows larger and the incrementally increasing phenomenon
becomes less feasible without any incremental increase, all
values generated in the next tier will tend to distribute evenly
between p and 1, hence the values of p, will be evenly
distributed between p and 1 after several replacements.

The wvalues of p, generated in each time can be used for
generating random numbers , which take to two forms:

1. When p, values are evenly distributed between p and 1, all
values of p, can be converted through linear function, where r=

b(En'Q)

a-+ Ip as random numbers generated between the

parameters a and b.

2. When p is of a rational number but its p, being unevenly
distributed, the first few decimal numbers of the p, can be
deleted and treated by the following:

When p is of a limited decimal, all decimal points will be
taken.

When p is of a cyclical decimal, pure or mixed, the first
complete repetitive cycle can be taken, or one half of the first
repetitive cycle be taken to avoid a probable circumstance,
where 1/7=0.142857... » 142+857=999 ;

1/17=0.0588235294117467 > 05882352+94117467=99999999
may result in a string of 9’s .

_Dafn

1'pn ’
meaning the numerator is changed from p& to , pk the
variations to the previous recursive equation are:
The value of p, 11, which is once determined by the factors of p
and p,, will now has p,;; determined by p,, and the function
graph of P, derived from p, will only be one irrespective what
the previous p values are.

(VII) Suppose the recursive equation is modified to p,+;
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Graph 15

Pnt+1
1

0.9 .n|'
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0 Pn
0 01 02 03 04 05 06 07 08 09 1

I\VV.Conclusion & Applications

() When p<0.25, not only pe I--but p, will converge to p-- =

1+/1-4p

2

Given 0.25 <p <1 and p being a rational number other than

1
and 3 Mo only pe I but p, # py as far as any two dissimilar

numbers, a and b, are concerned.
To any natural number n, there is at least one element,
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1 . :
T in a given set, I, .

2 T
4cos 03

k

(IT) The correlation of recursive equation, p,+; = 1 I; , to the
“Pn

Fibonacci polynomial:

1. Given k,=1, and the values of p, expressed in fraction being

S
1

the equivalent of an extended fraction, , ton tier, a

P

1-...
process in which denominators and numerators can be
simplified from such a serial fractions would allow the
denominator and numerator be concluded directly from the
Fibonacci polynomial:

First the sequential order of two adjacent sequences of a
Fibonacci polynomial, f,(x) , 1s reduced from 2 to 1, or an
even reduction of 1 if the lower tiers are of single intervals
instead of a constant. And the numeral values are
conditioned to fall within positive and negative, where the
highest order being positive. Lastly, the coefficient is then

P ax(p)

an+1(p)
To conclude the solution where p=1, it only needs to define p

an(p)=an+1(p) being that its recursive equation is of a,.(p) =
an(p) + a,.1(p) , thus the solution of a,.,(p) =0 will be that of

p=1.

reversed to conclude a polynomial, a,(x),and p,=

Given that the known solution of a Fibonacci polynomial
AL

0
when p,=1, the solution under the hypothesis where a,.1(p) =0

being xe {21 cos j=1,2,...,n-1}>, it can be deduced that
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: | . n+2 :
will be pe { — ,]=1,2, ..., [T]}, provided that
4cos’ ——
n+3
1 L . 1
—_— falls within a rational range, hence -
2 T 2 T
4cos 03 4cos 03
el,.

2. Given n= 0 ~ 7, the polynomials - a,(p), will be:
Table 14

Constant |p p2 p3 p4

ao(p) 1

ai(p) |1 -1

a,(p) 1 -2

a3(p) |1 -3 +1

ap) |1 -4 +3

as(p) 1 -5 +6 -1

ag(p) |1 -6 +10 -4

a;(p) |1 -7 +15 -10 +1
A comparison to the Pascal triangle -
Table 15

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5/ 10] 10 5 1

1 6/ 15/ 20] 15 6 1

1 70 21 35| 35| 21 7 1

1 8 28| 56/ 70/ 56/ 28 8 1

Each coefficient of a,(p) will appear along the diagonal line from
lower left to upper right in a Pascal triangle.
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2
P~ ba(p
3. Suppose k, is substituted by 2, and that p, = bt ((p)) 'n=0~8 ,
n+

the polynomials of b,(p) will be:

Table 16
Constantp p2 p3 P4 p5 p6 p7 pS p9 plo pll
bo(p) |1
bi(p) |1 -1
by(p) |1 -1 -1
by(p) |1 12 [
ba(p) |1 13 2 [
bs(p) |1 -1 |4 3 3 -1
be(p) |1 1 -5 4 e [-3 |1
bs(p) |1 1 -6 5 [+10]-6 -4 [+1
bs(p) |1 -1 -7 6 [+15]-10 |-10 +4 |+1
bo(p) |1 -1 -8 7 [#21 |-15 |-20 [+10 [+5 |-1
bio(p) |1 -1 -9 +8 [+28 |-21 |-35 [+20 [+15 -5 |-1
bii(p) |1 -1 [-10 +9 [+36 |-28 |-56 |[+35 [+35 |15 [-6 |+1

Taking to illustrate the solution based on the hypothesis where
p7=1 to be completed via Mathematica for concluding the
solution of,

bs(p) = 1-p-Tp*+6p°+15p*-10p°-10p*+4p’+p® = 0, would
conclude eight solutions where bg(p) = 0, but the only
satisfactory solution has been p=p = 0.50866 09187 58394...,
which can be validated by replacing the p values as shown in
Graph 16 below:
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Graph 16

Pn+1
15

0.9

0.8

0.7

0.6

0.5

0.4—§

0.3—§

0.2

0.1—2

O—ETWWWHTWWWTFHTWTWFWWTWWHTTHTWTWTWWWPH
0 01 02 03 04 05 06 07 08 09 1
As indicted in Graph 16 are how the values of py to p; fall
between the second section of the blue line from left, where p,+;

2 : .
lf i and the second section of green line, where p,+1 = pn -

A scenario that is fairly similar to the graph depicting an In set

1
replaced by ——————— , where 0.25 < p < 0.5, and k=1,

T
) T
4cos 03

except the only difference lies in that the numbers of py, pi, ...

fall between the first section, where p,+; = T% , and that of

the green line, where p,+; = pn -

Given that p=0.25, and p,+; = p, and py+1 = T% intersect at the

n

point of 0.5 and 0.5, where p< 0.25, the two lines will intersect in
two places, which will result in p, being converged to where the
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(110)

two lines intersect.

Yet given k,=1, no convergence will take place being that the

ko

excessive gradient of p,y = 1 will prevent it from

n

intersecting with p,.; = p, at one or both points.

Examining the application of chaos phenomenon through a
random number generator when 0.25 <p < I:

Only p, Values that are taken to as close to 1 can distortion be
eliminated using linear function for converting random numbers
to fall between a and b for when p, is underrated, several
incrementally increasing p, values may result, preventing an
even distribution as the first few p, values of py, p1, p2, ... tends
to revert to where the p values are. Higher p, values can help to
avoid unevenly distributed p, values during and after the
incremental increase to generate more evenly distributed random
numbers.

Whereas if the p, values are underrated, the following means can
be used for substitution: By dropping a few of the decimals in
front and using only the rear. However, given p values are of a
rational number, the values of p, would also need to be in
rational numbers, meaning they are either limited decimals or
repetitive decimals. Suppose p, being limited decimal and the
decimal points taken have had the first few numbers dropped,
this would allow the number be taken up to the first half of a
repetitive cycle whether it be a pure or mixed repetition.
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VI. Appendage
Summary of equations

Equation

Usage

Chaos.bas

The input p values are replaced 10,000 times and graphed in a
0.002 set interval of a p; to piogoo grid, and a printout is
obtained using 0.0001 as the output unit, with which findings
of pn+1 values, set to a minimum unit of 0.001, are concluded
by replacing the p, value, set to 0.002 per unit, are graphed to
cover 0 to 0.0098.

Chaos2.bas

The input p values are replaced 80 times, and the findings of]
each computation printed out with 15 decimals.

Chaos3.bas

The values of p; through p; shown in three colors on a
coordinate graph taken to 1/400 per unit, where p = 0 ~
399/400.

Chaos4.bas

A modification of Chaos3.bas, where the interval of p values
has been changed to 1/800, where the output is divided into
three parts, 1.e. lower left, upper left and upper right, for the
oversized graph, and no entry for lower right of the graph.

Chaos5.bas

The results of output using numbers taken from a given interval
between 0 and 1 as the values of p.

Chaos6.bas

An mmprovement of Chaos.bas that automatically compresses
the size of a graph by one-half when the length of an upright
graph should exceed 140 pixels to avoid going over the margin.

Chaos7.bas

The numerator and denominator of positive input numbers
taken as p values for calculating the value of p; to py, and
expressed in simplest fraction and decimal point.

Chaos&.bas

An improved Chaos6.bas that offers numeral expression
indicating the 500 straight lines in an elongated graph and
rounded to four decimal points as it overflows when reaching
9,999 being that it requires 25,000 replacement when p < 0.7,
or 5000 times when p=0.7, where the values of p, will become
cluttered and the computation longer as p increases, besides the
narrowly rated p, values will infinitely extend the length of
printout paper.

50



Chaos9.bas

An improved Chao8.bas that can be used to modify an
observation parameter by keying in any area between 0 and 1
as an observation area, taking to the set interval of 1/500,
whereby by the findings has the statistics of p values replaced
remain identical as that of Choas8.bas when p<0.7, but up to
10,000 times when p=0.7, with which a recurrence can be
charted from an observation area rated to 1/ lOO,OOOth as the
minimum unit. It then proceduces the precise numeral
numbers of a long graph and rounded by E and the first three
decimals, i.e. 11,850 as E118 when exceeding 9,999.

Chaos10.bas

An improved Chao2.bas, which allows keying in varied p
values and P, values before computing the values of p; to p80.

Chaosl]1.bas

It converts the input p values and number of replacements into
pkn

n
premises that 0 <p, < 1, and shown in blue line indicating
the state of p replacements, in which straight line indicates how
pa 18 converted to p,+1, and the horizontal axes indicates how
pn+1 18 shifted from the vertical axes to the horizontal one as
the new p, values readying for the next computation, at a
resolution of 400 x 400.

a function graph for p,i = and pu+t1 = pn On the

Chaos12.bas

An improved Chaosll.bas, which can be used to reset the
parameters of vertical and horizontal axes for observation
purposes.

Chaos13.bas

It allows modifying the resolution of Chaos11.bas to 500 x 400
in support of observation graphs produced by Chaos9.bas.

Chaos14.bas

puKn

. . . n .

It converts recursive equation Into a ppy; = D function
n

graph, which is a fixed graph that does not require inputting p
values.

Chaos15.bas

It allows repeatedly replacing the input p value 200 times and
map out a graph with its horizontal axle depicting the number
of replacements and vertical axes the p, values.

Below excerpts the equation of Chaos7.bas, Chaos9.bas, Chaos15.bas as
general references:
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Chaos7.bas

CLS
1 INPUT P, Q
IF Q=0 OR P > INT(P) OR Q > INT(Q) THEN 1
IF(P/Q)<=0O0R (P/Q)>=1 THEN 1
M#=P:N#=0Q
GOSUB SUBI
P=M# Q=N#
PO#=P/Q
POP# = P: POQ# = Q
FORI=1TO 20
A=0
DO
A=A+1
PIP#=POQ# *P" A
P1Q# = (POQ# - POP#) * Q * A
P1#=PIP#/ P1Q#
M# = P1P#: N# = P1Q#
GOSUB SUBI
PIP# = M#: P1Q# = N#
P1#=PIP#/P1Q#
LOOP UNTIL P1# < 1.00000000001#
PRINT USING "##) #HHHHHEHHHHH, | SRR, =
B A T PIPH; PIQ#; P1#
IF P1#>.99999999999# THEN END
POP# = P1P#: POQ# = P1Q#
NEXT I
END

SUBI:
S# = M#: TH = N#
DO
T#=T# - S# * INT(T# / S#)
IF T# = 0 THEN R# = S#: EXIT DO
S# = S# - T# * INT(S# / TH)
IF S# = 0 THEN R# = T#: EXIT DO
LOOP
M# = M# / R#: N# = N# / R#
RETURN
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Chaos9.bas

CLS
SCREEN 12
LINE (0, 0)-(639, 479), 15, BF
DO
INPUT "P0O="; P#
LOOP WHILE P# <=0 OR P# > .98
DO
INPUT "Enter two numbers between 0 and 1 as the range"; B, E
IF B<E AND B >=0 AND E <=1 THEN EXIT DO
LOOP
B#=B
E#=E
C# = (E# - B#) / 500
LINE (0, 0)-(640, 480), 15, BF
LINE (70, 100)-(570, 100), 6
FORI1=0TO 100
IF IMOD 10 =0 THEN
LINE (70 +1*5,90)-(70 +1* 5, 99), 6
LINE (70 + I * 5, 234)-(70 + 1 * 5, 243), 0
LINE (70 + 1 * 5, 245)-(70 + 1 * 5, 444), 5
ELSE
IF IMOD 5 =0 THEN
LINE (70 +1*5,94)-(70 +1* 5, 99), 6
LINE (70 + 1 * 5,238)-(70 + 1 * 5, 243), 0
LINE (70 + I * 5, 245)-(70 + 1 * 5, 444), 12
ELSE
LINE (70 +1*5,97)-(70 +1* 5, 99), 6
LINE (70 + 1 *5,241)-(70 + 1 * 5, 243), 0
LINE (70 + 1 * 5, 245)-(70 + 1 * 5, 444), 13
END IF
END IF
NEXT I
FOR 1=245 TO 440 STEP 5
IF (I1+5) MOD 50 =0 THEN
LINE (59, 1)-(68, 1), 0
LINE (70, )-(570, 1), 9
ELSE
IF (I1+5)MOD 25 =0 THEN
LINE (63, 1)-(68, 1), 0
LINE (70, )-(570, 1), 2
ELSE
LINE (66, 1)-(68, 1), 0
LINE (70, I)-(570, 1), 11
END IF
END IF
NEXT I
LINE (69, 244)-(570, 445), 0, B
LOCATE 1, 1
PRINT "PO="; P#
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PRINT "Range:"; B; "to"; E

LOCATE 6, 8

PRINT B

LOCATE 6, 71

PRINT E

DIM A(500)

LOCATE 1, 1

PO# = P#

IF P# < .8 THEN T = 25000 ELSE T = 10000
R=1

FORI=1TOT

A=0

DO
A=A+1
Pl#=P#" A /(I - PO¥)

LOOP UNTIL P1# <= 1

D= (Pl# - B#)/ C#

IF 0 <= D AND D < 500 THEN
A(INT(D)) = A(INT(D)) + 1
IF A(INT(D)) = 133/ R THEN GOSUB SUB3 ELSE GOSUB SUBI

END IF

IF I MOD 100 = 0 THEN

LOCATE 3, 1

PRINT USING "Times: ######,"; I;

LOCATE 4, 1

PRINT USING " P ####HI#H#HHH", P1#;
END IF

IF P1# >=.9999999899999999# THEN S = I: LOCATE 25, 41: PRINT P1#: EXIT FOR

PO# =P1#
NEXT I
S=1-1
LOCATE 3, 1
PRINT USING "Times: ######,"; S;
FOR I=0 TO 499

A=0

DO

A=A+1
P1#=P#" A/ (1 - (B#+C#*1))

LOOP UNTIL P1# <=1

PSET ((70 + I), (100 - P1# * 100)), 12
NEXT I
IF P# - B# > -.0000001# AND P# < E# THEN LINE (70 + (P# - B#) / C#, 0)-(70 + (P# - B#) /
C#, 100), 3
LINE (70, 100 - B# * 100)-(570, 100 - (B# + C# * 500) * 100), 1
LOCATE 29, 10
PRINT "Press any key to continue";
DO
LOOP WHILE INKEY$§ =""
CLS
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PRINT "PO="; P#
FOR I=0TO 24
FORJ=0TO 19
LOCATE 1+2,] %4+ 1
IF P#-(B+(J *25+1+1)* C#) >=-.0000001 THEN
PRINT" -
ELSE
IF A(I+1J * 25) < 10000 THEN
PRINT USING "####"; A(I +J * 25);
ELSE
PRINT "E"; MID$(STRS(A(I +J * 25)), 2, 3)
END IF
END IF
NEXT J
NEXT I
END

SUBI:

PSET ((70 + INT(D)), (100 + A(INT(D)) * R)), 2

PSET ((70 + INT(D)), 245 + ((P1# - B#) / C# - INT((P1# - B#) / C#)) * 200), 0
RETURN

SUB3:
LINE (70, 101)-(570, 233), 15, BF
R=R/2
FOR X =0TO 499
IF A(X) >0 THEN LINE (70 + X, 100)-(70 + X, 100 + A(X) * R), 2
NEXT X
LOCATE 5, 1
PRINT "Ratio: 1:"; 1 /R
RETURN

55



Densel5.bas :

SCREEN 12
CLS
LINE (0, 0)-(639, 479), 15, BF
DO
INPUT "P="; P#
LOOP UNTIL 0 < P# AND P# < 1
CLS
LINE (0, 0)-(639, 479), 15, BF
PRINT "P="; P#
COLOR 0
LINE (15, 20)-(15, 440)
LINE (15, 440)-(635, 440)
FORI1=0TO 100
IF I MOD 10 = 0 THEN
LINE (5, 1%* 4 + 40)-(14, 1 * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 450)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 450)
ELSE
IF IMOD 5 = 0 THEN
LINE (10, I * 4 + 40)-(14, T * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 445)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 445)
ELSE
LINE (12, T * 4+ 40)-(14, T * 4 + 40)
LINE (I * 3 + 15, 441)-(1 * 3 + 15, 443)
LINE (I * 3 + 315, 441)-(1 * 3 + 315, 443)
END IF
END IF
NEXT I
LINE (15, 20)-(5, 30)
LINE (15, 20)-(25, 30)
LINE (625, 430)-(635, 440)
LINE (635, 440)-(625, 450)
PO# = P#
LINE (14, 440 - PO# * 400 - 1)-(16, 440 - PO# * 400 + 1), 0, BF
FORI=1TO 200
K=0
DO
K=K+1
Pl#=P#~K /(I - PO¥)
LOOP UNTIL P1# <= |
LINE (15 + (I- 1) * 3, 440 - PO# * 400)-(15 + I * 3, 440 - P1# * 400), 0
LINE (15+1%3-1,440 - P1# * 400 - 1)-(15 +1* 3 + 1,440 - P1# * 400 + 1), , BF
IF P1# > .999999999999#% THEN EXIT FOR
PO# =P1#
NEXT I
END
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