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Winning Strategies for Games

Played with Chips

Chun-Chen Yeh

Taipei Municipal First Girls’ Senior High School

Taipei, Taiwan

Abstract

We consider a game played with chips on a strip of squares. The squares are

labeled, left to right, with 1, 2, 3, . . ., and there are k chips initially placed on distinct

squares. Two players take turns to move one of these chips to the next empty square

to its left. In this project, we study four different games according to the following

rules:

Game A: the player who places a chip on square 1 wins;

Game B: the player who places a chip on square 1 loses;

Game C: the player who finishes up with chips on 12 . . . k wins;

Game D: the player who finishes up with chips on 12 . . . k loses.

After studying the cases k = 3, 4, 5 and 6 for Game A and the relation among these

four games, we are led to discover the winning strategy of each game for any positive

integer k. The strategies of Games A, B and C are closely related through a forward

or backward shifting in position. We also found that such strategies are similar to

the type of Nim game that awards the player taking the last chip. Game D is totally

different from the rest. To solve this game, we investigate the Nim game that declares

the player taking the last chips loser. Amazingly, the strategies of two Nim games can

be concisely linked by two equations. Through these two Nim games, we not only find

the winning strategy of Game D but also the precise relation between Game D and

all others.

Keywords: tree diagrams; directed graphs; winning strategy; Nim game



1 Motivation

I got an interesting math puzzle from my father as follows:

A strip of squares labeled, left to right, by 1, 2, . . . , 8 with three chips settled on

squares 4, 6 and 8, initially. Two player take turns to move one chip each time

to the next empty square on its left. The game ends with the winner who places

a chip on square 1. Who can win this game, the first player or the second?

It spent not much time for me to solve this problem by using a tree diagram, but some

native questions came up to me:

Is there a general winning strategy for any position of three chips? How about

we play with more chips on the strip? For k chips and any given position of

these chips, is there a general winning strategy? We might claim the player

putting a chip on square 1 loser. So we could play different types of such game

by changing the rule.

After consulting my math teacher and my father, I started a long-term mathematical quest

for solving several general cases of this problem.

2 Purpose

Let us consider a general game played with k chips on a strip of squares which are labeled

with 1, 2, 3, . . .. The chips are located on distinct squares labeled with P1, P2, . . . , Pk. Two

players, Alice and Bob, take turns to move one of these chips to the next empty square on

its left. The rule allows at most one chip per square and allows one chip to jump over the

ones laid adjacently on its left. In this project, we would like to study the general cases

such that k can be any positive integer and consider four different games according to the

following rules:

A. the player who places a chip on square 1 wins;

B. the player who places a chip on square 1 loses;

C. the player who finishes up with chips on 12 . . . k wins;

D. the player who finishes up with chips on 12 . . . k loses.

We should call them Games A, B, C, and D, respectively. It is same to say that Games C

and D are end up with no chips can be moved again.
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3 Procedures

(1) Notations

Let N and P denote the sets of nonnegative and positive integers, respectively. Also let

B denote the binary set {0, 1} with Boolean sum +b such that 0 +b 0 = 1 +b 1 = 0 and

0 +b 1 = 1 +b 0 = 1.

Initially, k chips are located on the position array P = P1P2 . . . Pk where the labels

P1, P2, . . . , Pk ∈ P are ordered increasingly. The chip on square m is called an m-chip. To

avoid confusion, sometimes we will also write P = {P1, P2, . . . , Pk} as a set. Let P [i] denote

the new position array after moving Pi-chip to the next empty square on its left. Note that

we should always list the labels of P [i] with increasing order. For example, let P = 24568

then P [3] = 23468 and P [5] = 24567. We also define P [i, j] to be the new position array

after moving Pi-chip and then P [i]j by the two players. Generally, P [i1, i2, . . . , ik] means

the new position array after moving Pi1-chip, P [i1]i2-chip,. . . , and P [i1, i2, . . . , ik−1]ik -chip

sequentially. Adopting the last example, we have P [3, 4, 2] = 12458.

We should define a function, called game function, for each game to tell whether a

position array is ‘win-able’ or not. Let G ∈ {A, B, C, D}, we set the game function fG :

P → B where P ⊂ P
k denotes the family of all position arrays. Given any position array

P , if the next player has a strategy to win Game G, then we define fG(P ) = 0. On the

other hand, whatever chip the next player would move in advance the second player has

a winning strategy, then we define fG(P ) = 1. For example, fA(2P2P3 . . . Pk) = 0 and

fA(345 . . . (k + 2)) = 1.

(2) Tree Diagrams and Directed Graphs of Game A

In this project, I first focused on Game A. For abbreviation, let us use A and B to represent

Alice and Bob, respectively. Let us use P
A−→ P ′ (resp. P

B−→ P ′) to denote the action

changing a position array P to a new array P ′ by Alice (resp. by Bob) where −→ is a

directed edge.

I used a tree diagram to solve the puzzle posted at the very beginning, i.e., to find the

value fA(468). Obviously, the player facing a position array 3P1P2 . . . Pk would disincline to

move 3-chip, so some moves can be ignored in the following diagram.

From this diagram, we not only find fA(468) = 1 but also know that

fA(367) = fA(358) = fA(347) = fA(345) = 1, and

fA(467) = fA(458) = fA(368) = fA(357)

= fA(356) = fA(348) = fA(346) = 0.

Suppose G ∈ {A, B, C, D}. Let WG denote the set of all position arrays such that
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345

Figure 1: Tree diagram for fA(468)

LAWA
winning strategy

winning strategy

1xx . . .2xx . . .

winning strategy

Figure 2: Directed graph formed by WA and LA

the next player has a winning strategy for Game G, i.e., WG = fG
−1(0). Similarly, let

LG = fG
−1(1). We can use a directed graph shown in Figure 2 to demonstrate the game.

Except the position array in the initial condition (2) who has no out-edge, every position

array of WG has at least an out-edge pointing into LG. On the other hand, every position

array of LG has its out-edges all pointing into WG. With this idea, we can re-define each

game function as following recursive formula:

fG(P ) = 1 − max{fG(P [i]) | 1 ≤ i ≤ k}, (1)

with initial condition of each game

fA(1P2P3 . . . Pk) = 1;

fB(1P2P3 . . . Pk) = 0;

fC(12 . . . k) = 1;

fD(12 . . . k) = 0.

(2)

The reason is easy. If some i makes P [i] = 1, the next player would definitely move i-chip
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to win. On the other hand, when every P [i] equals 0, whatever chip the next player move,

the following player would still have winning strategy.

From above initial condition, it is easy to find fG for some trivial position arrays:

fA(2P1P2 . . . Pk) = 0;

fB(23 . . . (k + 1)) = 1;

fC({1, 2, . . . , k, (k + 1)} − {i}) = 0 for i = 1, 2, . . . , k;

fC(12 . . . (k − 1)(k + 2n + b)) = b +b 1 for any n ∈ N and b ∈ B;

fD(12 . . . (k − 1)(k + 2n + b)) = b for any n ∈ N and b ∈ B.

(3)

(3) The Game Function fA(P1P2P3)

By using Eq. (1) and tree diagrams to investigate many examples, I found the first conjecture

which was then proved by induction:

Proposition 3.1 Game A has WA = {2P2P3} ∪W1 ∪W2 ∪W3 ∪W3 and LA = {1P2P3} ∪
L1 ∪ L2 ∪ L3 ∪ L3 where

W1 = {P1P2P3 | 3 ≤ P1 < P2 − 1 < P3 − 2 and P1 + P2 + P3 is odd};
W2 = {P1P2P3 | 3 ≤ P1 = P2 − 1 < P3 − 2 and P1 × P3 is even};
W3 = {P1P2P3 | 3 ≤ P1 < P2 − 1 = P3 − 2 and P1 × P3 is even};
W4 = {P1P2P3 | 3 ≤ P1 = P2 − 1 = P3 − 2 and P1 is even};
L1 = {P1P2P3 | 3 ≤ P1 < P2 − 1 < P3 − 2 and P1 + P2 + P3 is even};
L2 = {P1P2P3 | 3 ≤ P1 = P2 − 1 < P3 − 2 and P1 × P3 is odd};
L3 = {P1P2P3 | 3 ≤ P1 < P2 − 1 = P3 − 2 and P1 × P3 is odd};
L4 = {P1P2P3 | 3 ≤ P1 = P2 − 1 = P3 − 2 and P1 is odd}.

The belonging of position arrays in {2P2P3} and {1P2P3} is directly from (2) and (3). As

for the other sets Wi and Li, originally, I proved their classification by using induction on

P1 + P2 + P3.

After several attempts on simplifying the above proposition, it did come out with an

easy formula to treat the case when P1 ≥ 3.

fA(P1P2P3) =




1 − χ(P1 × P2 × P3) if P1 < P2 − 1 < P3 − 2;

χ(P1 × P3) if P1 = P2 − 1 < P3 − 2 or

P1 < P2 − 1 = P3 − 2;

χ(P1) if P1 = P2 − 1 = P3 − 2,

where χ : N → B with χ(n) = 1 if n is odd and χ(n) = 0 if n is even. It is much easier to

prove this formula by the directed graph of Game A.

5



(4) The Game Function fA(P1P2 . . . Pk) with k = 4, 5, 6

Obviously, both players are unwilling to move a chip onto square 2 otherwise the following

player would definitely win by moving this chip again. In particular, when P1 = 3 no one

want to move this 3-chip; so in this case we can ignore 3-chip as well as square 3. With the

following formula we represent this idea:

fA(3P2P3 . . . Pk) = fA((P2 − 1)(P3 − 1) . . . (Pk − 1)). (4)

This formula can help us understanding fA(P1P2 . . . Pk) from fA(P1P2 . . . Pk−1). Besides,

through the observation of fA(P1P2P3) in Proposition 3.1, I found a key point—the difference

Pi+1−Pi being 1 or not plays an important role for the game function fA. According to these

two concepts I looked into a large amount of examples and, after a whole-month exploration,

I did found a formula of fA(P1P2P3P4) which contains 16 different cases. Suppose P1 ≥ 3, a

general formula of fA(P1P2P3P4) was obtained as follows and the proof could by done again

by induction or a directed graph.

fA(P1P2P3P4) =




χ(P1 + P2 + P3 + P4 − 1) if α < β < γ < δ;

χ(P1(P3 + P4)) if α = β < γ < δ;

χ(P3(P1 + P4)) if α < β = γ < δ;

χ(P3(P1 + P2)) if α < β < γ = δ;

χ(P1(P4 − 1)) if α = β = γ < δ;

χ(P1P3) if α < β = γ = δ;

χ(P1 + P3 − 1) if α = β < γ = δ;

χ(P1) if α = β = γ = δ,

where α = P1, β = P2 − 1, γ = P3 − 2, and δ = P4 − 3.

Then it took me long time to study game functions fA(P1P2P3P4P5) and fA(P1P2P3P4P5P6)

and it turned out that the former consists 32 cases and the latter 64 shown as follows. For

convenience, set α = P1, β = P2 − 1, γ = P3 − 2, δ = P4 − 3, ε = P5 − 4, and ι = P6 − 5.

Also we assume P1 ≥ 3 and only list the subsets Wi of the win-able position arrays but skip

Li.

When will fA(P1P2P3P4P5) equals 0:

W1 = {P | α < β < γ < δ < ε and P1 + P2 + P3 + P4 + P5 is even};
W2 = {P | α = β < γ < δ < ε and P1 × (P3 + P4 + P5 − 1) is even};
W3 = {P | α < β = γ < δ < ε and P3 × (P1 + P4 + P5 − 1) is even};
W4 = {P | α < β < γ = δ < ε and P3 × (P1 + P2 + P5 − 1) is even};
W5 = {P | α < β < γ < δ = ε and P5 × (P1 + P2 + P3 − 1) is even};
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W6 = {P | α = β = γ < δ < ε and P1 × (P4 + P5) is even};
W7 = {P | α < β = γ = δ < ε and P3 × (P1 + P5 − 1) is even};
W8 = {P | α < β < γ = δ = ε and P3 × (P1 + P2) is even};
W9 = {P | α = β < γ = δ < ε and P5 × (P1 + P4) is even};
W10 = {P | α = β < γ < δ = ε and P3 × (P1 + P4) is even};
W11 = {P | α < β = γ < δ = ε and P1 × (P3 + P4) is even};
W12 = {P | α = β = γ = δ < ε and P1 × P5 is even};
W13 = {P | α = β = γ < δ = ε and P1 × P5 is even};
W14 = {P | α = β < γ = δ = ε and P1 × P5 is even};
W15 = {P | α < β = γ = δ = ε and P1 × P5 is even};
W16 = {P | α = β = γ = δ = ε and P1 is even}.

When will fA(P1P2P3P4P5P6) equals 0:

W1 = {P | α < β < γ < δ < ε < ι and P1 + P2 + P3 + P4 + P5 + P6 is even};
W2 = {P | α = β < γ < δ < ε < ι and P1 × (P3 + P4 + P5 + P6 − 1) is even};
W3 = {P | α < β = γ < δ < ε < ι and P3 × (P1 + P4 + P5 + P6 − 1) is even};
W4 = {P | α < β < γ = δ < ε < ι and P3 × (P1 + P2 + P5 + P6 − 1) is even};
W5 = {P | α < β < γ < δ = ε < ι and P5 × (P1 + P2 + P3 + P6 − 1) is even};
W6 = {P | α < β < γ < δ < ε = ι and P5 × (P1 + P2 + P3 + P4 − 1) is even};
W7 = {P | α = β = γ < δ < ε < ι and P1 × (P4 + P5 + P6) is even};
W8 = {P | α < β = γ = δ < ε < ι and P3 × (P1 + P5 + P6) is even};
W9 = {P | α < β < γ = δ = ε < ι and P3 × (P1 + P2 + P6) is even};
W10 = {P | α < β < γ < δ = ε = ι and P5 × (P1 + P2 + P3 − 1) is even};
W11 = {P | α = β < γ = δ < ε < ι and (P1 + P4) × (P5 + P6) is even};
W12 = {P | α = β < γ < δ = ε < ι and (P1 + P4) × (P3 + P6) is even};
W13 = {P | α = β < γ < δ < ε = ι and (P1 + P6) × (P3 + P4) is even};
W14 = {P | α < β = γ < δ = ε < ι and (P1 + P6) × (P3 + P4) is even};
W15 = {P | α < β = γ < δ < ε = ι and (P1 + P4) × (P3 + P6) is even};
W16 = {P | α < β < γ = δ < ε = ι and (P1 + P2) × (P3 + P6) is even};
W17 = {P | α = β = γ = δ < ε < ι and P1 × (P5 + P6 − 1) is even};
W18 = {P | α < β = γ = δ = ε < ι and P3 × (P1 + P6 − 1)is even};
W19 = {P | α < β < γ = δ = ε = ι and P5 × (P1 + β) is even};
W20 = {P | α = β = γ < δ = ε < ι and all P2, P4, P6 are either even or odd};
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W21 = {P | α = β = γ < δ < ε = ι and all P2, P4, P6 are either even or odd};
W22 = {P | α = β < γ = δ = ε < ι and all P2, P4, P6 are either even or odd};
W23 = {P | α = β < γ < δ = ε = ι and all P1, P3, P5 are either even or odd};
W24 = {P | α < β = γ = δ < ε = ι and all P1, P3, P5 are either even or odd};
W25 = {P | α < β = γ < δ = ε = ι and all P1, P3, P5 are either even or odd};
W26 = {P | α = β < γ = δ < ε = ι and P1 + P3 + P5 is even};
W27 = {P | α = β = γ = δ = ε < ι and P1 × P6 is even};
W28 = {P | α = β = γ = δ < ε = ι and P1 × P6 is even};
W29 = {P | α = β = γ < δ = ε = ι and P1 + P4 is even};
W30 = {P | α = β < γ = δ = ε = ι and P1 × P6 is even};
W31 = {P | α < β = γ = δ = ε = ι and P1 × P6 is even};
W32 = {P | α = β = γ = δ = ε = ι and P1 is even}.

(5) The Game Function fA(P1P2 . . . Pk) for any k

The results of the previous two subsections suggest that fA(P1P2 . . . Pk) would have a formula

with 2k cases. Of course, such complicate formula is not easy to accomplish and we would

like to find a more tidy result. Back to the key point mentioned in the last subsection, I found

a surprising change on all previous results while investigating a new array Q = Q1Q2 . . . Qk

where Qi = Pi − i for i = 1, 2, . . . , k. Notice that 0 ≤ Q1 ≤ Q2 ≤ . . . ≤ Qk and we will use

Q to denote the family of all such arrays. Let us define a new game function FG : Q → B

by FG(Q) = fG(P ). Now the previous results about fA can be briefly represented as the

next proposition.

Proposition 3.2 Besides the trivial cases FA(0Q2Q3 . . . Qk) = 1 and FA(1Q2Q3 . . . Qk) =

0, the function FA(Q) = 1 if and only if Q1 ≥ 3 and

1. when k = 3, in {Q1, Q2, Q3} there are no identical odd numbers and the cardinality of

odds must be even;

2. when k = 4 or 5, in Q the cardinality of any identical odd numbers is not more than

two and

(a) if an identical odd pair exists, there must be two different pairs, or

(b) if no identical odd pair exists, the cardinality of odds must be even;

3. when k = 6, in Q the cardinality of any identical odd numbers is not more than three

and

8



(a) if there are three identical odds, then

i. there are exactly two groups with three identical odds, or

ii. there are one such group, another identical odd pair and a single odd;

(b) if no group of three exists but an odd pair do exist, then there must be two different

pairs and the cardinality of odd numbers must be even;

(c) if there are no identical odds, then the cardinality of odd numbers must be even.

The argument in the above proposition implies that we should only consider odd numbers

in Q but ignore all evens. This new idea unveils the close relationship between Game A

and the well-known Nim game which awards the player taking the last chip. To discuss our

final neat result of Game A, we need the binary function b(n) that represents the binary

bit-string of a integer n. For example, b(13) = 1101. We also need a special operation ⊕
over bit-strings such that b1b2 . . . bk ⊕ d1d2 . . . dk = (b1 +b d1)(b2 +b d2) . . . (bk +b dk) where

+b is the Boolean sum. For example, 11010 ⊕ 01110 = 10100. Let O = {O1, O2, . . . , Or}
be the set of the cardinalities of all identical odd numbers in {Q1, Q2, . . . , Qk}, and let

Φ(O) = b(O1) ⊕ b(O2) ⊕ . . . ⊕ b(Or).

Theorem 3.3 The game function FA satisfies FA(0Q2Q3 . . . Qk) = 1, FA(1Q2Q3 . . . Qk) =

0 and when Q1 ≥ 2

FA(Q1Q2 . . . Qk) =

{
1 if every bit of string Φ(O) is 0;

0 else.
(5)

We did get a great improvement by using the new type of game function, so we should focus

on FG from now on.

Example 3.4 Let P = {4, 5, 6, 8, 9, 11, 12, 13, 14, 21, 22, 23, 25, 27}. So Q = {3, 3, 3, 4, 4, 5,
5, 5, 5, 11, 11, 11, 12, 13} and we get {3, 3, 3, 5, 5, 5, 5, 11, 11, 11, 13} after ruling out even num-

bers. Clearly, O = {3, 4, 3, 1} = {011, 100, 011, 001}b and Φ(O) = 101; thus fA(P ) =

FA(Q) = 0.

Example 3.5 Suppose P = {5, 6, 8, 9, 12, 13, 14, 21, 23, 24}. We have Q = {4, 4, 5, 5, 7, 7, 7,
13, 14, 14} and O = {2, 3, 1} = {10, 11, 01}b. Since Φ(O) = 000, the game function fA(P ) =

FA(Q) = 1.

In Eq. (5), the operation ⊕ over the set O = {O1, O2, . . . , Or} is quite familiar in the

famous Nim game which is stated as follows.
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There are r heaps of chips each of which has Oi chips (1 ≤ i ≤ r). Two players

take turns to move away a part of or even all of chips in any single heap until

the last chip(s) is moved away by the winner.

It is well known that a player has a winning strategy if and only if the string Φ(O)

consists at least a 1, i.e., the game function of this Nim game is defined by

Nw(O) =

{
1 if every bit of string Φ(O) is 0;

0 else.

Therefore, we conclude that FA(Q) = Nw(O) for Q1 ≥ 2.

(6) The Relation among Games A, B and C

While studied Game A, I also stared looking into the other games. Here are three examples

of tree diagrams for Games B, C and D in Figures 3–5.
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237 235

234 1xx

A

A AB
B

B
A

B
357 347

236

Figure 3: Tree diagram for fB(357)
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123
A

A AB
B

B B
246 236

125

135

Figure 4: Tree diagram for fC(246)

123245

234

145

235 134 124246 135

125

AA B A B

B

Figure 5: Tree diagram for fD(246)

The next lemma illustrates the interesting relation among Games A, B and C through

the game functions:
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Lemma 3.6 Suppose P = P1P2 . . . Pk is a position array. The game functions fA, fB and

fC satisfy the following equation:

fC(P1P2 . . . Pk) = fB((P1 + 1)(P2 + 1) . . . (Pk + 1))

= fA((P1 + 2)(P2 + 2) . . . (Pk + 2))

Proof. For Game B, each players is unwilling to move a chip onto square 1 unless he/she

faces the position array 23 . . . (k + 1). That means both players wish to accomplish with

P = 23 . . . (k + 1). Notice that, for Game C, both players wish to accomplish with P =

12 . . . k; therefore fB((P1 + 1)(P2 + 1) . . . (Pk + 1)) = fC(P1P2 . . . Pk).

For Game A, no player would like to move a chip onto square 2 otherwise the following

player will definitely win by moving this chip again. That means both players wish to

accomplish with P = 34 . . . (k+2). Thus fA((P1 +2)(P2 +2) . . . (Pk +2)) = fC(P1P2 . . . Pk).

From above theorem, a direct consequence about FG is:

Theorem 3.7 Suppose Q = Q1Q2 . . . Qk is any position array. The game functions FA,

FB and FC satisfy the following equation:

FC(Q1Q2 . . . Qk) = FB((Q1 + 1)(Q2 + 1) . . . (Qk + 1))

= FA((Q1 + 2)(Q2 + 2) . . . (Qk + 2)).

According to the above equation, we derived the winning strategies of Games B and C as

follows:

Corollary 3.8 Let Q = Q1Q2 . . . Qk be any position array. The game function FC satisfies

FC(Q1Q2 . . . Qk) =

{
1 if every bit of string Φ(O) is 0;

0 else.
(6)

Let E = {E1, E2, . . . , Er} be the set of the cardinalities of all identical even numbers in

{Q1, Q2, . . . , Qk}.

Corollary 3.9 Let Q = Q1Q2 . . . Qk be any position array. The game function FB satisfies

FB(0Q2Q3 . . . Qk) = 0 and when Q1 ≥ 1

FB(Q1Q2 . . . Qk) =

{
1 if every bit of string Φ(E) is 0;

0 else.
(7)
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(7) Game D and the Nim Game

It is amazing that Game D is a totally different game—well, at least to me and my teacher.

It took me several months to study this game by the similar method that I treated on Game

A. Unfortunately, it was nearly in vain until the unveiling of the relation between Game A

and Nim game. As a kind of detour, I started to look into a different type of Nim game:

There are r heaps of chips each of which has Oi chips (1 ≤ i ≤ r). Two players

take turns to move away a part of or even all of chips in any single heap until

the last chip is moved away by the loser.

Let us use Nl to denote the game function of this Nim game. After searching many

references, I did not find anything about Nl, even thought most books did mention that this

Nim game is totally different from the ordinary Nim game. For this reason, it was worth

my while for the quest of Nl.

From many experiences of practicing games, I just spent a little of time to investigate

Nl. The result about Nl was again amazing to me since it was so closed to Nw.

Theorem 3.10 The winning strategies of the two types of Nims satisfy the following for-

mula:

Nl(O) =

{
Nw(O) if Oi ≥ 2 for some i;

1 − Nw(O) if Oi ≤ 1 for all i.
(8)

Proof. In case that Oi = 1 for all i, obviously, Nw(O) = 0 if and only if r is odd and

Nl(O) = 0 if and only if r is even; therefore the second equation holds.

Suppose Oi ≥ 2 for exactly one fixed i. Note that Nw(O) must be zero, because the bit

string χ(O) cannot be all zeros. It depends on how many 1 in O. If O has odd number of

1, the next player should move all chips in the ith heap; if O has even number of 1, the

next player should leave the ith heap with one chip. In the both cases, the following player

will face a new array containing exactly odd number of 1 and he/she will definitely lose.

Therefore we derive Nl(O) = Nw(O) = 0.

Now we assume that there are at least two i’s such that Oi ≥ 2. If Nw(O) = 0 then

the next player would leave a new array O′ by moving some chips so that Nw(O) = 1 and

still O′
j ≥ 2 for some j. Clearly such move could be used for the other type of Nim. On

the other hand, if Nw(O) = 1 then every kind of move by the next player will always get a

new O′ with Nw(O′) = 0 and still O′
j ≥ 2 for some j. For both case, we just demonstrate

Nl(O) = Nw(O) by induction.

With the help of the game function Nl, I finally found out the winning strategy of Game

D as follows:
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Theorem 3.11 Let Q = Q1Q2 . . . Qk be any position array and let O = {O1, O2, . . . , Or} be

the set of the cardinalities of all identical odd numbers in Q. The game function FD satisfies

FD(Q1Q2 . . . Qk) = Nl(O). (9)

4 Summary

Here we would like to outline the results of the whole project. For simplicity, we rather focus

on the game functions FA, FB, FC and FD than the original ones fG. One of the fundamental

result is the relation among Games A, B and C:

Theorem 1 Suppose Q = Q1Q2 . . . Qk is any position array. The game functions FA, FB

and FC satisfy the following equation:

FC(Q1Q2 . . . Qk) = FB((Q1 + 1)(Q2 + 1) . . . (Qk + 1))

= FA((Q1 + 2)(Q2 + 2) . . . (Qk + 2)).

The winning strategy of Game A is well studied at the beginning of this project. Then

we used the above relation to obtain the winning strategies of Games B and C. Here we

summarize Theorem 3.3, Corollaries 3.8 and 3.9 as follows by using the game function of

ordinary Nim (see page 10.)

Theorem 2 Let Q = Q1Q2 . . . Qk be any position array and suppose Q1 ≥ 2 for FA and

Q1 ≥ 1 for FB. The game functions FA, FB and FC satisfy

FA(Q) = FC(Q) = Nw(O) and

FB(Q) = Nw(E),

where O = {O1, O2, . . . , Or} and E = {E1, E2, . . . , Er} are the sets of the cardinalities of all

identical odd and even numbers, respectively, in {Q1, Q2, . . . , Qk}.

Even though Game D is different from the other games, we still found a connection

through two different types of Nim games (see the second type of Nim on page 12.) In the

following, the first theorem is the relation of two types of Nims and the second theorem is

the winning strategy of Game D.

Theorem 3 The winning strategies of the two types of Nims satisfy the following formula:

Nl(O) =

{
Nw(O) if Oi ≥ 2 for some i;

1 − Nw(O) if Oi ≤ 1 for all i.

13



Theorem 4 Let Q = Q1Q2 . . . Qk be any position array. The game function FD satisfies

FD(Q) = Nl(O),

where O = {O1, O2, . . . , Or} is the set of the cardinalities of all identical odd numbers in

{Q1, Q2, . . . , Qk}.
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