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Abstract

The definition of "Fermat Point" 1s that a dot, which lies in a triangle, has the minimum distance to the
three apexes. In other words, "Fermat Point" has the minimum distance to three dots which are not on the
same line. In the broad sense, then, 1n a N polygon, a dot which has the minimum distance to the N
apexes could be named "Fermat Point." But what if we link up the N apexes and find out that they cannot
make a convex polygon?

The above 1s what we wish to fully discuss. Our inspiration comes from a paper on"Fermat Point." It just
describes N convex polygon, so we think of putting the case to naturally polygon. The case may be that 1t
1S a concave polygon or part of the apexes which lies on the same line. We would not base our study on
the conventional methods. Moreover, strictly defined, the repeated line segment will not be taken into
account. That 1s, if the "Fermat Point" drops on the line with more than two dots on it, we just count the
line segments except for the shorter line segments which were originally included in other studies.

According to the theorem, our conclusions are as follows:
1. If N points lie on the same line segment, then the "Fermat Point"can be any point on the line segment.

2. If (N-1) points are on the same line segment, then the "Fermat Point" 1s on the point which two lines
join together. One 1s that the line segment, and the other 1s the one which passes the remaining point and
perpendicular to the first line segment.

3. Now there are (M+N) points. Among them, M points will make a M jog-polygon. The others all drop
in the polygon. As the diagram shown beneath, we know that the "Fermat Point" drops on the point which
two lines join together. The two lines must pass as many points as possible.



!

S R P e N E e T D N e AT rﬂ’?&ﬁq ff;fﬂ
TR %ﬁﬁﬁ"%ﬁlﬁ | pJ%F fRIE= > 2GR s ?’pcyﬁli r‘a R%ﬁ Akl n 2387
2§ PRERETR | b 4T LT e B 'ﬁJw%‘@ﬁijnﬁﬁr
{745 n S3EFR 2

SEERLES (PP Gt o b5 PP demicd fi Dafihe r"’&”ﬁ&f o PR - S I’F'TEE‘
o Fn%ﬁr “TFTED o 2R S E ﬁ”ﬁ”gﬂﬂ*‘f”‘ﬁ;] ZS N
ﬁwwmﬁ¢%@’m%ﬁpwﬁv[ﬁ EmﬁJmm>W%1ﬁw° %@@Wi’ﬂ
(PP b= MRS RSy RS P10 FHET < A+ Aol RTs s — 2R AR
A T ST BT AFR RS o i TR HET R

U TR LS B DB O BT R s
LI 2 o1 b n B A REBUET 30 (05 PRI 90 - FFOmip o Sl

T n R R IS G R
gy (n-1) BEHASE EJ[JEI?&T#LH“@L%@[ AR T gﬂﬁ'ﬂ%’i’l’?ﬂ* °

" (ntm) %’WIIE m R m 2R P39 n WS T m 2B IR
i /f FJ%#*J RSN SRR SR R R



!

e SRR T B FESEEE S o f o B s AR R S iR (S
MREE T RSP s o IO R > - TRPUEE - R ) R R
JENE RIS o HIRE ORI SPRTR A e PO TRa ) AR R
B o AN ORI o BT ISR o TP B gl e 0 o8
o PRI > S RETEY g YRS E S o - TR

411%
%_
E

‘n jiz
e

==

AR < ST B R AT CROREE | (L SR P R SRR

Fed ] OBl 6 S BRSSP RS T RS P T AHUSoRis £
F;}—J\ L[IFI J?E‘ﬁg}l:[F‘lJ H:@,J °

i 75 [
I:E .]'-' TrEmg,
'l' 1"1. -r‘l..-...l.-.."il_'l:.l'

sremmmEEERIEE

i/[l[ﬁl » T AABC 1 P ERZ £ - Ry
I') PB £%— 3% » {=~APBR » I'] AB i~ % » {=~AABQ
1 QR » AABP AQBR (SAS) —PA+PB+PC=RQ+PR+PC
EJU}*-",’ QR P C IR - RQ+PR+PC f ]
9] PA+PB+PC & |
=P £BPC=180" - ZRPB=120"
2 APB=2QRB=180° - ~BRP=120°
—>4APC—120°

LR IR £ 120° foRy



E=,{, . %ﬁﬂ\ jéi& ]F"ﬂé oo FIE :f._E[[‘I P[ = g’he s, T E'[“F‘: g’!ﬁf 53 %F‘J@[ﬁﬁé/

H bl
i/['[ﬁ‘— P A~ B C R E'P&]F’Wﬂ*@ﬁ
(PPRISR)S (83 ) S B - T8 Ryl
rHLEES R

i - @D wa—)%ﬁ’ 1 D TR AC -
""SA+SB+SC fI1 SB A ETHFFFT 7~ & o

‘ iWFEJfL[fj'ﬂ"j M @585 SA+SC

Ell = B 7 h , @DA+DC>AC SAFSCeeeereeneeeiannnnns (1)

N DB> Qe (2) (1) + (2) DAtDB+DC>SA+SC &

=

OPAIZ » A~ B~ C = BFD GRS [IIS e
ANABC [ RRT - » GV [ 1 e
TS RBfROR - FTF R -

SN TGP R i) ER S AT -

P“‘%ﬁ\a A B D

i/[lg%ﬂ_: »A~B~C-D D“‘%ﬂ#ﬁﬁb HII'S B% AC *
T e SRS B S BT =
RN

PR T

g[l%[pw s A~B~C~D iy~ D“‘i%%ﬁlﬁp“lﬂﬁrﬁ%ﬁ’
IS ANIEB3 38 AC ~ BD o R
i ;S KRB RCAC - BD UL R PR [

RS %F
FIFNS B3 250 5 3 PAPC>ACH - (1)
=" PB+PD>BD------ (2)

(1) + (2) PA+PB+PC+PD>AC+BD=SA+SC+SB+SD W=



= - El%ﬁ?@— Eié]ﬁé;VEETE%ﬁn ajpw%ﬁﬂgﬁtzié]ﬁép@ﬁjﬁﬂﬁ9§§J4
YRR > S E R A

(=) D= > FERAABC VSRR & D g
FA b JITF AN ARRS
%ﬁHIE?QE&AABCrHQW?FJ#‘%W
FD BT FA D I ERET
YRR > B QA+QB+QC>FA+FB+FC-++ (1)
< QD=0 (2)

(1) +(2) QA+QB+QC+QD>FA+FB+FC  HFH
(Z ) FEAAABC J/T’é[:[’ﬁ%ﬁ’ (£ D T 1% FA E‘/\' FB

e s P D 1k 385 |~ EHF, g+

HI PAYPD=AD (5951 P AD F) «-oeee (D)
PB+PC>DB+DC:+---- (2)

(1) + (2) PA+PB+PC+PD>DA+DB+DC > B[l ' &
T QEL &ﬁﬁﬁﬂD?—%ﬂWW%

*ﬁ BQ == AD ©##° R

W QA+QD=AD (EH% 1 &Q ¥ AD + ©Q=R)
= QB+QC= (RB+QR) +QC=RB+ (QR+QC) ZRB+RC (ZWb 1 &Q & AD F ©Q=R)
. QA+QB+QC+QD =RA+RB+RC+RD--++++++ (1)

<~ RA+RD=DA =' RB+RC=DB+DC (=Z%y 1 &D=R)
..RA+RB+RC+RD=DA+DB+DC:++++++- (2)
Hi (1) . (2) # QA+QB+QC+QD=DA+DB+DC (b <Q=D) (! Q#D
. QA+QB+QC+QD>DA+DB+DC  HEH

(=)D AB 4= > [If=CH L AB 4 H- H 4]
ELATR S 5 # 2 CAB>90° - HIJ A JERAR S -
A T PR H - B

PA+PB > AB:--«------ (1)
PC+PD>CD >CH-«------- (2)
(1) + (2) PA+PB+PC+PD>HA+HB+HC H#H A

=
S~ PR E VI RL )R B o TR o B PHERT T B B -

= TR REHGRL S LR [ = R AR
e I’F'ﬂFI’?%%%‘ n RS e e P Ul e e R

T T TR R B S SREIRRERRY R € 72 R
R ¢ 2 v ] e (S e DR
6




wit¥] A AFLCD > B Q i AF

JQ (=L|[CD % AF#° R » i# BR - CR ~ DR * ER
=B ]%%JE? L Elfjééﬁ‘ﬁ'j%ﬁB‘ » HIF BQ ~ BR
'.'B*E%%E?AF%?E .‘.B‘\R~EE%##,L§§L
—>BQ+QE>BE=BR-+RE

~ BQ=BQ » BR=BR ..BQ+QE >BR+RE
[FilZE ' & CR+DR <CQ+DQ =" AR<<AQ(AR LQR)

L QA+QB+QC+QD+QE >RA+RB+RC+RD+RE



g £ 2 2 TR ERESA R T PR PIRrTE . AR -
<~ BGLDE

IR T& o BG b

FRIRL AF ~ BG 2 AR V< iR -

Y[l » =137 ABCDE {1 » £ APB=#BPC=~CPD=~ DPE= ZEPA=72
s Q BT @y Jﬁﬁ{é%‘?\ PYyE— gﬁ

55 ¢ PA+PB+PC+PD+PE < QA+QB+QC+QD+QE

SEFE - (/[Iﬁl [ 3 ABCDE' > @% QB+ QC» QD * QF

HIl PA+PB4+PCH+PD4+PE < QA+QB+QC+QDHQE"++++-+++++- 1)

~ BB'>B'Q-BQ—=>-BB'<<-B'Q+BQ:++++v+rv++- 2)



fﬁEﬂ-CCI -CQHCQrrrrmereeeeens (3)

DD <-DIQ+DQ+rveerrrrnsnees )

EE <-EQ+EQ:++++veessee 5)
(D+Q2)+@B)+D+(5)

—>PA+PB+PC+PD+PE < QA+QB+QC+QD+QE
Fr[';rf%l =53

fio R S (PRSI OB M Hr<rh i AF b
<~ f% BG_LDE

R R t5 % BG

RS AF ~ BG VLRI

~ AF ~ BG U2 REIIEEHF B~

= JE[H“EFE'& _—F = EI%F %,Jrﬁ%#
M= ) /HJ{E o o JIE TSI
(=) i/['[ﬁ[ "> D~ETET riAABC[ jﬁ I BD ~ CE
*%FS A
M ¢ P HRAABC [ SV~ B2 SB<PB
([ SC<PC)
%E}A [EAHLCE#"H ..fl1SH<EH —SA<AE<PA+PE
<Y [ECGLBDH G "."GS<GD —SC<DC<PC+PD
Fil) = =Y SA+SB+SC <PA+PB+PC+PD+PE H

(=) Jf- > ¥ D~ E457% 7 AB & Jf&
CSLAB# H > H APEER S 5 ~F, ZCBA>90°
I B Al fr’f"'ﬁ‘%ks
o F%P FT o RS S = R PN = 20
H PA+PB>AB » PC+PD>CD>CS =' PE>0
—PA+PB+PC+PD+PE > SA+SB+SC HEE



(=) O > D s AB - E 7 AC FHI[IIf2A> AP -
RfrA Al ELR S
]t a i AABC ['HERV- /G - £GD' L AB -
GE LAC » f| {2 A fiU53 €364 T GDW* P
H| PG+GE >PE >PE'

b.r%?é A=26 > 12-A=60
AD'=APcos @ =AE' » PD'=APsin 0 =PE'
AP+PD'+PE"-AD-AE'=AP ( 1+2sin @ +2cos 0 )
=AP [1+/ 2sin ( 6-457)] >0---1
PB>DB ’ PC>E'C - 2
(1) + (2) AB+AC=AD4DB+AE+E"B <PA+PS+PC+PD+PE"™
<PA+PB+PC+PD+PE <GA+GB+GC+GD+GE

D B PSRRI b= B SRR O B IR
(=) P ETs e sfepast b o JIISEe R
ﬂz%ﬁs A ER A
S F%T ERL P RS S V- %T’ ]|
TA+TC>AC » TB+TD>BD =' TE=0
—TA+TB+TC+TD+TE > SA+SB+SC+SD HE

(=) P = B papsshegaet o probege o L i35 1R A 7] B
;ﬁm ABCD = ﬂé/ugﬂﬁgmnﬁﬁgg%pﬂ
P T/
l.vﬁl&%ﬁ'ﬁ - V1 FEs EJ?&'J(EHF .*"I ) 4

S £% AE #[1 BD Q%W T &% BE #1 AC ﬁz&ﬁ =" SE<TF N\
""d (S,AC) <d (T,BD) = AC=BD
S.SA+SC <TB+TD =>SA+SB+SC+SD <TA+TB+TC+TD D C
HE
Il S EbET
290 - 2 F t‘*a‘qumréﬁ SF<TF
S £% CE A BD ﬁz%ﬁ T % BE 11 AC ﬂz@ﬁ =" SF<TF
d (S,AC) <d (T.,BD) =" AC=BD
C.SA+SC<TB+4TD =>SA+SB+SC+SD <TA+TB+TC+TD

HE

p
A

10



DR Y

HI{=FH L AD % H » H J[JEAT T S
¥ ZFAD>90° [ A SJs5AA -
A+ P BT PR H - B )
PA+PD>AD » PB+PF>FB>FH =" PC+PE>0
.".PA+PB+PC+PD+PE+PF>HA+HD+HF HEE

i’['[ﬁ[ﬂ = R E S -
w—aﬁ‘m BRSBTS e = Y

0% By L E7 I
= EPYROTERE £ 0 RS AR
s F%P BT P - pS S - th I
"."PA+PB+PC>SA+SB+SC
' PD+PE+PF > SD+SE+SF
.. PA+PB+PC+PD+PE+PF>SA+SB+SC+SD+SE+SF &

BN QLI%H pa > &#‘F [*E = &’Fm— = FJM

= EI%F pl= @ﬁ lﬁ*@ﬁé&’ﬁ Eigﬂ%ﬁ’é"?u

%’m UiEIAEL > %’Tg&: F » FI9HR=
PSR EUEFFS EEA

i F%P PR P RS S - %W

S e ﬁﬂ_: E‘-'JJI&/FIGJTg[&Eu%[F

57" SA+SB+SC<PA+PA+PC:--+-- (D

(N 2BSC £% 120 & .".SQ<DQ
HIl SF <QF+SQ <QF+DQ <QF+(PD+PQ) <PF+PD--+---
O<PE ......... (3)

JAlN (/[l [«{ ) —,{\g’!—F [*E Julg’!—kﬁ;_ FP_IDUIQEJ, 7
fy ’“‘TE%F A Eﬁll“‘g,}iﬁ 5L IS s
L 1S e
R P SR RS S V- pi
PA+PC>AC =' PB+PD>BD
~ PE+PF>0

.".SA+SB+SC+SD < PA+PB+PC+PD+PE+PF W=

11



Te D o o B PR PR
PR PRGBS B g
CF= BD Q%WS A ER A
A ¢ P DT LRSS - B ]
PB+PD>BD &' PA>SA (i'# PC>SC)
[ PS+PF+PC > SC
~ PE >PS—PE+PF+PC > SC
.. ~HSP> ~HEP .".cot £HSP<cot ~HEP
.".PA+PB+PC+PD+PE+PF>SA+SB+SC+SD+SF  #H5

PRGN

P b= = o RS 25 PI SARR LD A

Ty n RFHGRE > AR ER TGRS T R

(1) RfFHAsEE - FIIET T HARE = A= H AR T‘

F (ndm) | [%’WIIEJmIF%'*'r LIRS %/Jﬁniﬁ%'ﬂé tpm 20 IR
Mt IR [ Sl 1 S 2 R Ay R e -

Fo 2 fFﬁ’Fl$F'5fﬁ7ﬂiﬂiﬁrﬂ » BEIREPT AL %ﬁgﬁ 73 (RIS P2 1 I’LEFF[[EIFWEE% o ')
Tt ﬂ%?ﬁ R > S P ) 2 RIpv ST
S RS 1 PRI e SR
ISP RE S [HJFKF?]‘ » JEE R RIRL o T f' ¥%@@l Jf*%?ﬁ%fﬁf*‘%%
(R o
iEE?ﬁ’? y M ?U§L¢%I§fuf§ RN = FERHEEA G S
(1) Simple Euclidean Distance
(2) Quadratic Euclidean Distance
(3) City-block Distance

I

b=y 11

A~ AL E n RS R
25 {9 [ |22 # Y gt Equilibrium in multicandidate probabilistic spatial voting A& > Fi H Y™ %Fyﬁi
— ~ Simple Euclidean Distance : "’l’??%!rf'bﬁﬁ' [ EHFT1=0 EIfJF%ﬁ

(- )}{—J“ﬁ{g #I*E[FE* B X0y Xy eveeeny X, > n Fﬁfﬁ@\’f’ EJ[JEI"TTj*%ﬂ,‘P AIEE Xy, > 3 0 BB
2

P KB X, 7 x, VI~ B — F A 0 iR A=0

() (BRSSPI =107 SRS R
Bl s = JIRE R B A1=0 > JII= [p &Ry Ryl 120°

12



(=) P IR R P ol SRR TR R Py e #1=727 7 oRER 7> A0 Lol fT0F [ B
=0 AT -

=~ Quadratic Euclidean Distance * Frif* %!TE"J %’f %!FE}EIW»E\ PE:’T F@g‘g YETHET
e 3 ds

S > S=Y (% —2) Kl [ —=0

& O iz:l( —2) o L T

= ~ City-block Distance : Efrﬁl&gﬂ Fl1fk Bl o

U S =Yl -7= (%) + . (x-2)

=1 i=m+i
dS m n n
=1+ > (-)=m+(n-m)=2m-n=0 > m=—
dZ i91  i=ma 2

ERRl - e W T G T

Equilibrium 1n multicandidate probabilistic spatial voting
B fR o S TR o

g %’J%‘*ﬁjﬁmv Pk -

13



PEARYe LI EY [ EPEETE

el

040402

Seorhigop AR - F z;\;n‘m?.v 5 BLAE g



