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Abstract
Finding an optimal solution to the 4-peg version of the classic Tower of Hanoi problem has been an open
problem since the 19th century, despite the existence of a _presumed-optimal_ solution. We verify that the
presumed-optimal Frame-Stewart algorithm for 4-peg Tower of Hanoi is indeed optimal, for up to 20 discs. We
also develop a distributed Tower of Hanoi algorithm, and present 2D and 3D representations of the state
transition graphs. Finally, two variants (k-out-of-order and k-at-a-time) and an analogy with distributed agent

software are suggested.

1 Introduction: History and Overview

The Tower of Hanoi is a well known problem in recreational mathematics; it has also been
widely used in computer science as a paradigmatic teaching example for recursive solution
methods. In the basic version, a stack of discs of mutually distinct sizes is arranged on one of three
pegs, with the size restriction that no larger disc is atop a smaller disc. The problem is then to move
the entire stack of discs to another of the three pegs by moving one disc at a time, and always
maintaining the size restriction.

As the instruction sheet for the puzzle (_rst sold in 1883) said: “According to an old Indian
legend, the Brahmins have been following each other for a very long time on the steps of the altar in
the Temple of Benares, carrying out the moving of the Sacred Tower of Brahma with sixty-four
levels in _ne gold, trimmed with diamonds from Golconde. When all is _nished, the Tower
and the Brahmins will fall, and that will be the end of the world”

It is well known that this basic version is solvable in 2:-1 moves. But in generalizing the problem
to four or more pegs, the analysis gets much harder. (Details and variants of the 4-peg problem can
be found in [Stockmeyer 1994].) There is a solution method - the Frame-Stewart algorithm or
_presumed-optimal solution_ - which is the best known for 4 pegs, but has not been proved to be
optimal. A lower bound to the order of magnitude of moves required is given in [Szegedy 1999], and
these results are sharpened in[Chen and Shen 2004] to show that the presumed-optimal solution
has the same order of magnitude as the actual optimal solution.

Since no optimal solution is known, we have veri_ed that the presumedoptimal solution is

indeed optimal for up to 20 discs, via an exhaustive search of the possible moves. Our work builds
25



on that of [Hinz and Bode 1999],who found that the presumed-optimal solution was in fact best for
up to 17 discs. We verify and extend their results, and give results for 5 and 6 pegs as well.

Two further approaches toward solving the problem are discussed. First, the solution method
can be modi_ed to work on a distributed network of machines, which could allow veri_cation for
larger numbers of discs. Second, we construct 2D and 3D representations of the state transition
graphs for various Tower of Hanoi puzzles, which may help point out symmetries and suggest
potential lines of attack on the general problem. Finally, we close with suggestions for k-out-of-order
and k-at-a-time variants, and an analogy between the Hanoi problem and future distributed agent
software.

2 Verifying 4-peg Tower of Hanoi
2.1 The Presumed-Optimal Solution

The presumed-optimal solution for 4-peg Tower of Hanoi (henceforth referred to as 4-peg ToH)
has the following general form:Step 0 Number the pegs from 0 to 3. Our goal is to move all discs
frompeg 0 to peg 3, respecting the constraints that only one disc moves at a time, and a smaller
disc is never under a larger disc.

Step 1 Move the smallest d-k discs from peg 0 to peg 1, using all 4 pegs.

Step 2 Move the largest k discs from peg 0 to peg 3, without using peg1. (In other words, move
these discs using the optimal 3-peg method,which is already known.)

Step 3 Move the smallest d-k discs from peg 1 to peg 3, using all 4 pegs.Denoting by T(d, p)
the minimal number of moves for a d-disc problem on p pegs, we see that the above
method implies a recursive solution:7(d; 4) =2 *T(d ; k; 4) + T(k; 3)

Analysis of this recursion results in a closed-form solution for the minimizing value of k. One
can also derive closed-form expressions for the total number of moves required (see [Stockmeyer
1994] and [Klavzar and Milutinovic 2002]).

However, this solution is only an answer to the original problem(how many moves does a 4-peg
ToH require) under the assumption that theoptimal solution has the general structure given above.
Despite a century of exploration into the problem, the optimality of the above solution has not been
proven. It is therefore worthwhile to actually try all possible solutions to 4-peg ToH, to verify by
demonstration that no shorter method exists.
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RFTAAREERAFINEHR
# Discs # Moves Time (secs) Mem (Mb)

1 1 0.02 0.02
2 3 0.02 0.02
3 5 0.02 0.02
4 9 0.02 0.02
5 13 0.03 0.02
6 17 0.03 0.02
7 25 0.03 0.02
8 33 0.05 0.02
9 41 0.07 0.03
10 49 0.10 0.05
11 65 0.32 0.13
12 81 1.09 0.37
13 97 3.10 0.76
14 113 9.28 1.68
15 129 24.91 5.54

16 161 135.28 19.19
17 193 563.89 66.17
18 225 1888.41 201.21
19 257 --
20 289--

Table 1: 4-peg Tower of Hanoi Results




# Discs # Moves Time (secs) Mem (Mb)

1 1 0.64 0.17
2 3 0.65 0.17
3 5 0.71 0.17
4 7 0.71 0.17
5 11 0.73 0.17
6 15 0.75 0.17
7 19 0.76 0.17
8 23 0.81 0.19
9 27 0.89 0.22
10 31 1.03 0.34
11 39 1.97 1.10
12 43 3.51 2.26
13 47 7.00 4.88

14 53 19.88 16.06
Table 2: 5-peg Tower of Hanoi Results

RS -
MIENAMEREN > AESRANH.(14)-H,(13)=6 A £EELE2 -
ERER 1 47~ 55~ 63

# Discs # Moves Time (secs) Mem (Mb)

1 1 0.62 0.17
2 3 0.67 0.17
3 5 0.72 0.17
4 7 0.74 0.17
5 9 0.77 0.17
6 13 0.78 0.17
7 17 0.83 0.17
8 21 0.88 0.20
9 25 1.01 0.34
10 29 1.44 0.74
11 33 2.69 2.09
12 37 6.99 6.64

Table 3: 6-peg Tower of Hanoi Results
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